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1 Introduction

We developed parallel time domain decomposition methods to solve systems of
linear ordinary differential equations (ODEs) based on the Aitken-Schwarz [5] or
primal Schur complement domain decomposition methods [4]. The methods require
the transformation of the initial value problem in time defined on ]0,T ] into a time
boundary values problem. Let f (t,y(t)) be a function belonging to C 1(R+,Rd) and
consider the Cauchy problem for the first order ODE:{

ẏ = f (t,y(t)), t ∈]0,T ], y(0) = α ∈ Rd . (1)

The time interval [0,T ] is split into p time slices S(i) = [T+
i−1,T

−
i ], with T+

0 = 0
and T−p = T−. The difficulty is to match the solutions yi(t) defined on S(i) at the
boundaries T+

i−1 and T−i . Most of time domain decomposition methods are shoot-
ing methods [1] where the jumps yi(T−i )− yi+1(T+

i ) are corrected by a sequential
process which is propagated in the forward direction (i.e. the correction on the time
slice S(i−1) is needed to compute the correction on time slice S(i)). Our approach
consists in breaking the sequentiality of the update of each time slice initial value.
To this end, we transform the initial value problem (IVP) into a boundary values
problem (BVP) leading to a second order ODE:

ÿ(t) = g(t,y(t), ẏ(t))
de f
=

∂ f
∂ t

(t,y(t))+ ẏ(t)
∂ f
∂y

(t,y(t)), t ∈]0,T [,

y(0) = α,

ẏ(T ) = β
de f
= f (T,y(T ))

(2a)

(2b)

(2c)

Then classical domain decomposition methods apply such as the multiplicative
Schwarz method with no overlapping time slices and Dirichlet-Neumann transmis-
sion conditions (T.C.) for linear system of ODE (or PDE [6]). As proved in [5] the
convergence/divergence of the error at the boundaries of this Schwarz time DDM
can be accelerated by the Aitken technique to the right solution when f (t,y(t)) is
linear. Nevertheless, the difficulty in solving equation (2) is that β is not given by the
original IVP. In [7] when f (t,y(t)) is nonlinear with respect of y(t) and scalar, we
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proposed to replace the end boundary condition (2c) by imposing, if f (T,y(T )) 6= 0,
the invariant flux condition for t = T :

( f (T,y(T ))−1ẏ(T ) = 1. (3a)

We also showed that the right T.C. between time slices must involve the nonlin-
ear flux condition ( f (T−i ,y(T−i ))−1ẏi(T−i ) = ( f (T+

i+1,y(T
+

i+1))
−1ẏi+1(T+

i+1). In this
case, we showed that the behavior of the Schwarz method with an appropriate non-
linear change of variable Θ is linear. Then, it is possible to apply the Aitken ac-
celeration by using Θ if it is known. To overcome the lack of knowledge of Θ ,
we propose in this paper to replace the Schwarz method by a Schur complement
method.

In section 2, we recall some results on the existence and uniqueness of the pro-
posed BVP. Section 3 gives the dual Schur complement method intimely related
to the Newton step solving. The choice of T.C. to define the time slice function is
discussed there. Some numerical results are given in section 4 before the conclusion.

2 Existence and uniqueness of the BVP solution

The problem (2) with d = 1 is a particular case of the more general problem:
ÿ = g(t,y, ẏ),a≤ t ≤ b,

a0 y(a)−a1 ẏ(a) = α, |a0|+ |a1| 6= 0,
b0 y(b)+b1 ẏ(b) = β , |b0|+ |b1| 6= 0.

(4a)
(4b)
(4c)

H.B. Keller [3] has established the existence and uniqueness of a solution to problem
(4) under the hyppotheses of monotonicity and upper bound on the partial deriva-
tives of g in the theorem that follows:

Theorem 1 (H.B. Keller). Let g(t,y, ẏ) have continuous derivatives which satisfy:

∂g(t,y(t), ẏ(t))
∂y

> 0, |∂g(t,y(t), ẏ(t))
∂ ẏ

| ≤M, (5)

for some M ≥ 0, a≤ t ≤ b and all continuously differentiable functions y(t). Let the
constants ai,bi satisfy:

ai ≥ 0,bi ≥ 0, i = 0,1;a0 +b0 > 0. (6)

then a unique solution of (4a), (4b), (4c) exists for each (α,β ).



Dual Schur method in time for nonlinear ODE 3

3 Dual Schur complement time DDM

3.1 BVP discretizing and it solution

Problem (2a), (2b), (3a), is discretized using a Störmer-Verlet implicit scheme [2]
with Ng +1 regular time steps with ∆ t = T/Ng over the time interval [0,T ]. Solving
it requires to find the zero of the function F(u) : RNg → RNg with u j ' u(t j),
t j = ( j−1)∆ t and defined as:

F(u) =

 u0−α

u j+1−2u j +u j−1−∆ t2g(t j,u j), j = 1, . . . ,Ng−1
f−1(tNg ,uNg)B(uNg)−1

 (7)

where g(t,u)
de f
=

∂ f
∂ t

(t,u)+ f (t,u)
∂ f
∂u

(t,u), and B(uNg) corresponds to the discretiz-

ing of u̇(T ) as:

B(uNg) =
3uNg −4uNg−1 +uNg−2

2∆ t
' u̇(T )+O(∆ t2)

B(uNg) =
11uNg −18uNg−1 +9uNg−2−2uNg−3

6∆ t
' u̇(T )+O(∆ t3)

(8a)

(8b)

We applied the Newton method to find the zero of function F(u). Starting from an
initial guess, it writes if ||F(um)||> ε for the (m+1)-th iteration:

hm =−(∇uF(um))−1F(um), um+1 = um +hm. (9)

Let us notice that the Newton method is sensitive to the initial solution. One can
consider to search the initial solution by performing a few Newton iterations on
different coarse levels of time grid discretizing. The approximate solution obtained
on a previous coarse grid gives the initial guess solution for the next time grid after
interpolating. There is no Courant-Friedrich-Lax stability condition because we use
an implicit Störmer-Verlet scheme.

3.2 Dual Schur complement in time formulation

For the time domain decomposition, we split the time intervalle [0,T ] in p slices
S(i), i = 1, . . . , p and we denote by u(i) the solution on the i-th time slice S(i). For the
sake of simplicity and without loss of generality we set all the time slices to have
the same size and use N +1 regular time steps on each such that

S(i) = [t(i)0 , t(i)N ]
de f
= [(i− 1)N∆ t, iN∆ t] (then the total number of time steps on [0,T ]

is Ng + 1 = p×N + 1). Here, the main idea consists in finding the zero of the lo-
cal function Fi defined on the time slice S(i) under the continuity constraint of the
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solution at the time slices boundaries. Two strategies can be applied to define the
transmission conditions (T.C.) of the local function Fi(u(i)):

1. The first strategy S1 considers the original function F and split its components at
the time slices boundaries in two parts. Each one corresponds to the contribution
of the solution components belonging to the time slice under consideration (10b)
at j = 0 for S(i), i = 2, . . . , p and (12b) at j = N for S(i), i = 1, . . . , p−1.

2. The second strategy S2 considers the T.C. corresponding to the nonlinear flux
(10c) at j = 0 for S(i), i = 2, . . . , p and (12c) at j = N for S(i), i = 1, . . . , p−1.


(F1(u))0 = u0−α

S1 : (Fi(u))0 = u1−u0−
1
2

∆ t2g(t(i)0 ,u0), i = 2, . . . , p

S2 : (Fi(u))0 = f−1(t(i)0 ,u0)B(u0), i = 2, . . . , p

(10a)

(10b)

(10c){
(Fi(u)) j = u j+1−2u j +u j−1−∆ t2g(t(i)j ,u j),

j = 1, . . . ,N−1, i = 1, . . . , p

(11a)


(Fp(u))N = f−1(t(p)

N ,u)B(uN)−1

S1 : (Fi(u))N =−uN +uN−1−
1
2

∆ t2g(t(i)N ,uN), i = 2, . . . , p−1

S2 : (Fi(u))N = f−1(t(i)N ,uN)B(uN), i = 2, . . . , p−1

(12a)

(12b)

(12c)

Then, we use the Newton method on each time slices S(i) and introduce the Lagrange
multipliers λi, i = 1, . . . , p− 1 to ensure the continuity of the solution between the
time slices (adding this Lagrange multiplier to (10b) (respectively (10c)) and sub-
stracting it to (12b) (respectively (12c))). It writes:

h(i),m = u(i),m+1−u(i),m =−(∇Fi(u(i),m))−1(F(u(i),m)+(λi−1,0, . . . ,0,−λi)
t︸ ︷︷ ︸

∈RN+1

)(13)

with the constraints

u(i),m0 +h(i),m0 = u(i−1),m
N +h(i−1),m

N , i = 2, ..., p (14)

Let us give the computing details. Introducing the Jacobian matrix J(i) correspond-
ing to ∇Fi(u(i),m), the index I for the unknowns [1, . . . ,N−1] and E for the un-
knowns 0,N, the linearized system of the Newton step writes after a permutation of
unknowns: (

J(i)II J(i)IΓ

J(i)
Γ I J(i)

Γ Γ

)(
h(i)I

h(i)E

)
=

(
b(i)I

b(i)E

)
+

(
0
Λi

)
(15)

where
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(Λi,b
(i)
I ,b(i)E ) =


(−λ1,−(F1(u(1),m)0,...,N−1,−(F1(u(1),m)N) i = 1

(

(
λi−1
−λi

)
,−(Fi(u(i),m)1,...,N−1,−(Fi(u(i),m)[0,N]) i 6= {1, p}

λp−1,−(Fp(u(p),m)1,...,N ,−(Fp(u(p),m)0) i = p

if h(i)E is known then the first line of system (15) gives:

h(i)I = (J(i)II )
−1(b(i)E − J(i)IΓ h(i)E ) (16)

Reporting h(i)I in the second line of system (15), we obtain:

S(i)
Γ

h(i)E
de f
= (J(i)

Γ Γ
− J(i)

Γ I(J
(i)
II )
−1J(i)IΓ )h

(i)
E = (b(i)E − (J(i)II )

−1b(i)I )+Λi (17)

If Λi is known then h(i)E can be computed. To compute Λi, we impose the continuity
of the solution among the time slices:(

u(i)0 +h(i)0

u(i)N +h(i)N

)
=

(
u(i−1)

N +h(i−1)
N

u(i+1)
0 +h(i+1)

0

)
(18)

(
h(i)0

h(i)N

)
=

(
S̄(i)

Γ ,00 S̄(i)
Γ ,0N

S̄(i)
Γ ,N0 S̄(i)

Γ ,NN

)(
g(i)0 +λi−1

g(i)N −λi

)
de f
= S̄(i)

Γ

(
g(i)0 +λi−1

g(i)N −λi

)
(19)

where

S̄(1)
Γ ,N

de f
= (S(1)

Γ
)−1,

(
S̄(i)

Γ ,00 S̄(i)
Γ ,0N

S̄(i)
Γ ,N0 S̄(i)

Γ ,NN

)
de f
= (S(i)

Γ
)−1, i = 2, . . . , p−1, S̄(p)

Γ ,0
de f
= (S(p)

Γ
)−1.

We obtain the Lagrange multipliers tridiagonal system (20) of the form M(λ1, . . . ,λp−1)
t =

(b(1)
Γ

, . . . ,b(p−1)
Γ

)t that links all the time slices and allows the instantaneous propa-
gation of the information between all the time slices:


−(S̄(1)

Γ ,N + S̄(2)
Γ ,00)λ1 +S̄(2)

Γ ,0Nλ2 = b(1)
Γ

S̄(i−1)
Γ ,N0 λi−2 −(S̄(i−1)

Γ ,NN + S̄(i)
Γ ,00)λi−1 +S̄(i)

Γ ,0Nλi = b(i−1)
Γ

, i = 3, . . . , p−1

S̄(p−1)
Γ ,N0 λp−2 −(S̄(p−1)

Γ ,NN + S̄(p)
Γ ,0)λp−1 = b(p−1)

Γ

(20)

with

b(1)
Γ

= u(2)0 −u(1)N −S(1)
Γ ,Ng(1)N +S(2)

Γ ,00g(2)0 +S(2)
Γ ,0Ng(2)N

b(i−1)
Γ

= u(i)0 −u(i−1)
N − S̄(i−1)

Γ ,N0 g(i−1)
0 − S̄(i−1)

Γ ,NNg(i−1)
N + S̄(i)

Γ ,00g(i)0 + S̄(i)
Γ ,0Ng(i)N , i = 3, . . . , p−1,

b(p−1)
Γ

= u(p)
0 −u(p−1)

N − S̄(p−1)
Γ ,N0 g(p−1)

0 − S̄(p−1)
Γ ,NN g(p−1)

N + S̄(p)
Γ ,0g(p)

0
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4 Numerical results of the Schur time DDM

We tested our Schur time DDM on the IVP (1) with f (t,y) = 1 + y3(t) leading
to g(t,y, ẏ) = ẏ(t)(3y2(t)). The number of time steps is Ng = 2000 over [0,1] and
α = 1.The monotonicity hypothesis of theorem 1 is satisfied because y(t) is an
increasing function on [0,1] and α > 0. The upper bound hypothesis is satisfied
on interval [0,b] for b taken sufficiently small, because f (t,y) is continuous in y.
The initial guess is computed using 2 Newton iterations on each of the two coarse
grids of 20 and 200 time steps respectively. The initial ||F ||2 is then around 10−2.
Let us notice that Newton’s method on the coarsest time mesh does not converge
to the solution of the problem. Table 1 shows that both strategies for T.C. (10b)

Ng = 2000 T.C. : (10b) (12b), B(u) : (8b)
p 1 2 4 8 10 25 50 100
#it 5 5 5 5 5(6) 5 (6) 5 5
log10(||F ||2) -13.02 -7.56 -7.55 -7.55 -7.49 -7.59 -7.52 -7.55
log10(||h||2) -5.42 -6.33 -6.31 -6.28 -5.41 -5.94 -6.19 -6.18
log10(min(κ2(S̄

(i)
Γ
))) - - 0.96 1.15 1.24 1.75 4.00 2.78

log10(max(κ2(S̄
(i)
Γ
))) - - 1.40 2.35 2.65 3.85 5.65 5.65

log10(min(κ2(M))) - 0 1.31 2.75 3.14 4.58 3.99 6.50
log10(max(κ2(M)) - 0 1.64 3.05 3.45 4.89 4.00 6.82

Ng = 2000 T.C. : (10c) (12c), B(u) : (8a)
p 1 2 4 8 10 25 50 100
#it 5 5 5 5 5 5 9 - (8)
log10(||F ||2) -12.66 -10.62 -10.62 -9.73 -10.00 -8.37 -7.12 -6.04
log10(||h||2) -7.29 -7.30 -7.11 -7.05 -6.97 -6.58 6.06 -5.47
log10(min(κ2(S̄

(i)
Γ
))) - - 3.05 3.25 3.30 3.62 5.97 4.52

log10(max(κ2(S̄
(i)
Γ
))) - - 5.70 6.23 7.31 8.29 10.68 10.68

log10(min(κ2(M))) - 0 1.97 2.82 3.12 4.31 5.95 6.03
log10(max(κ2(M)) - 0 3.38 3.87 4.73 5.78 7.19 8.45

Ng = 2000 T.C. : (10c) (12c), B(u) : (8b)
p 1 2 4 8 10 25 50 100
#it 5 6 6 6 6 15 - -
log10(||F ||2) -13.02 -10.96 -9.67 -8.31 -8.60 -7.48 -6.76 -5.59
log10(||h||2) -5.42 -8.11 -7.83 -7.52 -7.87 -5.97 -4.11 -3.56
log10(min(κ2(S̄

(i)
Γ
))) - - 2.75 3.12 3.21 3.62 5.55 4.54

log10(max(κ2(S̄
(i)
Γ
))) - - 6.35 6.52 7.08 9.05 11.08 11.08

log10(min(κ2(M))) - 0 1.73 2.47 3.24 4.45 5.59 6.23
log10(max(κ2(M)) - 0 3.34 3.39 4.23 6.09 7.85 8.85

Table 1 Number of Newton iterations #it, with respect to the number of time slices p, re-
quired to reach log10(|| f ||2) < −7 and log10(|| f ||2) < −6 and with the two discretizing of B(u).
log10(min/max(κ2(S̄

(i)
Γ
))) (respectively log10(min/max(κ2(M))) refers to the minimum or maxi-

mum value of the condition number of the local Schur complement for the time slices 2 to p− 1
(respectively of the Lagrange multipliers system) over the Newton iterations.
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(12b) or (10c) (12c) work well until the number ten of time slices. The first strategy
seems to be more robust until p = 100 time slices. For p = 50 and p = 100 time
slices the method does not reach the convergence criterion and oscillates with ||F ||2
around 10−5. These oscillations are mainly due to the local Schur complement of
the time slices 2 to p− 1 where its condition number maximum value, over all the
Newton iterations, reaches around 1011 for some time slices. Even with this local
bad condition numbers, the condition number for the Lagrange multipliers system is
around 109 (symbol − in row #it means no convergence and (8) means the iteration
number among 21 iterations where the minimum values of ||F ||2 and ||h||2 have
been reached).

Nevertheless the right T.C. are (10c) (12c) as shown in [7] and illustrated by the
following results for f (t,y) =

√
y(t)+2 on [0,3] with α = 0.5. The initial guess

is computed with 2 (respectively 1) Newton iterations on the coarsest (respectively
intermediate) time grid leading to ||F ||2 ' 10−4. Table 2 shows that T.C. (10b)(12b)

Ng = 2000 T.C. : (10b) (12b), B(u) : (8a)
p 1 2 4 8 10 25 50 100
#it 3 3 - - - - - -
log10(||F ||2) -13.02 -10.51 - - - - - -
log10(||h||2) -7.43 -7.85 - - - - - -

Ng = 2000 T.C. : (10c) (12c), B(u) : (8a)
p 1 2 4 8 10 25 50 100
#it 3 3 3 3 3 3 3 10
log10(||F ||2) -12.84 -10.58 -9.89 -8.96 -8.26 -6.00 -6.06 -6.06
log10(||h||2) -7.43 -8.46 -7.05 -7.22 -6.10 -5.37 -5.27 -5.60
log10(min(κ2(S̄

(i)
Γ
))) - - 4.98 5.25 5.25 5.28 6.33 5.90

log10(max(κ2(S̄
(i)
Γ
))) - - 5.88 6.58 7.55 8.70 8.66 8.66

log10(min(κ2(M))) - 0 1.67 2.25 2.55 4.49 6.36 4.65
log10(max(κ2(M)) - 0 2.27 2.84 3.84 5.19 7.96 5.91

Table 2 Number of Newton iterations #it, with respect to the number of time slices p, required
to reach log10(||F ||2) < −6 and log10(||h||2) < −5 and with the discretizing of B(u) in O(∆ t2).
log10(min/max(κ2(S̄

(i)
Γ
))) (respectively log10(min/max(κ2(M))) refers to the minimum or maxi-

mum of the condition number of the local Schur complement of the time slices 2 to p−1 (respec-
tively of the Lagrange multipliers system) over the Newton iterations.

do not lead to convergence, excepted for p= 2 where the interface system is reduced
to one point. This lack of convergence is due to local Jacobian matrices that become
singular because g(t,y) is constant. However, T.C. (10c)(12c) lead to convergence
in the same number of Newton iterations as for one time domain except for p = 100,
where the condition number of local Schur complements increases.
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5 conclusions

We have extended the time domain decomposition that transforms the IVP into a
BVP in order to introduce a Dual Schur complement inside the Newton method.
This allows the Newton iterative solution to satisfy the continuity constraints at the
time slices boundaries. Nevertheless, in this nonlinear framework the right transmis-
sion conditions for defining the local functions on time slices are those involving the
flux even if the number of time slices that can be used reaches a limit due to the bad
condition number of the local Schur complements.

Acknowledgement

This work was supported by the French National Agency of Research through
the project ANR MONU-12-0012 H2MNO4. This work was granted access to the
HPC resources of CINES under the allocation 2014-c2014066099 made by GENCI
(Grand Equipement National de Calcul Intensif) and used the HPC resources of
Center for the Development of Parallel Scientific Computing (CDCSP) of Univer-
sity Lyon 1.

References

1. Alfredo Bellen and Marino Zennaro. Parallel algorithms for initial value problems for differ-
ence and differential equations. J. Comput. Appl. Math., 25(3):341–350, 1989.

2. Ernst Hairer, Christian Lubich, and Gerhard Wanner. Geometric numerical integration, vol-
ume 31 of Springer Series in Computational Mathematics. Springer-Verlag, Berlin, second
edition, 2006. Structure-preserving algorithms for ordinary differential equations.

3. Herbert B. Keller. Existence theory for two point boundary value problems. Bull. Amer. Math.
Soc., 72:728–731, 1966.

4. Patrice Linel and Damien Tromeur-Dervout. Aitken-Schwarz and Schur complement meth-
ods for time domain decomposition. In Parallel Computing: From Multicores and GPU’s to
Petascale, volume 19 of Advances in Parallel Computing, pages 75–82. IOS Press, 2010.

5. Patrice Linel and Damien Tromeur-Dervout. Une méthode de décomposition en temps avec
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