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Summary

- Antenna array problem

FETI-2LM

FETI-2LM for Maxwell with Nédélec finite elements
Acceleration of iterations via reuse of search directions
Parallel local direct solver

Block strategy

Conclusion
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Antenna Arrays

/%\ - 2D device, attached to the
Electric Field at z = 5mm N \ fuselage of the plane

- Complex treatment to orient
the radar beam

- Larger arrays for higher
Intensity

- Fine local mesh to take into
F=9.7GHz accountthe complex structure
of each element

Source 6,6
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Vi (o-VxE) ki E =KX (5, — 47 E

"

ABC / ™ Eincident % ----- -~
Resistive Cards

Maxwell equations

incident In

Hy
Z,R (AixH)+Ax(ixE)=0 on T

AixE=-fxE on T, (PEC)

incident

Ax(VxE)+ jkix(AxE)=0 on T — = N T .’

Multiple sources:

. . plane waves FEM: Nédélec tetrahedral elements

* mod
modes - Degree 1 (6 dof)

» Degree 2 (20 dof)
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Domain decomposition method with
conditions AN

- Local Problems with Robin
boundary conditions

I3
—Au, =f inQ
L L Matchlng conditions on I
10U, —u, =0
a—+a1u =A,0nI, <au U -
on, 1,92 _q
on,  on,
C(-Au,=f, inQ, h—U, =0 o
A —au+4A,—a,u, =0
<auz+ozu =A,onT
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Application to discrete problems:

- Global system of equations

Kll 0 K13 Xl bl
0 Ky Kyl X |=|b ) ;';
K31 K32 K33 X3 b3 | :-Mz
- InterfaceBConditions
- Local system of equations .

Xél) _ X§2)

.

K11 K13 X b1 (1), (1) (2)y,(2)
3 s T RIS o & A+ A, =k xP -k, x{? =0

\

K K X b

’ (z)23 (22) - (2)2 /11+/12_(k1+k2)x?£2)20

Ky Ky +k, )\ by" +4, (1)
Ar+ 4, -(k,+k;)x;7 =0

R ONERA
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Condensed interface problem

- Local condensation
(1) -1 (1) _ (1) -1
(k1+K33'K31K11K13)X3 ‘11+b3 'K31K11b1
(2) -1 (2) _ (2) -1
(k2+K33 B K32K22K23)X3 "12+b3 'K32K22b2

- Matrix of interface problem

| = (ks kK- KK )
(ks k) kK- KKK ) |
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- Optimal interface conditions

1
k1 — K?E?%) — K32 K22 1 K23
kz — K:%) - K31 K11 K13

- Optimal conditions = static condensation on interface of remaining
structure

- Interpretation via local static condensation in global system of equations

K11 K13 X1 b1
(1) (2) -1 (1) (2) -1
K31 K33 + K33 o K32 Kzz K23 Xs b3 "'bs o K32 Kzz bz

- Dirichlet to Neumann mapping for domain exterior
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FETI-2LM applied to Maxwell

Q=0,UQ,..UQ, Domain partition
VX (inx E’i )_ kozé:r E’i = koz(gr,i _/ur_,l) E’incident in Qi = R3 : ] Tﬁm
M, ’ |
i x(——VxE)+ jk,fi x(xE)=A on T, (Robin)

-

/ /’lr,l
T

: Ax(VxE )+ jkAx(AxE )=0 on T, =dQ\T,
Robin ° *

Additional variables on the interface (2 LM method)

Lagrange multipliers with approximate transparent Robin condition
(approximate outer Dirichlet-Neumann) ., tvxE")+ jk,fi x (i x EN=R

Electric and Magnetic field Continuity 1 x (V< E)) + jiofi x (i x B)) = A’

ﬁix(ﬁiXE})zﬁjx(ﬁjXEij) (1) — 1

i, % (4. VX E}) = =i, x (14, ;.V < E)) (2) A+ N =2 kg, x (A, x Ej) =0
A+ N =2k x (i) EH=0

DD 23 FX Roux FETI-2LM multiple RHS
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Krylov subspace method and iterations

{A'j+A’i—2jkoﬁixﬁixE; =0 on T

@ A+ AL =2k, x i xE) =0
AJJ.+_A11—(M}+M§2E;=0 #i:LZ,..,NS and j e neighbor (i)
M! = jk, Lﬁ (A, xW, ).(A, xW,)dS

Computation of FA—d

1. Solution of local problem with Robin —
conditions defined by A ol il

2. Exchange values of E and A on /'f*r\(
interfaces r Lt B L

3. On each interface '), computation of :

g; :;Llj + A _(M} + MiJ)E}

DD 23 FX Roux FETI-2LM multiple RHS

ORTHODIR iterations until || K x - b || < stopping criterion




Tests on prototype antenna array

- 44x44 array
- 1936 subdomains, 400M unknowns

DD 23 FX Roux FETI-2LM multiple RHS
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Weak scalability

- Timings with one subdomain per core
- Increasing size of the array

Elapse Time (Hours)

0.9

0.8

0.7

0.6

Curve of scalability code Factopo_fem-feti
Test "Fakir_v3; 15 GHz: Theta=15 degrés" Calculateur SGI JADE@CINES

T

rFr—rr—r—rr 1t 1T T 7T

| =1 JADE@CINES X5560 -

186 M 253M 1
82.8 W E

| NP NP SR ST T ST S S—"e— —

200 400 600 800 1000 1200 1400 1600 1800 2000
Number of Nehalem core X5560
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ORTHODIR algorithm

- ORTHODIR : build a F*F-orthogonal basis of Krylov space

-

9o = F4 —d
- p-1
Vo =9 ’ v.,=Fv_ .+ > y. Vv
< Fv, Ap = Apat PpaVps i " Zo: o
=g, +p, . FV =
dy =[Fv,|  J9r T Ipa TP Ve IRy, =FFv, ,+ 3 7Py,
0

(FVp—l)* g p 0<d p—lpp—l = _(va—l)* g p—1

. = —(Fv.)FF
_(va—l) go ylp ( VI) Vp—l

\dp :HvaH

- ORTHODIR : block formulation
VP =y, v, |, (FVP)(Fv?)=D", DPp? =—(FV ") g,

{zp:zo +V P pP

g, =g, +FV°pP ot
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Restarted ORTHODIR with multiple

- VPand F VP are given , (F VP)* (F VP) =D,
- Optimal starting A,°F!

{ﬂgpt:ﬂ«o +V p,Op DpppZ—(FV p)*go <:>—(FV p)* cc))pt:O

ggpt:go +FVPpF

- Start new iterations with new search directions F*F-orthogonal to VP
- F*F-projected ORTHODIR

- In practice same as if restarting ORTHODIR at iteration p

- Accumulation of search directions with successive RHS
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Dependancy upon number of stored dir

- 17x17 array
. 289 subdomains, 50 Million unknowns

- 31 RHS, incident waves with various angles

0T T T T T T T T T T T T T T T T T T T T T T T T T T T 1T
380 —

360 —
340 - —]
320 -
300 B @=—g> 17x17 SAFAS Array (2500 stored directions)
280 > 1Tx17 SAFAS Array ( 4000 stored directions)

260
240
220
200
180
160
140
120
100
80
60
40
20

FETI Iterations

I N A | [ |
67 8 910111213141516 1718 192021222324 252627 2829303132
Right Hand Side (32 wave directions from 0 to 31 degrees)

—
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e
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Computer architecture

Networked compute nodes

Each node is a hierarchical memory SMP with possibly parallel
CO-processor

Space and time locality of data required for performance
Present trend: increasing number of cores on each node

Main memory

Level 2 cache Level 2 cache

Cache Cache Cache Cache

DD 23 FX Roux FETI-2LM multiple RHS
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- Sparse direct solver based on nested
bisection

- P-threads multi-threading management
- Splitting of blocks in small sub-blocks

Dissection Pardiso =

# cores CPU time elapsed time CPU esapsed time =2

1 74.84 72.824 85.04 82.941 =

2 74.81 38.162 87.79 43.627

4 77.32 20.454 92.66 23.141 X

6 79.96 15.200 104.38 17.391 Bt
2 8  83.56 12.008 118.25 14.786 R R :
s 12 94.08 (x1.26) 9.873 (/7.38) 165.99 (x1.95) 13.993 (/5.93) i I ;
E elstctl, N = 206, 763, nonsingular - \\ S
e
S
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- Actual performance limited by global memory access

- Parallelization of forward-backward substitution for a single RHS gives
very limited performance (speed-up < 2)

- With multiple RHS, higher arithmetic complexity with same memory
access requirement (better data locality)

IRHS @ lcore 12 RHS @ 12core efficiency
Dissection 0.6194 sec. 0.5135 sec 120.6%
Pardiso 0.7054 sec. 1.2642 sec 55.8%

available for each MPI process is even lower

- Performance of each single RHS forward-backward substitution is
even poorer

- With more than one subdomain per node, memory bandwidth .
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Limited parallel efficiency of restarted OR

- One product by F per iteration
- Single RHS local forward-backward substitution

- For numerical stability, use modified Gram-Schmidt procedure for
orthogonalization

- dot product (BLAS1) + global reduction via MPI one by one

- Inefficient for local multi-threading on multi-core node
- Large communication overhead .

- Use simultaneous solution
. Keep good properties of restarted ORTHODIR[~ = block ORTHODIR
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Block ORTHODIR algorithm

. Block ORTHODIR initialization Ay = L2 e
T o -
V'0< _ gg ’ 1 block Vo _ [VéVg .. .nglock]

\Do = (FVO)*(FVO) = I—oL:)

- Block ORTHODIR iteration

-

- p-1

Ap=Ay +V Py Vo =FV ,+ Zvi L
0

16, =G, +FV P,

FV,,)'G, =0 D, P, , =—(FV,,)'G,

p-1
FV, =FFV __ + Zol FV, T,

N\

T, =—(FV, ) FFV
D, =(FV,) (FV,)=L,L,
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Block ORTHODIR implementation

- Optimal solution for each RHS using all search directions computed for
all RHS

- Rank revealing LL* factorization of D, automatic detection of
dependencies between search directions, reduction of number of
search directions

- Same property as restarted ORTHODIR in term of decrease of global
number of directions to be computed

- Nyoek SiMultaneous forward-backward substitutions at each iteration,
good parallel efficiency on multi-core nodes .

- Simultaneous computation of dot products, BLAS3, good parallel
efficiency on multi-core nodes, global reduction for a block of scalars at
once, reduced MPI overhead

- Restarted block ORTHODIR straightforward
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- 17x17 array ; 289 cores, 31 , 50M unknowns

17x17 31 2500 0.8 14

17x17 31 2500 3.30 1.15 | l Time/9

Time / 37

ONERA
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Conclusion

Block ORTHODIR strategy is good for reducing complexity, increasing
shared memory parallel efficiency of local direct solver on multi-core
node and reducing message passing overhead

Make the design of good preconditioner less important J
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