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1 Eigenvalue problems in elasticity

Eigenvalue analysis 1s essential basis for many types of engineering analysis. As eigenvalues are
closely related with the frequency and shape of structures, computing the eigensolutions 1s important
to interpret the dynamic interaction between the structures. If the frequency of structures is close to
the system’s natural frequency, mechanical resonance occurs. It may lead to catastrophic failure or
damage in constructed structures such as bridges, buildings, and towers.

The model problem 1s described as :

e () 1s a connected and convex polygonal domain.
e ()" and ()~ are subdomains in €2 and divided by a interface I' = 0Q™ N O~
e )\ and i denote the Lamé coefficients (0 < p1 < p < poand 0 < A < 00).
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e The Cauchy stress tensor o := (0;;) and linearized strain tensor € := (¢;;) in are given by

o(u) =2ue(u)+ Atr(e(u))I, €)= %(Vu +vul).

The eigenvalue problem for the linear elasticity equation with interface 1s

—dive(u) =w’u  inQ° (1.1)

ujp =0, (1.2)
o(u) - n|p =0, (1.3)

u=0>0 on 01,

where w? and u are the corresponding eigenvalue and eigenfunction, and the symbol [-] denotes
the jump across the interface I'.

We formulate the model problem (1.1) into the displacement formulation
a(u,v) = w(u,v),

where

a(u,v) = / 2ue(u) : e(v)dx +/ Adivudivvder, w’(u,v)= wQ/ u - vdzr.
€2 €2 €2

2 Immersed finite element method (IFEM)

We introduce an immersed finite element method based on Crouzeix-Raviart elements.
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Figure 1: A typical interface triangle

For an interface element K (see Figure 1), the piecewise linear basis function qAbZ — (ggﬂ, éig),
1 =1,2,---,6, satisfies the interface conditions (1.2), (1.3).

e N, () : IFEM space spanned by basis .
o Hj,(Q) := (H}(Q2))? + Np(Q).

The IFEM for the eigenvalue problem (1.1) 1s to find the eigensolution (w]%, uy,) € C x Nh(Q)

such that R
ap(ay, vp) = wi(uy,vy),  Yvy, € Np(Q), (2.1)

where

(u) : €(v)dx + Z / Adivudivvdr
K

KeKx,,

3 Spectral approximation

We introduce the solution operator T : (L*(Q))? — (H&(Q))Q, which associates the solution
Tt € (Hé(Q))2 of the following source problem with every f € (L?(Q))?:

a(TE,v) = (f,v), Vv e (Hj(Q)".
e The operator 7" : bounded, self-adjoint and compact.
e (w?,u) € C\ {0} x (Hé(Q))2 is an eigenpair of (1.4), < (1/w?, u) is an eigenpair of 7.
In a similar way, the corresponding discrete solution operator T}, : (L?(Q))? — N 1,(§2) is defined by

ap(Tpt, vy) = (£, vy), Vv, € Np(Q)
with f € (L?(Q))?. Clearly,

e The operator 7}, : bounded, self-adjoint, and compact.

o w% is an eigenvalue from (2.1) < &, = 1/ w% 1s an eigenvalue of 77,.

We prove the spectrally correct approximation of the IFEM by the spectral properties of compact
and self-adjoint operators in Banach space.

~

Theorem 3.1. e Non-pollution of the spectrum
e Non-pollution of the eigenspace

e Completeness of the eigenspace

e Completeness of the spectrum

;
Theorem 3.2. Let £ be an eigenvalue of 'I' with multiplicity n. Then for h small enough there exist

n eigenvalues {fl,ha - fn,h} of Iy, which converge to & as follows

sup € — & | < Ch?,
1<i<n

where a positive constant C' is independent of & and h.

4 Numerical results

‘ Straight-line interface I
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Figure 2: Eigenfunction of wj when (u=, u™) = (0.5,5), A* = 5u® with straight-line interface. x,y-component of
eigenfunction (above). The log-log plots of h versus the relative error of the first four eigenvalues (below on the right).

‘ Multiple interfaces I
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Figure 3: Eigenfunction of wj when (u~, u™) = (0.5,5), A* = 5u~ with multiple interfaces. x,y-component of eigen-
function (above). The log-log plots of / versus the relative error of the first four eigenvalues (below on the right).

References

[1] KWAK DY, JIN S, A stabilized P; immersed finite element method for the interface elasticity
problems, arXiv:1408.4227.

[2] DESCLOUX J, NASSIF N, RAPPAZ J, On spectral approximation. 1. The problem of convergence,
RAIRO Analyse Numérique 1978; 12 : 97-112.

[3] DESCLOUX J, NASSIF N, RAPPAZ J, On spectral approximation. Il. Error estimates for the
Galerkin method, RAIRO Analyse Numérique 1978; 12 : 97-112.



