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1 Introduction

We consider the Helmholtz equation in harmonic regime in a domain Q c R,
d =2 or 3, and a first order absorbing condition on its boundary I" with unit outward
normal vector n. Let k € R be a constant wave number and f € L*>(Q), we seek
u € H'(Q) such that

ey

—Au - k*u = f, in Q,
(Op +ik)u =0, onT.

In previous works [2, 3, 5], a domain decomposition method (DDM) using non-local
transmission operator with suitable properties was described. The relaxed Jacobi
algorithm written at the continuous level was proven to converge exponentially.
However, it was only a conjecture, hinted at by numerical experiments in [5, Section
8], that the discretized algorithm using finite elements has a rate of convergence
uniformly bounded with respect to the discretization parameter, hence does not
deteriorate when the mesh is refined. In this work we prove this conjecture for the case
of Lagrange finite elements. Numerical experiments in [5, Section 8.3] highlighted
that this important property is not shared by DDM based on local operators [4] or
rational fractions of local operators [1].

Xavier Claeys
Sorbonne Université, Université Paris-Diderot SPC, CNRS, INRIA, Laboratoire Jacques-Louis
Lions, équipe Alpines, 75005 Paris, France, e-mail: claeys@ann. jussieu. fr

Francis Collino, Patrick Joly, Emile Parolin
POEMS, CNRS, INRIA, ENSTA Paris, Institut Polytechnique de Paris, 91120 Palaiseau, France, e-
mail: francis.collino@orange. fr;patrick. joly@inria.fr;emile.parolin@inria.fr

310



Discrete DDM for Acoustics with Uniform Exponential Convergence 311

2 DDM algorithm: the continuous case

Impedance based transmission problem. We suppose that the domain is partitioned
into two non-overlapping subdomains Q = Q_ U Q,. The transmission interface
between the subdomains is noted X, with a unit normal vector n oriented from Q,
to Q_, and we suppose! that ¥ does not intersect . We then consider the following
transmission problem
—Auy — Kuy = fla,, in Q., @)
(£0n +ikT) us = (£0p +ikT) uz, on X,

with (0p + ik) u. = 0onI'NAQ... T is a suitable impedance operator supposed to be
injective, positive and self-adjoint so that the coupled problems (2) are well posed
and equivalent to the model problem (1), see [2, Th. 3] and [5, Lem. 1].

Reformulation at the interface. Let V. = H'(Q,),V = V, x V_ and Vs =
H~'2(X). We define the lifting operator R

R : V% 3 (x4,x-) = (Ryxy,Rox_) € V. 3)
where . = Ryx; are solutions of the following decoupled boundary value problems
—Auy — kKuy =0, in Q. (+0n + ikT) us = x4, on 3, )

and (9, +ik) us = 0 on I' N Q.. We define the scattering operator S
S 1 V23 (xy,x_) > (Syxy,S_x_) € V2, 5)

with S.x = —x + 2ikT(R.x)|y for x € Vx. We finally define the operator A = ITIS
on sz, where IT is an exchange operator: IT (x;, x_) = (x—, x;) for a couple of traces
(x4,x-) € VZZ. The following result provides equivalence between the decomposed
problem (2) and a problem at the interface (6), see [2, Th. 5] and [5, Prop. 3].

Theorem 1 If u = (uy,u_) €V is solution of (2) then the trace x = (x4,x_) € V§
defined as x1 := (£0y + ikT) uz|s is solution of the interface problem

x=Ax+b, onZ, (6)

where b = 2ik (TF_|z, TF,|x) € Vé and F = (F,, F-) € V is such that —AF. —
k*F. = flo, in Qu, (£0 +ikT) Fx =0 on X and (0 +ik) F» =0 onT N 0Q..

Reciprocally, if x € V% is solution of (6), then u = (us,u_) € V defined as
u = Rx + F is solution of (2).

Continuous DDM algorithm. The solution of (2) is computed iteratively using a
relaxed Jacobi algorithm on the interface problem (6). From an initial trace x° € Vé
and a relaxation parameter r € (0, 1), iteration n writes,

! In the presence of such intersections, the proof fails and as a matter of fact the exponential
convergence is not observed numerically.
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X = (1=r)x" e rAx™ ! +b. @)

Note that the application of A involves solving the decoupled local problems (4)
which can be done in parallel. The previous theorem guarantees that the solution
of (7) satisfies (2) at convergence. In the following we assume in addition that

T : H]/Z(Z) — H*'/Z(Z) is a self-adjoint isomorphism. )

Only non-local operators, constructed in practice using integral operators with appro-
priate singular kernels, can fit in this framework. Under those additional assumptions
the algorithm (7) converges exponentially, see [2, Th. 7] and [5, Th. 1].

3 DDM algorithm: the discrete setting

We consider two series (V. j,);, of finite dimensional subspaces V. j, C V. conformal
attheinterfacei.e. Vs j, = {us pls | ten € Van} € V. LetVy, =V, ,XV_j, Cc V. We
define the sesquilinear form ag for a domain Q € {Q,Q,,Q_}:forallu,u’ € H 1 (Q),

aﬁ(u, u’) = (Vu, Vu’)LZ(ﬁ) - kz(u’ u,)LZ(ﬁ) +ik(u, u,)LZ(I’m[)ﬁ) . )

By Assumption (8), the transmission operator T induces a continuous and coercive
sesquilinear form ¢ on H'/2(X) x H'/?() such that

1(z,2") =(Tz, 2')s, Vz,7 € H2(2). (10)

Reformulation at the interface. We follow the approach of the continuous setting
and define the discrete version Ry, of the lifting operator R given in (3) by

Ry @ V5,3 (teneXn) o (Repxen RO px_p) € Vi an

with R, 5, the discrete versions of R, givenin (4), such thatu, ; = Ry px4 j satisfies

aq, (s p,u} ) + ik t(usep,ul ) = (X st p)x, Vul , € Vin. (12)
Similarly, the discrete version Sj, of the scattering operator S defined in (5) is

Sh : Ve 3 (xenaXon) P (SenXe s Sonx_n) € Vg . (13)

with the discrete versions Sy ; of S are such that: for all w; n € Vs,

(S nXe ps W;,h>2 = —(Xs,n, W;,h>2 +2ik t (Ri,h-xi,h, W;’h) . (14)

We finally define the discrete operator A;, = I1S;, on sz ,,- It can then be proven, in a
similar fashion as for the continuous case, that the discretization of the problem (2)
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is equivalent to a discrete counterpart of the interface problem (6): find x;, € Vé’ h
such that x, = Apxy, + by, where by, is the discrete counterpart of b.

Discrete DDM algorithm. In the following we analyse the convergence of the
discretization of the DDM algorithm (7): from an initial trace x?l € Vi ,, and for a
relaxation parameter r € (0, 1), iteration n writes

xp=(1- r))c;l'_1 + rAh)cZ_1 + by,. (15)

4 An abstract uniform exponential convergence result

We now state an abstract result specifying the conditions under which uniform
exponential convergence is achieved.

Theorem 2 If Ay, is contractant in sz , and 1 — Ay is an isomorphism in sz , With
uniformly bounded inverse, then the relaxed Jacobi algorithm (15) with r € (0, 1)
converges exponentially uniformly (C and t are independent of h below):

37€(0,1), C>0, hg>0, Vh<hy, neN, |uy—uplly <Ct". (16)

Proof At each iteration n, the surface error 82 = XZ — xy, satisfies

8Z+1 = (1 -r)e; +rAye). a7

By hypothesis we have (for some § € (0, 2] independent of %)
lAnehlve < lefllve, and (0= Aeplly: = dlleflly. (18)
We have the identity for r € (0,1) and a, b € V}
11 = r)a+rbllG, = (1=nllaly, + rlibllg, = r(1=r)lla=blg,. — 19)

Using this identity (take a = &, and b = A,&}) together with (17) and (18) we get

lep e < 7 liehllye,  witht=V1-r(1-7r)52, (20)

and where 7 is well defined in R since ¢ € (0, 2]. Since we have ”Z —up = Rhsz,
the well-posedness of the local problems yields the existence of a constant ¢ > 0

independent of & such that, for 4 sufficiently small, |[u} — uplly < C”gZ”Vf' O

Since T is assumed to be a self-adjoint isomorphism from H'/2(Z) to H™'/2(%),
the contractive nature of Ay, and the fact that I - Aj, is an isomorphism can be proven,
see [2, Th. 3 and Lem. 6] and [5, Lem. 2 and 3]. However, the uniform boundedness
of the inverse of I — Aj;, was recognized as an open question in [5, Rem. 3]. The
previous proof highlights that this property is essential to prevent the convergence
rate from potentially degenerating (tending to 1 as & goes to 0).
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5 An abstract sufficient condition for exponential convergence

The next theorem states that a sufficient condition for the operator I — Ay to be
an isomorphism with uniformly continuous inverse relies on the existence of two
liftings with suitable properties.

Theorem 3 Assume that there exists two liftings Ly  from Vs j, to V. j, uniformly
continuous and preserving Dirichlet boundary conditions: namely there exists ¢ > 0,
independent of h, such that for all x; , € Vs p,

(Linxep)ls =xen, and ||Lspxepllv, < cllxenllvg. 21

Then 1 — Ay, is an isomorphism in Vé ,, with uniformly bounded inverse (C is
independent of h below):

3C >0, hg>0, Yh<ho, xp€Vg,, Ixnllyz < CIlA=An)xnllyz,  (22)

To prove this result, we closely follow the lines of the proof in the continuous case,
which we recall below. Let y = (y4,y-) € VZ we aim at finding x = (x,,x_) € V§
such that (I- A)x = y. From the definitions of Section 2, this is equivalent to finding
us € V. and x5 € Vs such that (omitting the boundary condition on I' N dQ. here
and in the following for brevity)

—Auy — k*u. =0, inQ., (£0n +ikT)uy =xy, onx, 23)
X+ — (=x5 +2ikTuz) = y., onZX.

Step 1: Definition of two jumps. A key point is to recognize that the property (8)
of T allows to define the Dirichlet and Neumann jumps up and u such that

R I e

up = (kT)"' 22 e B2 (D), uw

Step 2: Transmission problem. It is then straightforward to check that the

system of equations (23) is equivalent to compute directly x. = (0 + ik T) us
where (u,u_) € V is solution of the transmission problem

—Auy — kqu_, =0, in Q., Uy —U_ =Up, Oglty —Ophu_ =upn, onx. (25)

Step 3: Construction of the solution. The solution u, of (25) is sought in the
form us = u|g, +ud with (ué,u?) € V (discontinuous across X) and u¢ € H'(Q)
(continuous across X), constructed as follows. We first construct ui as the result
of two liftings L. from Vs to V. such that ui = i%LiuD. The liftings L. can be
obtained for instance by solving a modified (coercive) Helmholtz equation in the local
domains. Having found such a u¢ which satisfies by construction u¢ —u? = up, itis

clear that us = u€|q, + u¢ solves (25) if u¢ € H'(Q) satisfies (writing u$ = u|q,)
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—AuS — k*uS = Aud + K*ud, in Q., 26)
OnuS — OpuS =uyn — Bnu_‘f + Ol on .

The problem (26) is well-posed in H'!(Q) by application of Fredholm’s alternative.
The solution x = (x;,x_) € Vg of (23) can finally be computed directly as x. =
(£0h +ikT) u-.

The proof at the discrete level mimics this procedure but we need to systematically
verify at each step that uniform bounds hold. In the following, C denotes a constant
possibly taking different values from one inequality to another.

Proof (of Theorem 3) Let y;, € sz ,,» using the definitions of Section 3 the problem
of finding x, € V&, such that (I — Ay)x, = yj, writes: find us ), € Vi and

z,
X+,n € Vs, such that, for all u’, n€Venandz, , € Vsp,

4
+,h

ag, (e p ul ) +ikt(usep,ul ) = (e po e, p)x, o
(ahs 2 )z — (-(X:,h, 2L s+ 2ik 1 (ux Z;,h)) = (Vens 24 )
Step 1: Definition of two jumps. Let vp ; and up j, be such that
-y o+
Vpp = (ik)_l Y+,h =Y ,h, Uy = Y—h t Y+,h . (28)
2 2
Both quantities belong to Vs ;, and we have, with C independent of £,
vp.alve < Cliyallvz, lun nllve < Cliyallyz. (29)

Note that vp j is not the discrete counterpart of up. A good candidate would be
upn =T, Ly p.n Where Ty, is a discrete version of 7. This leads us to the definition

-1
up,h =T, vpp & t(up.n.2,) = V.- 2p)s Yz, € Ve (30)

Since ¢ is supposed to be strictly coercive, such a up j exists and it holds, with C
independent of A,
lup,nllgie ) < Clvp,allvs. (31)

Step 2: Transmission problem. The solutions x. , € Vs j of (27) must satisfy
<x¢,h,u’i’h>2 =4aq, (ui,h’ u;,h) +ik t(”i,h, u;,h), VM_’_hh € Vi, (32)

where uy j, € V. , must satisfy a discrete version of the transmission problem (25)

{f(u+,h —U-n2;) =VD.hs2})% vz, € Ven,

aQ+(u+,ha u_:_’h) + aQ- (u_’h, u’_’h) = <uN,h’ u;’l>2’ V(u_:_’h’ u/_’h) € Vh n Hl (Q)
(33)
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where the equation on the first line is obtained by taking the difference of the two
equations in the second line of (27) and the equation on the second line is obtained
by summing all equations in (27) with a test function in V;, N H'(Q).

Reciprocally, letusp € Vi and x. p € Vs, be solutions of (33) and (32). For
any zh € Vs, there exists by assumption u; = (uJr o U h) € V, N H'(Q) such
that u+ h Iz = zh By taking linear combinations of equatlons of (33) with these test
functions z/ 5 and u, ,, one obtains the two equations on the second line of (27).

Step 3: Construction of the solution. The solution u. j; of (33) is sought in the
form us p = ujlo, + u , With (uJr o ,h) € Vi and uj € Vi N H'(Q) constructed
as follows. We first construct ui’ n= _%Li,hu D.h» by hypothesis on the liftings we
have

lud v, < Cllup.allgiee, (34)

uil,h’z;q) = (vD,h,z),)x for all

z;, € Vx.n. Hence, using the last equation in (33), us » = uj |q, +u§£’ ,, Will be solution
of (33)ifuj, € Vi, N H'(Q) is such that, for all (), u’ ) €Vpn H'(Q),

. . . d
with C independent of /. By construction t(“+, A

ag(uy, uy) = (UN . n,Up)s — ag,(uil,h, ul ) = ag+(uf’h, wl 1) (35)
Since ag is H' (Q)-coercive, it is well known from the theory of Galerkin approxi-

mation of Fredholm type problem that for 4 sufficiently small, such a uj, exists and
it holds, with C independent of 4,

d d
sy < € (lnnlivs + el + 1, v, ) (36)

Fromu, j = uih + “Z |, in Vi , we have, with C independent of &,

d -
letenllv, < € (e v, + o, lv. ) 37)

The solution x5, € Vs 5, of (32) hence (27) are computed using (33) hence satisfy,
with C independent of A,

”xi,h”Vz <C ”“i,h”Vy (38)

Since all the quantities computed at each step are bounded uniformly by the data
used for their construction, see (29), (31), (34), (36) and (37), the uniform bound of
Theorem 3 with respect to 4 is established. O

6 Application to finite element approximations

In this section we assume that Q.. are bounded open polyhedral Lipchitz domains dis-
cretized using conforming simplicial mesh elements and consider classical Lagrange
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finite element spaces. The previous proof relies on the existence of two uniformly
stable liftings L. j from Vs j to V. j which must preserve the Dirichlet trace on X.
A theoretical construction of such liftings L. , can be obtained as L., = Pp o Ly
where P, : V. — V. is an interpolator and L, : Vx — V. are two continuous
liftings. The construction of L. j; is hence reduced to the construction of Pj. The
classical Lagrange interpolator fails to provide a practical answer because it lacks
the continuity property for non-smooth functions (point-wise function evaluations).
The Clément interpolator is continuous but fails to preserve the prescribed trace on
the boundary. An interpolator featuring the suitable properties have been proposed
by Scott and Zhang [6] for general conforming Lagrange finite elements of any order
in R4, d = 2, 3. For the sake of illustration, we briefly recall below the construction
of this operator for P; Lagrange finite elements on triangles.

For each vertex M; of the mesh, choose arbitrarily o; an edge connected to
M;. The application v € Pi(0;) — v(M;) € R is a continuous linear form on
Py(0;) © L*(o;). From Riesz theorem, there exists a unique ; € P; (o) such that,
for all v € Py(07), we have v(M;) = (¥i,v)12(o,)- Let w; be the Py Lagrange basis
function associated to the vertex M;. There is a natural definition of an interpolation
operator Pj, on H'(Q) such that: for all v € H'(Q),

Puv = ) (Ui V) 2 (o Wi (39)

From the trace theorem, Py, is a continuous linear mapping from H' (Q) to V;, and is
invariant on Vj,. To preserve the trace on the boundary, we require in addition that for
all vertices M; on the boundary of Q, the edge o7 is chosen to belong to the boundary.
This operator Py, is the Scott-Zhang operator and satisfies Hypothesis (21), see [6,
Th. 2.1 and Cor. 4.1].
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