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1 Introduction

Adaptive Dirichlet-Neumann and Robin-Neumann algorithms for singularly-
perturbed advection-diffusion equations were introduced in [2], accounting for trans-
port along characteristics, see also [6] for the discrete setting and damped versions
using a modified quadrature rule to recover the hyperbolic limit. Non-overlapping
Schwarz DDMs with Robin transmission conditions (TCs) applied to advection-
diffusion equations were analyzed in [10, 1] and a stabilized finite-element method
for singularly perturbed problems was discussed in [9], see also [3, 4] and references
therein for heterogeneous couplings. However, the behavior of these DDMs in the
limit of vanishing diffusion has not been addressed.

Our goal is to develop finite volume Robin TCs such that the associated non-
overlapping DDM is consistent and asymptotic-preserving (AP). Consistent here
means that, for fixed mesh size, the discrete DDM iterates converge to the discrete
solution on the entire domain, and AP means that the singular limit in the DDM
yields a convergent limit DDM (for more on AP, see e.g. [7]). We first show that the
continuous DDM is only AP under a strict condition on the Robin transmission pa-
rameter, see Theorem 1. In contrast, our new discrete DDM is AP without restriction
on this parameter, see Theorem 3, and fast convergence is automatically recovered
in the hyperbolic limit. While our analysis is in 1D, we show numerical experiments
also in 2D; for the nonlinear space-time case with triangular meshes, see [5].
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2 The continuous problem and non-overlapping DDM

We consider for v > 0,a > 0and f € LZ(—I, 1) the stationary advection-diffusion
equation with homogeneous Dirichlet boundary conditions, i.e.,

L(u) :=voxu—adsu=finQ:=(-1,1), u(-1)=0, vu(l)=0. (1)

In the singular limit v = 0, the PDE in (1) becomes (trivially) advective, and the
boundary condition collapses into the inflow condition u(—1) = 0 only. It is easy to
see that there exists a unique weak solution u € H'(-1, 1) of (1) for v > 0.

We apply a non-overlapping DDM with two sub-domains ©; = (-1,0) and
Q; =(0,1) to (1). The problem (1) is then rewritten using at x = 0 the Robin TCs

Bi(u) =voxu—au+du, Br(u)=-voyu+au+du, A1>0. 2)

Definition 1 (Continuous DDM) Let u) € H' (). For n € N, the n-th (continu-
ous) DDM-iterate (u"',u}) € H'(Q;) x H' () is given as solution of

v@xxu;? - a(')xu;-' =f in Q;,j=12, (3)
W(-1)=0, vy (1) =0, )
vBi(u]) =vBi(us") . Bo(uh) = Bo(uf) at x=0. (5)

Note that (3)-(5) is equivalent to (1) in the limit n — oo. In the limit when v — 0,
we get the stationary advection equation, and the two Robin TCs (5) degenerate into
one Dirichlet TC. Note that the multiplication of B by v is necessary to remove the
TC in the limit v — 0. The errors e;.’ = ulgj - u;l satisfy (3)-(5) with f = 0 due to
linearity. Therefore, we have by direct solution

et(x) = AT (e —e7aY) . ef(x) = AR(1 -/ ify >0,

el =0, es =0 ifv=0,
where Aq’, Ag € IR satisfy the recurrence relations

n_ __a""l(l_eia/v) n-1 n _ —ae”V41(1-e4V)
Aj = ae= 4V (1-e=alv) Ay A5 = th :

This yields the following convergence result.

Theorem 1 (Convergence and AP property of the continuous DDM)

The sequence of continuous DDM—iter.ate.s {(uf, ug) } ey Converges pointwise to
(ulg,,ulq,). Forv > 0, the convergence is linear with convergence factor

(a—2)+ e
(a+A)—Ae-alv

A= (a+)e
A+ (a—)ealv

(6)

Convergence in one iteration is achieved iff A = IL orin the case v = 0.

_e—alv

The continuous DDM (3)-(5) is AP if A = A(v) satisfies |[A —a| = o(1) as v — 0.
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3 Cell-centered finite volume discretization

We discretize (1) and (3)-(5) by a cell-centered finite volume method. For given
I € NN, let the step-width be & := 1/I and the volumes V; := [ih, (i + 1)h] for
—I < i < I be given. Furthermore, define f; := fVi f(x) dx. We denote the constant,
cell-centered approximation of u in V; by u;, and encapsulate these for all V; in the
vector u := (u;)!=!, € R* . Using centered differences for the diffusion and upwind
fluxes for the advection, the discrete version of problem (1) reads

%(ui_l —2ui+ui+1)+a(ui_1 —ui) =fi for-I<i<I- 1, (7)
7 (SBu_p+u_py) = 2au_; = fp, (®)
pur2 =3ui—)+a(uj2—ur-1) = fr-1 . ©)

Here, we eliminated the ghost values #_;_; and u; using a linear interpolation of the
boundary conditions. Analogously, one obtains the discrete version of (3) and (4),
while (5) becomes

Bi(u) =B (w7, By(u}) = Bo(u') . (10)

It remains to discretize the TC (2) to obtain Bj, B», and then to eliminate the ghost
values u; o and uy _;. For this, we use centered differences for the diffusion and
linear combinations of the values in V_; and V| for the other terms to obtain

Bi(u) = 7 (uo —u-1) —a((1 = ap)u-y + ajup) + A((1 = B1)u—y + Brug) , (1)
By(u) = =7 (up —u-1) + a((1 — az)u— + azup) + A((1 = Bo)u-1 + fouo) , (12)

for some a1, az, 81,52 € [0,1]. Note that a; = B; = 0, j = 1,2, is an upwind
discretization, while the centered choice a; = §; = 1/2, j = 1,2, is typically used
in the diffusion-dominated case v > a to obtain second-order convergence in 4.

To eliminate the ghost values u; o and uz —; in (7), we solve (11) for ¢ and (12)
for u_;. To eliminate u> —; in (11) and u; o in (12), we solve (7) for u; o and up ;.
Inserting the resulting expressions and using (10), we obtain the following discrete
DDM iteration.

Definition 2 (Discrete DDM)

. ~ B (u! .
For given u) € R’, let By(u)) := #ﬁﬁl;ﬁ] For n € NN, the n-th discrete
. 2 .
DDMe-iterate (u",u}) € (R')" satisfies
= 2uf ) va(ul ol ) = (13)

forj=1,-I<i<—-landforj=2,0<i<1I-1,

7 (3uf gy +ul ) = 2auf =S, 14

o =3uy ) +a(uy o —uy; )= fr1, 5)
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%(“’11,—2 - 2“?,—1) +a(uf _, —uf )+ ey = fa- B (”g_l) , (16)
B(=2uy+uy ) —auy o+ (7 +a)eauy g = fo— Ba(uy) (17)
where

Bi(uy) = TU0 ~ yarCl (fo - 7(F2uy g +uy )+ au;"o) > (18)
By(uf) = (F+a)uy_, - V+fhc2(f—1 — (U =2uf ) —a(uf _,-uf_})), (19)

)4 )4

_ pra(l-an-A(1-p1) _ 5 —am—Ap

CI - %—a(l1+/lﬁ] ’ C2 - %+a(1—a/2)+/1(1—,82) : (20)

Note that (13)-(19) is uniquely solvable for all v > 0 iff ¢; = O(1/v) and ¢, = O(v)
as v — 0. The resulting system matrix for #} is weakly chained diagonally dominant,
and thus non-singular. The same holds for ' if ¢; < 1. Further note that B\ and B, in
(16)-(19) are discrete Robin-to-Dirichlet operators, so that ¢; = ¢, = 0 corresponds
to Dirichlet TCs, which do not lead to convergence without overlap.

We next investigate how the coeflicients o, 8, j = 1,2, must be chosen to obtain
a discrete DDM that is consistent with (7)-(9). Since the discretization (13)-(15) is
the same as (7)-(9), consistency follows iff the solution to (16)-(19) in the limit when
n — oo satisfies (7) and vice versa. The solution u of (7)-(9) solves (16)-(19), as can
be directly seen when inserting it into (16)-(19) using (7) for i = —1, 0. This only
requires that vcy and ¢, /v are well-defined for all v > 0 and all 2 > 0. On the other
hand, combining (16) and (18) as well as (17) and (19) yields

w2 =2uy —y +uz0) +auy - —up 1)
= fa+ 25gen(fo— F(ui—1 = 2ua0 +uz) —a(ur -1 —uzp)) ,
71 = 2uz 0 +up 1) +a(uy,-1 — uz0)

= fo+ 22480y (for = F(ur—o —2uy -y +uzp) —aluy,—2 —uy 1)) .

We obtain equivalence with (7) iff 1 # cc,. Hence, we have proved the following
theorem which provides choices for the TC parameters a1, @, 81, B> that ensure
consistency for all A > O and v > 0.

Theorem 2 (Consistency of the discrete DDM)
The limit of the discrete DDM iterates (13)-(19) as n — oo is equal to the solution
of (7)-(9) for all A > 0 if the following conditions hold:
(A1) ay < g3 (orequalif By > 0), and
(A2) vey=0(1)asv — 0, ie by (Al), v=0(v —aha; + AhB) , and
(A3) ¢c;=0()asv —>0,ie,ar+pr=0(v), and
(A4) cicr # 1, ie.,

0+ a*(r—a)+A(Z+aBi+B— a1 —a)) + (B - B2) .

Remark 1 Note that the simplest choice of the coefficients, which satisfies Theorem 2
isa; =ay = B> =0and B; = 1/2. As shown below, this also yields convergence
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for any positive discrete Peclet number Pe := ah/v > 0. Furthermore, this choice
ensures that the discrete DDM is AP as v — 0 for any 4 > 0, as we show next.

We split the convergence analysis of the discrete DDM into two regimes due to
the different types of solutions: the elliptic case v > 0 and the singular limit v = 0.
For this, let e” := u — (uq’, u;‘) be the error of the discrete DDM at iteration n. By
linearity, e" satisfies the discrete DDM (13)-(19) with f = 0.

The elliptic case v > 0 : Then, (13)-(15) for e” yield the solution
o (AP - (14 ) )L, L Ap(1 B g

where we defined & := (1 + Pe)!. The constants A7, A} € R are determined by
(16)-(19), which yield the recurrence relations

Aar(aa-aPesp)) et aafz+/l(Pe L) -(tra) S et

Af = - 2be Ay, Ay = 1
(aai-a(pe +B1))2+Pe+(/l a) &1 (Ara) ZPe 2Pe —(aarta(Pe+py)) &1

Therefore, the iteration is linearly convergent iff

A=a+ (aa; —A(Pe™! + 1)) 22+PPee

A+a—(aar +A(Pe! + Br)) Fe g1

am +A(Pe” +52) — (A+a) F5e¢™! <1.@2D

aa; — A(Pe™ + 1) + (1 — a) Skeg-!

p:

Note that convergence in one iteration is possible for the choice

2v+ah —2ajahé™! h—0 a

A=A = — _
P T 2y +ah—2 (v + Brah) £ “ 1 —ealv

(22)

which is almost mesh independent when @ = 0 and 8; = 1/2. This is consistent
with the continuous DDM and also yields Aoy — a as v — 0.

Furthermore, note that (21) for @; = @, = 0 and 8; = B, = 1/2 is satisfied for
all A > 0. But 8, = 1/2 does not satisfy (A3) of Theorem 2, so that B, (and thus
p) degenerate when v — 0. However, choosing @ = ap = 8, = 0 and 8 = 1/2,
Theorem 2 is satisfied for all v > 0, and (21) is satisfied for all A > 0 due to Pe > 0.

The singular limit v = 0: Then, (13)-(15) for e” yields
"= (OZ AL (4ply)

with A¥, A7 € R determined by (16)-(19). To obtain A{ =0, i.e., the correct solution
in Qy, this requires by (16)

_ Al _ =Bi(&”) B (o0) = _vBi(e)
0= Al - %cl—a ’ B](e )_ v—aha|+dhp; *

Since ve; = O(1) as v — 0 by (A2), this holds iff lim,_,gvc; # ah and
lim, o v/(v — aha; + AhB;) = 0. Using (Al) of Theorem 2, this simplifies to
v/B1 = o(1) as v — 0 and implies ¢ = o(1). For A}, we then obtain by (17)-(19)
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and (A3) that Aé =0, i.e., convergence in one iteration. Then, A} = A7 = 0 for all
n > 2 follows by induction using (16)-(19).
Summarizing the above analysis, we obtain the following result.

Theorem 3 (Convergence and AP property of the discrete DDM)

Let (A1)-(A4) from Theorem 2 be satisfied. The sequence of discrete DDM iterates
{(u;’, ug’)}ne]N from (13)-(19) converges linearly to the solution of (7)-(9) forv > 0
iff (21) is satisfied.

Convergence in one iteration is achieved if A satisfies (22) or for v = 0 if the limit
discrete DDM for v/B; = o(1) as v — 0 is used.
The discrete DDM (13)-(19) is AP if |[A —a| = o(1) or v/B; =0o(1) asv — 0.

Note that as shown above, the choice @| = a» = 0 and 8 = 8, = 1/2 yields linear
convergence for v > 0, but the convergence rate degenerates for v — 0. The choice
a) = ay = 2 = 0and B = 1/2 leads to linear convergence for v > 0 uniformly in v
with 1-step convergence for v = 0, and thus is AP.

Remark 2 (Convergence order and mass conservation) As the iterates of the discrete
DDM converge to the solution of (7)-(9), which is a first-order convergent finite
volume method (uniform in v and a), the same holds for the discrete DDM at con-
vergence (and before as soon as e” = O(h)). Furthermore, the finite volume method
is locally mass conservative, such that mass conservation holds in each subdomain
of the discrete DDM. At the interface between the subdomains, mass conservation
is ensured at convergence, since the discrete DDM recovers the (implicit) mono-
domain finite volume formulation. In contrast, methods based on an explicit splitting
at the interface (see e.g. [11, 8]) directly ensure mass conservation, but require the
usual time-step restriction of CFL-type when the diffusion vanishes (v — 0).

4 Numerical examples

We now study numerically the convergence properties of the discrete DDM as v — 0
for various choices of the parameters in the discrete Robin TCs. Since a; = O(v),
Jj = 1,2, is required for convergence, we restrict our study to @; = @ = 0 and vary
only 31, B2 and A. We consider (1) for f(x) = —v(knx)?sin(knx) — akm cos(krnx),
which leads to the exact solution u(x) = sin(knx). We fixa =1, k =3, Bl(ug) =1
and I = 100, and study the number of iterations required to reach an error of
lle*llo < 1072, see Fig. 1, both for experiments in 1D and 2D. As discussed
above, the choice 81 = 8, = 1/2 leads to a degeneration as v — 0, while the choice
B1 = B2 = min(1/2,v/(ah)) yields linear convergence, but is only AP for 4 — a. As
predicted by Theorem 3, the convergence improves for all choices such that v/, =
o(1) and B, = O(v) as v — 0. In particular, the number of iterations decreases
faster when S is large, which illustrates well the convergence factor p in (21), which

satisfies p = 144 (y v ) +O(v'™1). Note that the finite volume method permits

a straightforward extension of the discrete DDM to higher dimensions. For our 2D
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Fig. 1: Number of iterations for various 3| and 3, in 1D (top 6 panels) and 2D (bottom 6 panels).

example with equidistant rectangular mesh, the two-point fluxes across the edges on
the interface between the subdomains can be constructed exactly as in 1D based on
the TCs and ghost values. This leads to the 2D results in Fig. 1 for vAu —V-u = f in
(-1,1) x (0, 1), u(-1,y) = u(x,0) =0, vu(1,y) = vu(x, 1) = 0 for f chosen such
that the exact solution is u(x, y) = sin(37zx) sin(37y). The technique developped here
also works for non-linear time dependent advection-diffusion problems on triangular
meshes, see [5].
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5 Conclusion

The continuous non-overlapping DDM with Robin TCs applied to singularly-
perturbed advection-diffusion problems is AP only when the transmission parameter
A tends to the advection speed as v — 0. We showed that a much better result can
be obtained for a discrete DDM based on a cell-centered finite volume method: in
contrast to the continuous algorithm, a proper, but asymmetric choice of the discrete
parameters («;, 8;, j = 1,2) in the Robin TCs yields the AP property without any
restriction on the transmission parameter 1. We illustrated the theoretical results by
numerical examples in one and two spatial dimensions, see also the forthcoming
work [5] where we show how the present techniques can be used for robust DDMs
for nonlinear advection-diffusion equations in space-time on triangular meshes.
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