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1 Introduction

In previous work [3] and [5], we presented asynchronous iterations for solving sec-
ond order elliptical partial differential equations based on an overlapping domain
decompositions. Asynchronous iterations are not only a family of algorithms suitable
for asynchronous computations on multiprocessors, but also a general framework in
order to formulate general iteration methods associated with a fixed point mapping
on a product space, including the most standard ones such as the successive approx-
imation method (Jacobi, Gauss-Seidel and their block versions). in this chapter, we
will associate with the alternate method of Schwarz for the parabolic problems of
the second order, an affine fixed point map of which we show that the linear part is a
contraction in uniform norm. In this context we will develop a method of analyzing
the multi-subdomain case, as well as asynchronous iterations for parabolic prob-
lems. We will give a new technical result to update a Hopf maximum principle and
construct a new exponential weighted norm. The work is devoted to the framework
of a class of parabolic problems of the second order with Dirichlet condition. We
associate with a method based on the resolution of sub-problems on subdomains
with overlap, a fixed point map defined by the restrictions on subdomains without
overlap. We examine a mathematical property, the contraction with respect to a
new norm of this fixed point map. One important feature of the results presented
here is the use of exponential weighted norms, which allows us to obtain a stronger
convergence property than the usual uniform norm. One thus obtains a result of con-
vergence of the asynchronous iterations for a norm finer than the usual one, and this
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including for the basic situation of the very traditional alternate method of Schwarz.
At the level of subdomains having a common border portion with the boundary of
the domain, this requires the implementation of the principle of the maximum of
Hopf. The formalism used is particularly effective, compared to that used previously
described, to examine the influence of the size of the overlaps and the comparison of
the contraction constant of the application of fixed point. After the introduction, we
present in the second section the problem formulation, introduce the notation used
in the sequel and give our new technical result. In the third section we define the
linear mapping 7~ which defines the substructured solution process. Then we define
the linear fixed point mapping 7 which is the composition of 7~ with a suitable
restriction operator R. We prove that 7 is a linear mapping in a suitable function
space context. We also study the contraction property of 7 . We finally introduce
an affine mapping whose linear part is 7 and whose fixed point is the solution of
the parabolic partial differential equation. We state in the closing proposition the
convergence of asynchronous iterations applied to the approximation of this affine
fixed point mapping.

2 Notation and Assumptions

Let Q be an open bounded domain of R” with boundary d€2 and m an integer such that
m > 2. In order to formulate our algorithm, we need an overlapping decomposition
of Q with certain overlap properties. We build such a decomposition by decomposing
Q into m non-overlapping open subdomains Q; as

QNQ;=0ifi# jand U" Q; =Q (1)
and 0Q (resp. 6@) the boundary of Q (resp. ﬁi) and ﬁ = 6§~2i nNQ; f: = 6$~2i NoQ
such that Q = U, (f i U ﬁ,) . From this non-overlapping decomposition of € the

desired overlapping decomposition which will be used by our algorithm. To Q;, we
associate €;, the overlapping multi-subdomain decomposition: Q; C Q; C Q, Q =
U €, and

I =0Q;NQ ;T =0Q;,NIQ 2)

such that : _
QNnl;=0,i=1,....m 3)

For the exchange of information between subdomains, we will also employ the index
notation _
lij=TinQ;, jeJ() “)

where the index set J is defined by

J(i)={j:Fim§j¢(l),j¢i} (5)
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2.1 Technical result

Consider a bounded domain D of R”, the bound_ary 0D = T" UT” and an other
domain D C D suchthat 8D N D c T’ andT N D =0

/_—__‘——_,_
ﬁ1 L ﬁS
QZ

r,
3
Q

Fig. 1: Illustrative example of decomposition

Lemma 1 Consider the kernel k(x,y) defined on E x . Suppose that k(x,y) is

continuously differentiable (%(Jc, y) exist and continuous on D x 1:) then for all
J
integrable function g : y — g(v), g € L' ('), the function r(x) = j%k(x, y)g(y)dy

admits continuous partial derivatives with respect to the components xj of x on D,
which can be expressed by :

or dk
T /F G (60800

2.2 Problem statement

We introduce the time interval [0;7]. Let define :

{ 0=0x[0:7];0; = Q x [0:7] ; Q; = @ x [0:7] ©
00; = 99Q; x [0;7] ; 00; = 9Q; x [0;7] ; 00 = dQ x [0;7]
and
L =Tix [0;7] 2/ =T x [0;7] .
Ei’j = Fi’j [0,;] ( )
For 0 < t < 7, we denote :
0 =0 x [0:7]: 0f =@ x [0:7]; 0% = @ x [0:7] ®
=T x (0] s 2/ =Ty x [0;7] s 2 =T j x [0317]
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and
[= UL Ujer Tij = UL TG 2= UL Ujesy Zij = VL% ©)
Suppose that
e =[]]] " @y (10)
i=1 jeJ(i)
and
A a second order elliptic operator with regular coefficients on
and suppose that there exist e € C(Q), ¢ > O such that: Ae = e, A€ R, 1 >0
(11
and p, g, r integers
feLlP(Q);geli(X); u’eL"(Q), pg>1andr > 1. (12)
We consider the linear parabolic problem with Cauchy conditions
0
_bt + Au = f/Q
ot (13)
u= g/%Q
u(x,0) = U

Assume that the problem (13) has a unique solution ™ in a suitable function space.
On Q = Q x [0,7], we define the weighted norm :

T lu(x,1)|
|u|p o = max
= xneo e(x)

(14)

lu(x.0)|

9, =0, then |ul, , = maxy ega e

e

We can notice that if the initial condition u

3 Fixed point mappings
3.1 The linear mapping 7~

Consider the function space C* = [ C (C (Q);]o0, f]) and define the linear mapping

_i:I
T:L'C) > CL,T:w—o7v

Note that C* # C (C(ﬁ; ]O,E]). For each given function w € L'(Z),

.....

w= {""Wi""}i:l ms Wi = {""Wi»f""}jej(i) € Ll(Zi)
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we compute using the solutions v; of the subproblems

ov; —
% +Av; =0in @y, viss, ; = Wiy, J € J(@),viyz; =0,v:(x,0) =00nQ; (15)

where, we suppose the following regularity of subdomain solutions

(o) ~a . ’
b e | €TQ0, if T 0 (16)
C(Qf), otherwise
Now we take the restriction v; = v.@ and we define the linear operator 7; by
1<

7;(w) = v;. Finally we set
v={...vi,.. ={ . T(w),.. =T (w)

Proposition 1 7 ¢ £ (L' (2): CY) is a linear isotone mapping with respect to the
natural order.

3.2 The linear mapping T

Let C,. (5 ;) be the space formed by all elements of C (5 ;) endowed with the norm

|wj ’Z w,j =M = |w£g;t)| where e(x) denotes the eigenfunction in (11). We
) . x’ j
— m _— — —
define C. = [[1 Ce(Q;) equipped with the norm Wl oo = max;-i,..m |w(,-‘;m’]
wherew ={...,w;,...} € C..

Define R! the restriction operator from C'to [] C (é )
JEeJ (@)
by le(_w) =w; = { "’Wj""}jeJ(i) and R’ the restriction operator from
1 C(éj) to [l C(=¢) which at each W; we associate {...,w; j,...}
jed (i) jes i) K
where w;_; are defined by :

JjeJ (@)

Wi =Wirst,

and
R; =R oR]

Then
— m
R(w) = {Ri(W),...,Ru(w)} and R e L([ [C@:[ ] [] ez
i i=1 jeJ(i)
We define the mapping T ={...,T;,...} ateachi € {1,...,m} by :

vi =T;(w) = T o Ri(w) = T; o R(w)
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then
v=_{...Vi,...biz1..m=T(W)

Proposition 2 T ¢ L(CZ) is a linear isotone mapping with respect to the natural
order.

3.3 Contraction property of T

Using (11), we take the restriction ‘?g ;= ‘I‘;’i where ‘I’E’e is solution of :
’ i/Q;

avie 7
or_ + qui ‘= O/Qi

Wit o = ey (17)
WHe(.,0) = 0/,

9 (¢, —
Lemma 2 % is well defined and continuous on Q;, and

max ———— < yu; <1 (18)
(xneg, €W

Proposition 37 € L(CZ) is a contraction with contraction constant

¥ (x,1)
p = max u;, where y; = max ——— (19)
i=1,..., m (x,t)eéi e(x)
First, we resolve the subproblems for i = 1,--- ,m: % +Au; = fijo:s Uiz, =
0/s,s uiss: = gissr, ui(x,0) = u® on Q;. Restricting u; to u; = u_/i and consider
i i i i

the new subproblems % + AV = fijo;s Vifs, = Wi Vi = 8ifs)s vi(x,0) = u®,

we get the restricted values v; = v /B so that the fixed point is given by
i/0.

i

.v,i =u; + TI(W) (20)
Proposition 4 The asynchronous iterations initialized by u°, applied to the affine
fixed point mapping : F(w) = T(w) + u give rise to a sequence of iterates which
converges, with respect to the uniform weighted norm | |2°o towards u* the solution

of problem (13).

Proof The proof of all proposed will be given in the extended version paper. O
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4 Constants of contraction comparison with respect to the
weighted exponential norm

Let Ag an operator verifying the previously conditions and @ € R, we define the
operator A, by Aq = Ag + al.

We consider two open subdomains QF, k = 1,2 such that : Q] ¢ Q? then Q! =
Q! x]0;7]; 02 =Q? x |0;7] ; Q! ¢ Q2. Denote :

Ik=0QFNQ Ik =00 N oQ
SF= Tk x [0:7] 5 3k =178 0:7]

and assume that for k = 1,2 : F{‘, Fl.’k satisfy (3), ‘I‘f’e’k , ‘Pz': are obtained by (17)
and (18) with respect to Qf‘ Lets T} (resp T») the fixed point mapping associate to

Q! (resp Q?), and p; (resp u») the contraction constant of T} (resp T>) defined by
(19).

Proposition 5 Under previous notations, ‘T’Z? < ‘T’i: and uy < puy < 1
Let us to solve the problem, with A = Ag for § € R :

ou

+ Au =
ot u=Jio

u=8/60
u(x,0) = u(/)Q

ey

Let D bounded domain of R", 7 € R,. Let @ € R, ey a positive function on D.

We define on D X [0, f], the weighted exponential norm | |i pacoa DY
= —at .1
| u|teD’m’a - max M (22)

(x,1)eDx[0,7] ep(x)
Replacing D (resp. ep) by £~2,~ (resp. ea_), we can define on Ce(éi), the norm
12 o i BY ¢ [l o i = tilh o0 =m =

ax exp(—at)u(x,t)
e,00,q,l e,00,a,l eﬁi,m,(l (x,t) Eﬁix[o,f] e(x)
T

Then, we define on C?, the norm | | .o, DY |u|?w,a = maxi=1,.__m Ui} oo, 0
Taking v = exp(—at)u , then v verify :

0
exp(at)a—‘; +exp(at)Av +exp(at)av = fjo

exp(at)v = g/s0
v(x,0) = u(/)Q

(23)

If A, = A + al, then the problem become as :
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oy —
8_‘; +Agv =exp(-at) fio
v = exp(—at)g/ap

v(x,0) = u(/)Q

(24)

where A, = A + (@ + ) I = Ayyp and if we choose @ = -3 then Ay = Ay.

Proposition 6 Lets « > 0 and w € CZ. For the subproblems % + Au; + au; =
fijois irs; = wysgs wigs; =0y, u;(x,0) = 0/q,. we correspond T, the affine fixed
point application and 4 its constant contraction, then U, is strictly decreasing as
a function of a.

Letw € CE, and suppose that u; solution of the subproblems

ou;

3—; +Aui = fio;
Uiz, = 8ifs, (25)
Uijs;, = W/s:

u;(x,0) = u?gi
We can define the affine fixed point application F by u; = F;(w) = T;(w) +u

Proposition 7 F is a fixed point mapping with respect to the weighted exponential
norm with contraction constant y where p is a contraction constant of the fixed point

mapping F associated to Ay with respect to the weighted norm | |te’w’a defined by
(22).

Proof The proof of all proposed will be given in the extended version paper. O

Proposition 8 The asynchronous iterations initialized by u°, applied to the affine

fixed point mapping : F(w) = T(w) + u give rise to a sequence of iterates which
t
e,00,a

converges, with respect to the uniform weighted norm | | towards u* the solution

of problem (25).

The proof is based on the use of El Tarazi’s theorem [2].

Remark1 1.Si B > 0, the norm | |Z,w,a, for « = —B is more fine than | |Z,m
(which means it converges faster). -
2. If B < 0, we obtain the convergence for the norm | |te’m’ « With @ = = which is

less fine than | I’&OO. For this last norm and any 8 < 0 there is no convergence
in general.

3. Let A the smallest positive eigenvalue of Ag. For g € |-4,0], A = Ag satisfies
the previous conditions with however the contraction constant which satisfy
# < ug <landwhen S\, -1, ug /1.

4. It is possible to make the change v = s(-®)u, s € R™ , instead v = exp(—at)u
and all the results still valid.
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