Convergence Bounds for
One-Dimensional ASH and RAS

Marcus Sarkis and Maksymilian Dryja

1 Introduction

The ASH and RAS methods were introduced in [2] and rate of convergence theory is
still missing; apparently it does not fall into the abstract theory of Schwarz methods
since the nonsymmetric terms are no compact perturbations of H'-norms. As far as
we know, the algebraic convergence theory using weighted max norms introduced
in [3] is the only theoretical work which establishes convergence however no rate
of convergence. Here, we introduce new techniques to analyze RAS and ASH for
the one-dimensional case. Some of these techniques can be used to establish rate of
convergence in higher dimensions and they will be discussed elsewhere.
Let

Au=f ey
be a system of linear algebraic equations corresponding to the finite difference
approximations of the Poisson problem —u%, = f on the interval Q = (0, 1) with
homogeneous Dirichlet boundary conditions on a uniform mesh in ﬁh =Q, UxoU
Xn+1, Where Qp = {x j};.‘zl is the set of interior nodes of the mesh, and xo = 0 and

Xn+1 = 1 are the boundary nodes. Denote 2 = 1/(n + 1) as the mesh size. The
discretization is obtained by setting u(xg) = u(x,+1) = 0 and

(=Anu) (xj) = W72 (=u(xjo) + 2u(x)) —u(xje))  j=1,---.n

Denote the inner product in Li (0, 1) (which we denote by V) by

(u,v) = (u,v), = hZu(xj) v(x;) and denote lv]1? = (v, v).
j=1
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We introduce the matrix A
(v, Au) = (v, —Apu).

also as an operator defined on Li (0, 1) with inner product (-, -) and zero Dirichlet
data at xop = 0 and x,,4; = 1. Here the matrix and the operator A will be denoted by
the same letter. It is known that (Av,v) = (VI,v, VIL0) 12 (9 1) for v € Vi, where 10
is the piecewise linear and continuous function with given v(x;) for0 < j < n+ 1.

In order to avoid proliferation of constants, we will often use the notation A < B
(A = B) torepresent A < ¢B (A > ¢B) where the positive constant c is independent
of h, H, 6, and r.

2 ASM, RAS, ASH and RASH methods

Let us decompose the nodes of Q;, into N subdomains and without loss of generality
assume that m = n/N is an integer; see Fig. 1 with n = 28, N = 4 and £ = 2. Define
the nonoverlapping subdomains nodes of Q;,

Qin ={xjs1, %32, "+ ,Xjsm}, where j=({-1)m, 1 <i<N.

Let £ > 0 be an integer and let § = (1 + £)h. We note that £ = 0 is related a block
diagonal preconditioner. Let the extended subdomain nodes of ;s be obtained by
extending by £ nodes to each side of Q;;, inside €, that is,

Qis = {Xju1-6,Xjs2—¢5 " s Xjumse} N Qp, where j=({—-1)m, 1<i<N.
X0 X1 X3 X4 X5
®OOOOOO®OOOOOO®OOOOOO®OOOOOIO®
X X X X ‘ X
0 Q1h 7 QZh 14 Q3h 21 Q4h 29
Qa5
: Q26h ﬁ/gh Q£6h ;
®OOOOé o 0 0 0 0O 0 @® O 00 0 ® 0 0O 0 0 0 0 @
Qay,
(s

© Nodes of fine mesh
= Nodes of coarse mesh
* Nodes of overlap

Fig. 1 (top) Q;, with n = 28 nodes decomposed into four subdomains ;5 with Vol coarse nodes.

(below) The visualization of Q;y,, ﬁih, Qis, 555, and Q;5p = Q; 5, U Q;féh wheni =2and € = 2.
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The mathematical analysis introduced below can also be extended easily for
the case the domain decomposition is obtained by nonoverlapping subdomains el-
ements. We also use the notation Q;5 = {Xjoes Xju1-e, X jameear} 0 Q,, and
ﬁ,-h ={Xj, Xj41, X jema1 } N ﬁh to include their boundary nodes 9€; s and 9Q;,,
respectively. Note that here and below j is a function of i given by j = (i — 1)m for
1<j<N.

Associated to each Q;s, we introduce the restriction operator R;s. In matrix
terms, R;s is an m; X n matrix such that (R;sv)(x;) = v(x;) for x; € &;5, Vv € V},.
Here, mi = m+4¢€, m; = m+2ffor2 <i < N-1and my = m + {. Define
Ais = RisAR];. i

Associated to each Q;s and Q;, we introduce the restriction operator R;j. In
matrix terms, R;;, is an m; X n matrix such that (Iéihv)(xj) = v(x;) for x; € Qi
and (R;jv) (xj) = 0 for x; € ;5\Qin, Yv € Vj,. The superscript tilde notation is
used to recall R;j, maps to €;s rather than Q;;,. For analysis, we will also consider
Risn = Ris — Rij, and denote Q; 55, = Qi s\ Qin.

We will also consider preconditioners with a coarse problem. In order to mimic
the 2D and 3D difficulties, we consider two cases of coarse spaces, the VO1 and the Vg
coarse spaces.

VO1 case: The coarse nodes are given by Qf = {X,v}f.\:ll_1 and Qy = {Xi}f\io where
X; =imh for 0 < i < N and with a zero Dirichlet data at X, = xo and X = x,41. In
other words, the coarse node X; is the rightmost node of Q;, for 1 <i < N —-1.1In
this case, the coarse nodes belong to the overlapping region (if £ > 1).

V2 case: The coarse nodes are given by Qp = {X;}¥ and Qy = {X;}IV! where
the coarse nodes are X; = (i — )mh + |[m/2]hfor 1 <i < N, and Xy = x¢ and
XN+1 = Xp4+1. Here, | m/2] is the integer part of m /2. In other words, the coarse node
X; is about the mid node of €;j,. This is the case the coarse nodes belong to just one
extended subdomain when ¢ is not too large.

In both cases, zero Dirichlet data is imposed at the end nodes. The extrapolation
operator Rg from Qg to Qj is the embedding piecewise linear and continuous
coarse functions on the coarse triangulation ﬁH to the fine mesh Qj,. Define the
coarse matrix by Ag = ROAROT.

The Additive Schwarz Method—ASM preconditioner is defined by

N

Tasm = By A = (Z RISA7 R s + RY A" Ry

i=1

A.

The Restricted Additive Schwarz Method—RAS preconditioner is defined by

Tras = BtA =

ras

N
D RLARs + RgAalRO) A.
i=1
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The Additive Schwarz with Harmonic Overlap Method—ASH preconditioner is
given by

N
Tosh = Bk A = (Z R AT R + ROTAalRO) A.
i=1

The symmetrized RAS method, denoted by RASH, is defined by

N
Tosh = BZL A = (Z RL A Rin + RgA(;lRo) A.

rash
i=1

By construction, the matrices B:l B!

asm®> “ras>
well known that B is symmetric positive definite. The contributions of this paper
proceedings are: 1) to show that B! and B;slh are nonsymmetric and positive definite
on subspaces of V}, and, 2) to establish their lower and upper bounds for exact local
solvers. Lower and upper bounds for Br‘alSh are also established.

The original system (1) is solved by Richardson iterative methods with an optimal
relaxation parameter (or GMRES) with a B! left preconditioner, where B~ will
be By, Brs. By or Bl . We discuss two interpretations (residual and solution
vectors) of the methods. Then the analysis of convergence of the discussed method
is given. The Richardson iterative method for the solution vector is given by

-1 —1 .
Bash and Brash are well defined. It is

W = yk — BN Ak - ), )

where 7 > 0 is a relaxation parameter. By multiplying (2) by A and setting the
residual vector r* = Auk — f we get

Pk =k _zABTIK, (3)

We recall that (u,v) = hX,;_y,u(x;)v(x;) and denote ||u||%: = (u,Cu) for any
symmetric positive definite matrix C. The convergence analysis of ||u — u* || -norm
follows from the convergence analysis of (3) with the ||7¥|| ,-1-norm, and vice-versa,
since r* = A(u* — u). A bound for the convergence rate for (3) with the optimal
parameter 7%, or for the GMRES on the A-norm, is given by the following well
known lemma, for example, see Lemma C.11 of [4].

Lemma 1. Assume that for any r € R"
y1(A7!rr) < (B7'rr) “

and
(AB™'r, B7'r) < y2(A7'r ). )
Then the iterative method (3) converges with rate

1P lar < pE K4 with optimal - 7. = y1/y2 and  p.=(1=7;/y2)".
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3 Reduction of the iterative scheme to a subspace

3.1 ASH inital correction

We first discuss B;slh without the coarse problem. Let u” be determined by

u’ =B Au=Bf.

ash

The problem (1) now reduces to solving Aii = f where f = f — Au® and 72 = u — u®.

Denote R" as the Euclidean space, and denote R:sh c R™ as the set of residual
vectors which are zero at all nodes except at the nodes of Ui’\i 1591'5 N Q. Itis easy
to see, by using that 3| RT,Ry, = I, that f € R . Let VA = A~IR" be the
space of discrete harmonic vectors on € except at the nodes of U{‘:' 10Qis N Q.
Note that i € sth. We also note that the subspace R, is a natural choice since
A(u* —u*=1) e R for the preconditioned Richardson with T = 1 without the initial
correction. From now on, we assume this initial correction was performed and the
superscript hat is dropped. Consider the Richardson method, with u° = 0,

W =uk — B (AuF - f) k=01, (©6)
It is not hard to see, by recursion, that rk e Rg’sh and u* € Va’;h fork=0,1,2,---.

Lemma 2. [1] Foru e V"

Bl Au= Bl Au.

ash asm

Proof. 1t follows from RinAu = RisAuforu e V:sh. a

As consequence, the upper and lower bounds for B, on the space Vg, are also
the upper and lower bounds for B;SIh. We note Lemma 2 also holds for the strip case
in 2D and 3D since no more than two extended subdomains overlap the same node.

We now consider the ASH method with a coarse space. First note that the image
of ARg vanishes at all nodes except the coarse nodes. Therefore if there are no coarse
nodes in any of the €;sj, then Lemma 2 holds and this is the VO2 case. Therefore,
we consider coarse spaces where the coarse nodes are in the overlapping regions,
which is the VO1 coarse space case. It is easy to see after the initial correction u?,
R}, € R" is now the set of residual vectors which are zero at all nodes except
for the nodes of Ul].\:’ 1691-5 N Qj and at the coarse nodes. It easy to see that all
the u* € Vi = A‘lRZQh and that Lemma 2 does not hold. New techniques are

introduced below to treated this case.
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3.2 RAS and RASH initial corrections

After an initial correction 2° = Bl f, R%. c R" is now the set of RAS residual

vectors which are zero at all nodes except for the nodes on Uf\:’ | 0Q;, N Qy, and at the
s 0 20 _ p-l ~0 _ p-1 _
coarse nodes. After a correction &i” = By, f orii” = B, f, Rl = Rpq.

4 Lower and upper bounds for ASH, RAS and RASH methods

Note that Byl > y;A~! is equivalent to B;SIh > y1A~! on the space R" since

(Blr,r) = (r,B;slhr) = (B;:hr, r)y reR" @)

ras

We note however that the lower bound for B;SIh for r € R}, is not necessarily

equivalent to the lower bound for B! for r € R, therefore, separate analyses are

done for the ASH and RAS methods. In order to establish the lower bounds for the
ASH and RAS, we introduce the following interesting result:

Lemma 3. For any r € R",

N
2By ) = 2(Br, 1) = (Bagro 1) + (Bohrr) = Y (AidRisnr, Rignr).  (8)

i=1
Proof. First we add and subtract R;sn to obtain

N N
(B;;hr, r) = Z(A;g Risr, I?ihr)+(A61R0r, Ror) = (Bgslmr, r)—Z(AlT&l Risr, Risnr),

i=1 i=1
and using R;s = Risn + R;j, we have

N N

(B 7 1) =(Baor's 1) — Z(Afg Rinr, Risnr) — Z(A;(;Riéhra Risnr), hence,
i=1 i=1
N N

(Ba_slhr, r) :(B;;mr, r)— Z(Ai_él Rinr, Risr) + Z(A{;Rihr, Rinr)

i=1 i=1

N
— Y (A7aRisnr, Risnr)
py

and the lemma follows by adding and subtracting (A 'Ror, Ror). O

In order to use equation (8) to establish the lower bound of RAS and ASH, we
need to understand the lower bound for RASH, which is treated at the end of this
section.
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We assume from now on that Q ;1) s N ;15 = 0, thatis, the overlap 6 = (1+£)h
is not too large. We recall that £ = 0 is the block Jacobi preconditioner and that ASH,
RAS and RASH are all equal to the ASM.

We first consider the ASH lower bound with B~! = B;SIh. Since the coarse
space Vg has already been treated in the previous section, in the next lemma we
consider only the V(} case.

Lemma 4. For any r € R}, there exists y1 = O(1 + %)‘1 for which (4) holds.

Proof. The strategy of the proof is the following: Consider the equality (8) and use
the following three steps:

Step 1: Consider the equality (8)

Step 2: Find a positive number ¢ such that

(A7 Risnr, Risnr) < c1h?||Risnr||* 1<i<N.

Step 3: Find positive numbers ¢, and ¢3 and let 0 < y < 1 such that

N N
Z |Risnr|l* < h™2 Z (ch(AE,;Riar, Risr) + (1 - V)CS(A,'_(;Rihr,Rihr)) :
[ i=1

i=1
Then using Steps 1 and 2 we obtain

N
Z(A;(;Riéhr,Riéhr)l < yeica(Bomr,r) + (1 = y)eies(BLL 7).

i=1

Step 3: Choose a vy such that max{ycicy, (1 — y)cic3} < 1, independent of H, h
and . Then use equality (8), and the RASH lower bound (see Lemma 8) and the
ASM lower bound [4] to obtain the lower bound O(1 + H/6)!.

Step 1 Assume that r € R7; and let u; sy := Ai_(Sl R;snr. The Q; is given by (see
Fig. 1)

Qis ={xjs1-6,"  Xjamre} N, j=j@)=(G-1)m, 1<i<N

see Fig. 1, and let o o
Qis = (xj_¢ UQis UXjpmeer1) N Q.

Remember that Q; 55, = Q;5\Q;,. Decompose Q;sj, = Qs UQ where

+
oh ioh’

Qisn=Xjme. - x;}NQ, and Q) = {Xjumets Xjamee ) O Q.

Note that Q7 ;, and Q7 o, are empty sets and Q;, C Q(;_1), for2 < i < N, and
Qfsp € Quynppforl <i <N -1

The only node where R; 5,7 is not necessarily zero is at x; € Q. since for the
coarse nodes of Vol, it has no coarse nodes in 975 ne We have

(A7aRionts Risnr) = (isn, Risnr) = huisn (x;)r(x;) = | Rignr ||k luisn (x)].
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Note that u; 51, = Ai_él R;spr vanishes at x;_, (the node on the boundary of ﬁ,-(; inside
Q;_1)n), and it is linear (harmonic) from x;_, to x;. We can relate |u;sp, (x;)| with
its energy on the interval (x;_¢, x;) since u;s54(xj—¢) = 0 and

uish(xj) —uisn(xj_¢)

2 2
hily, (x;) = Ch> ( =

)2Ch = Ch*|uisnl3,,

(xj-£,x;)°

and
2 -1
Wisnlg(x,, x;) < (Aistisn wisn) = (AjsRisnr, Rignr)-

Hence, we obtain ¢ = ¢.
Step 2 Denote R(’ D= = R(i—1)s6R]sR:sn. Easy to see that

IRisnr|I? =r(x)®

=—(R(l Hsr R,éh ')+ —(R st Risnr) + (1 =) (Riiyar, R Ur).

Let us first bound (R(;—_1)s7, Rf:;ll)r). Denote u(;—1)s =_A(_i1,1)5R(i—1)5r~ First see
that u(;_1)s vanishes at x;,1,¢ (the rightmost node of Q(;_1ys), is linear from x;
(a coarse node) to X j414¢, and is linear from x;_, (the leftmost node of ﬁi(;) to x;.
Hence, we obtain u(;_1)s = A(‘il_l)éR(l-,l)(;r,
i—1
(R(i-1)s7 R r) = (AG-nst-1)8> R; 'r) = (A(i—1)5u(i—1)5,E(R§f;h )}

where E(R(l 1)r) € Vi(Q(i-1)5) is an extension of r(x;), where (E(R(’ 1)r)(xj) =
r(x;), Vamshes at xj414¢ and x;_, and is linear in the subintervals (x j-¢,x;) and
(xj,%j114¢). We have

(Rii=nors Rig, 1) < lu-nslm (eproxsorao E R, P ey yanse)

And using the same arguments as above, we have

(i l) 1 1 1 2
|E(Rl§h )|H1(x, ( x7+l+f) h2 (f n )hr (.Xj)

Hence,

! 12
(R(i-1)67> R r) <h (Z+m) lw(i-1) 611 (xj-p xjerae) 1 RisnT Il

Now let us bound (R;_1),7, Rl.(g_hl)r). Define u(;_1y, = A(il_l)aﬁ(i_l)hr and see
that u(;_1), is also harmonic on the subintevals (x;_¢,x;) and (x;,x;j+14¢). Using

the same arguments as above we obtain

1

12
7 €+1) |t (i—1yn 11 (xj g x i) | RiSRT |-

(R<i71)hr,Ri( r)<h” (
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Now let us bound (R;s7, R;s,r and let u; s = Ai‘; R;sr). Using similar arguments

12
(1
(Risr, Rignr) < b (z + m) i 51 b1 (xj-p xjeree) 1 RisHT -

Hence, we obtain 2¢; = ¢3 = (% + f—}rl)

Step 3 A proper choice is y = 2/3 which gives ycico = (1 = A)cie3 <2/3. O

We now consider the RAS lower bound for B™' = B! for both V} and V7.
Independently if we use VO1 or Vg, we have nonzero residuals at x;, Xj41, Xj4m
and X 41 If Vo2 is used, a nonzero residuals will show up also at x ;2]
Lemma 5. For any r € R}, there exists y1 = O(1 + %)’1 for which (4) holds.
Proof. We follow the same strategy as in the proof of the previous lemma.

Step 1 Assume 2 <i < N — 1. Decompose

_ p- +
Rish = R; s, + Risp»

where R 5,7 and R:F(S wt vanish on €; 5 except at the nodes x; and x 4,41, respectively.
We have

(A5 Risnr, Risnr) = huisn (x;)r(x;) + hitg sp (X jema) )7 (X jme1)

and the |u;sn(x;)| and |u;sp(Xj4m+1)| are now controlled by the energy on the
intervals (x;_¢,x;) and (X j4m+1, X j+m+14+¢), respectively. Using the same arguments
as above we obtain

(ArgRisnrs Risnr) < W€ (IR 72+ IR Y7 I12)
Step 3 Assume 2 <i < N — 1. Denote leg*hl)* = R(i_1)s R Risp. We have

_ i—1)— ~ i—1)—
IR 57112 = r(x))? = Y (Ri—tysrs RV ™) + (1= ) (Riimiynr, R 7).

The R}, case can be treated similarly. A difference now with respect to the
ASH analysis is also that u;s now is not discrete harmonic at x;.i, therefore,
E(Rf;_hl)_r) can be extended from r(x;) linearly on the interval (x;_¢,x;) how-
ever with just a zero extension on (xj,x j+1). Another difference is that we cannot
include the term (R;sr, R, r) because the estimates would overlap with estimates

ioh

for (R;sr, REz)j) s hr) on the interval (x;, x41). Fortunately, the region where u;_1)p,
and u(;_1)s now are harmonic in the larger region from x; 4| 2 (the midpoint

of Q;p,) to x;. Denote L7 = (X4 m/2]> Xj+1+¢). We obtain
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1
2 o= 2 IR 2
hNIR; sur Sv(m_ imjz) * 1) il

i I
1- —Ohl -
+{1=7) (m— lm2] 1+£’) -nle i)

Gathering Steps 1 and 2 together we obtain

N
Z(Ai_glRi&hr»Ri&hr) <y (1 +
im1

¢ -1
o7y B

(Br_alshr, r).

£
0 (757 )

Step 3 Let us choose y = 1/(2 + ¢), that is, when y¢£ = (1 — y)rgt,. We obtain
(1+¢/2+0(1))(Beir,r) = (Bywr,r) + (Bl 7. 7).

where o(1) is a tiny positive number when m is large compared to €. The result follows
from the lower bounds for ASM and RASH since O(1+ H/6) « (1+6/h+o0(1)) =
O(1+H/h). O

We now consider the ASH upper bound.
Lemma 6. For all r € R, there exists y1 = O(1) for which (5) holds.

Proof. Since a node does not belong to more than two extended subdomains, we
have

N
(ABr Bahr) <3 ) (ARTGA7 Rpr, R A7) Rinr |3 (ARD AG' Ror, RY A5 Ror )
i=1

and see that
(ARS A5 Ror, RY A5' Ror) =(Ror, Ag' Ror),
T 415 T 415 a1 B . B
(ARiéAiaRihr» RiaAiaRihr) =(A;sRinr, Rinr)

and using the same analysis of Step 2 of Lemma 4 with y = 1, and the classical ASM
upper bounds

(A7s Rinr, Rinr) <2(A7ARisr, Ris)r +2(A;5 Risnt, Risnr)

11 _
<2+ f(z + m))(Ai;Rmr, Risr).

We now consider the RAS upper bound.
Lemma 7. For all v € R]}, there exists yo = O(1 + {) for which (5) holds.
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Proof. Following the initial steps of the proof of Lemma 6, we now need to estimate
(R, AraRisr, ARG, A7l Rior) = (Rluis, ARG uis)  where uis = A7) Risr.
We have

- . 1 1
T T 2 2 2
(R,‘h”iéy ARihui(S) :|Mi5|H‘(x,~+1,xj+m) + Zuié(xjﬂ) + E“id(xj+m)

<A+ O)(ujs, Aistis).

The result follows from the classical ASM upper bound [4]. O

Due to space limitations and since the analysis for RASH follows the classical
abstract Schwarz theory for positive symmetric definite operators, the proofs for the
RASH lower and upper bounds are ommited.

Lemma 8. For any r € R", there exists y; = O(1 + %)‘1 for which (4) holds.
Lemma 9. For all r € R%, there exists y, = O(1 + £)* for which (5) holds.

Final Remark: The techniques used in the proofs for the two-level ASH and RAS
hold also for their one-level versions, where in Step 3 we replace the lower bounds
for the ASM and RASH from O(1 + H/6) by O(1 + 1/H$).

5 Numerical section and conclusions and future directions

We consider Q = (0, 1) and fix H/h = 64 and 1/H = 8 and vary £. We now test
numerically the optimal lower and upper bounds of Lemma 1 by finding the smallest
eigenvalue of %(B‘1 +BT)r = 1A7" and the largest eigenvalue of BT AB™'v =
A2A~". Here BT stands for the transpose of B~'. The convergence rate of GMRES

or the Richardson with optimal parameter is related to /1 — (y1/+/¥2)?, hence, we
provide numerically y; and /y2.

In Table 1, y; and 4/y; (in parenthesis) are provided for ASH, RAS, RASH and
ASM with no coarse space. The generalized eigenvalue problems described above
are solved on reduced spaces, that is, on the subspace R:sh for ASH and ASM
methods, and on the subspace R/}, for RAS and RASH. As predicted by Lemma 2,
ASH and ASM methods are the same method and satisfy the O (1+1/(H¢))™! (since
we have no coarse space) for the lower bound and the O(1) for the upper bound. The
theory for the RASH method is also sharp by Lemmas 8 and 9. Clearly, RASH is
not a good method due to mostly the upper bound. We were successful in showing
that B,. is positive on the subspace R’ however we can see from the Table 1 that
the theoretical upper and lower bounds are not sharp by a O(1 + ¢) factor. It is an
open problem to improve both bounds.

In Table 2, we run the previous test except that we add the coarse space VOZ. The

conclusions are similar except that the lower bounds are related to O (1 + H/5)™!.
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The techniques introduced here allowed us to obtain the first results on conver-
gence rate and positiveness of Br_alS and B;SIh. We also understand why Br_aih is not
a good method. Some open problems are:

1) Is it possible to improve the lower and upper bounds for B;,1?

2) Is it possible to extend the new theory to the space R” rather than for the reduced
spaces, and also for inexact local solvers?, and

3) The extension of the new theory to the two-dimensional case, with and without a

coarse space, and with or without cross points.

Table 1 No coarse space. The reduced systems: min A; and in parenthesis max v

prec =0 =1 =2 =3

ASH

0.0012(1.9988)

0.0035(1.9965)

0.0059(1.9941)

0.0083(1.9917)

RAS

0.0012(1.9988)

0.0035(1.9965)

0.0059(1.9941)

0.0083(1.9919)

RASH

0.0012(1.9988)

0.0024(3.9931)

0.0035(5.9830)

0.0047(7.9690)

ASM

0.0012(1.9988)

0.1058(1.9965)

0.1594(1.9941)

0.0083(1.9917)

Table 2 Coarse space Vo2 The reduced systems: min A and in parenthesis max v,

prec

=0

=1

=2

=3

ASH

0.0491(2.1180)

0.1058(2.2045)

0.1594(2.2638)

0.2100(2.3119)

RAS

0.0491(2.1180)

0.1058(2.2412)

0.1592(2.3730)

0.2097(2.5122)

RASH

0.0491(2.1180)

0.0767(4.0147)

0.1028(6.0013)

0.1274(7.9861)

ASM

0.0491(2.1180)

0.1058(2.2045)

0.1594(2.2638)

0.2100(2.3119)
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