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1 Introduction and problem setting

The Stokes-Darcy problem [9, 15] is a good example of multi-physics problem where
splitting methods typical of domain decomposition naturally apply. The problem is
defined in a computational domain formed by a fluid region Q¢ and a porous-
medium region €, that are non-overlapping and separated by an interface I'. In Q,
an incompressible fluid with constant viscosity and density is modelled by the
dimensionless Stokes equations:

—V(Z,UfVAUf—pr)sza Vllf =0 anf, @)

where p1y = Re~!, Re being the Reynolds number, u r and p ¢ are the fluid velocity
and pressure, I and V'uy = %(Vu r+(Vu f)T) are the identity and the strain rate
tensor, and f r is an external force. In the porous medium domain &, we consider
the dimensionless Darcy’s model:

-V ('lpvpp) =/p inQ,, 2

where p, is the fluid pressure in the porous medium, 17,, is the permeability tensor,
and f, is an external force. The two local problems are coupled through the classical
Beaver-Joseph-Saffman conditions at the interface [1, 14, 17]:

us -n=-(n,Vp,)-n onT, 3)
-n-2usViuy —psl)-n=p, onT, 4
—(QusViug —pgl) -m)r =5 (up)r onT, Q)
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where &y = apy (py/(t-1),-7) )72, gy is the Beavers-Joseph constant, n denotes
the unit normal vector pointing outward of Q¢ , while (v). indicates the tangential
component of any vector v atI'. Finally, we impose us = 0 on FJ?, QusViayr—prlI)-
n=00nlﬂ}v,p,7 =00n1“l?,u,, ‘n, =OonF2’,whereF}9UF‘1fV =0Qr \I"and
roury =o6Q, \T.

Classical Dirichlet-Neumann type methods [16] for the Stokes-Darcy problem
were studied in [7, 9, 10] where it was pointed out that their convergence can be
slow for small values of the fluid viscosity and of the porous medium permeability.
Robin-Robin methods were then proposed as an alternative [3, 4, 5, 6, 7, 11], and
they were analysed in the framework of optimized Schwarz methods in [8, 12, 13].

In this work, we focus on a Neumann-Neumann approach that allows to solve
a scalar interface problem like in the case of Dirichlet-Neumann methods. This
reduces the number of interface unknowns compared to the system associated with
Robin-Robin iterations, and it allows to use preconditioned conjugate gradient (PCG)
iterations instead of the more expensive GMRES iterations used in the Robin-Robin
context (see, e.g., [8]). However, to define effective Neumann-Neumann methods,
the contribution of each subproblem must be suitably weighted. For single-physics
problems, this is typically done using algebraic strategies that can take into account
coefficient jumps across interfaces (see, e.g., [18]). However, no clear strategies
are available for multi-physics problems. In this work, we extend techniques for
the analysis of optimized Schwarz methods with the aim of characterizing optimal
weighting parameters to define a robust Neumann-Neumann preconditioner.

2 Optimized Neumann-Neumann method

Let oy and «, be two positive parameters: ¢, a, € R, a¢,a, > 0. The Neumann-
Neumann method for the Stokes-Darcy problem considering the normal velocity on I"
as interface variable reads as follows. Given A° on T, for m > 1 until convergence,

1. Find u}m> and p;m) such that
-V (2uy vul - p;"”l) =(ff), Y -)u}’”) =0 " inQ;,
S m m m
—(Il ’ (Zﬂf v llf - pf I))T = ‘ff (llf )T onl, (6)
u;m) n=A""1D  onl.

2. Find pﬁ,m) such that

-V (m,Vpy") = f, inQ,,

7
—(qupg,m)) ‘n=1" onT. @

3. Compute

o™ = —n- Qup Vi - pi™ D - pp” onT. (®)
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4. Find V}m) and q}m) such that

—V-Qup vV =g =0, vy =0 inQ;,
—m- Qup vV =g D) = £ (VW) on T, ()
—n- (2uy VSV}”” - q}"’)l) ‘n=ogm onT.

5. Find ¢\ such that

-V (m,Vq3")=0  inQ,,

(m)

qy” =™ onT. (10

6. Set
Alm*D) = pm) _ (ay (V}m) -n) + ap(l]qu§,'“)) -nm) onl. (11)

Problems (6), (7), (9) and (10) are supplemented with homogeneous boundary con-
ditions on 0Qf \ I"and 9, \ T as indicated in Sect. 1.

2.1 Convergence analysis and optimization of the parameters

We analyse the Neumann-Neumann method (6)-(11) with the aim of characterizing
optimal parameters @y and «,. To this purpose, we extend the methodology used
to study optimized Schwarz methods for the Stokes-Darcy problem in [8, 12, 13].
Since all the problems are linear, we can study the convergence on the error equation
to the zero solution when the forcing terms are fy = 0 and f,, = 0.

We consider the simplified setting where Qy = {(x,y) € R%: x < 0},
Q, = {(x,y) € R2x > 0}, T = {(x,y) € R x = 0}, and n = (1,0)
and 7 = (0,1). We assume 5, = diag(ni,72) with constant 171 # 72, and let
ur(x,y) = (u1(x,y),u2(x, y) T, ve (x,y) = (v1(x, y), v2(x, ¥)) . In this setting, the
Neumann-Neumann algorithm (6)—(11) becomes: given A° on T, for m > 1 until
convergence,

1. Solve the Stokes problem

(m) P (m)
ity ((a” i ayy)”gm)) + ((;p{m)) =0, 3™ +8,ul™ =0, in (~00,0) xR,

(Oxx +ayy)u2 yP g
~py D™ + ™) = & uf™ . u™ =20, on {0} xR

(12)

2. Solve Darcy’s problem
—(m xx + M2 yy) py” =0 in (0,+00) xR, (13)

—m[)xpl(:m) = 20" on {0} xR.
3. Compute

o™ = 2p; dul™ + p;’”) - p on {0} xR. (14)
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4. Solve the Stokes problem

(m) 0 (m)
iy [@rx#0)op O 0 6,00 40,00 =0, in (~c0,0) X E.
(Oxx + Oyy)v, 6yqf

—pf ((9Xv§m) + ayv§m>) =& vém) , on {0} xR,

—2uy c')xufm) + q(fm) =™  on {0} xR.

(15)
5. Solve Darcy’s problem
~(m Oxx +m dyy) " =0 in (0,+00) X R, (16)
q;,m) =0 on {0} xR.
6. Set
A0 = 200 (0™ 4@, m10cg5")  on {0} xR (17)

For the convergence analysis, we consider the Fourier transform in the direction
tangential to the interface (corresponding to the y variable):

F: w(x.y) o B, k) = / M ey dy,  Yuley) e LARD),
R

where k is the frequency variable. We quantify the error in the frequency space
between two successive approximations A1 and ™ at T and characterize the
reduction factor at iteration m for each frequency k. Finally, we identify optimal
values of @ and @, by minimizing the reduction factor at each iteration over all the
relevant Fourier modes.

Proposition 1 Let 17, = +/min2. The reduction factor of algorithm (12)—(16) does
not depend on the iteration m, and it is given by |p(ay,ap, k)| with

plag,ap.k)=1-a,(1+2upn, k%) —ay(1+Qusnp k)™, (18)
Proof Following the same steps of the proof of Proposition 3.1 of [8], we find

~(m m Pm (g m _[m
@™ (x,k) = (U} >(k)+2_()x B (k) = 00 (k) e \/:\klx’
Hf

and ﬁ;m) (x,k) = PU™(k)e*Ix. The interface conditions (12)4 and (13), give

Ufm)(k) = 20" and @™ (k) = 3,(,TI<)I Then, using the Fourier transform of (14),

we can obtain R
7 = —(2up k| + (kD™ A

Proceeding in analogous way, the solutions of problems (15) and (16) become

o(m\ elklx
—~(m) —(m) o e
0™ (k)= P (k) x — —— ,
! Ikl ) 2uy

m
2k |x
b

Zfl(,m) (x, k) =c™e
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and Zj}'m (x,k) = Fm(k)e“dx . Substituting into the Fourier transform of (17), we
find 10"*D = p(ay, ap, k)2 with p(ay,a,, k) defined in (18). o

Using a classical approach in optimized Schwarz methods, we now aim at op-
timizing the parameters @y and @, by minimizing the reduction factor for all the

relevant frequencies k with 0 < k < |k| < k, where k and k are the minimum
and maximum relevant frequencies, respectively, with k = /L (L being the length

of the interface) and k = n/h (h being the size of the mesh). Since the function
play,ap, k) is even with respect to k, we only consider k& > 0 without loss of
generality, and we proceed to solve the min-max problem

min = max |p(ar,ap, k)|. (19)
af,ap>0 ek k] |

The following result holds.

Proposition 2 The solution of the min-max problem (19) is given by

N = Qppnp k) (1+ @y np kO +pp mp (k+ 1))
~ B (20)
agN =(1+2uy 77,,&]()2 + g mp (k+K)°)7

Moreover, Ip(w}VN,a]]yN,kH < 1 forall k € [g%] and, asymptotically, when
h— 0,

af N =4x’upn, Cyn (1-2LCny h)+O(h?)
apy ™ = L2 uynp)” Cun B+ O(R)
paf ™, afN k) = —L>Cyn + 87 usn, L +4L%) Cxy h+O(R),

with Cyn = (47T2/Jf np + L2)_1.

Proof Forallay,ap, > 0,limg0p(ay,ap, k) =limg_. p(ay,ap, k) = —c0, and
the function p(ay, ap, k) has a local maximum at k* = (@ /(ap (2uy r],,)z) )4
where

plag,ap, k) =1-(\ay + \/ap)z. (21)
We distinguish two cases.
Case 1: \Jay + +fa, > 1. In this case, p(af,ap, k) < 0 forall k < k < k,

and p(ay,ap, k) = 0 if (a5 + @, = 1. Taking \Jay + fa, = 1 would
result in a null convergence rate for k = k*, and we could then choose ay

and @, by imposing |p(ay,ap, k)| = |p(af,ap,z)| (which would also en-
sure that k < k* < k). This approach leads to ap = (1 +2uy n,,g%)—z and
ar = Quy npkz)Q(l +2up n,,g%)-% but, unfortunately, it does not guar-
antee that |p(ay,ap, k)| < 1 for all k € [E,E], which would be true when

L+2pupnpkk > \2usn, (k- k.
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Case 2: 0 < yJay + 4@, < 1. In this case, plag,ap,k*) > 0, and the function
p(ayf,ap, k) has two positive zeros
kip=(0-ar—ap+((1-ay - aﬂ)z —4ay ap)l/z)l/z [ (4pyrnp Q’P)I/z )

whose position depends on the values of @y and a,. Therefore, we proceed by
equioscillation and we look for a s and ), such that —p(a s, ap, k) = p(ay, ap, k)
and —p(ay, a,,,%) = p(ay,ap, k*). This gives the values (20). Simple algebraic
manipulations permit to verify that, for such values of the parameters, k* = (k k)!/?
so that k < k; < k* < kp < k. Moreover, lp(ay,ap, k)| < play,ap, k*) for all
k <k < k and, owing to (21), we can conclude that lp(ay,ap, k)| < 1 for all
frequencies of interest. O

3 Numerical results

We consider a finite element approximation based on the inf-sup stable Q, — Q;
Taylor-Hood elements [2] for Stokes, and Q, elements Darcy. Denoting by the
indices I, I,, and I" the degrees of freedom in Qf, Q, and on I, respectively, the
algebraic form of the discrete Stokes-Darcy problem (1)—(5) becomes

Al Al Gl 0 0
f

Irly Iy u f
¥ ¥ f foly foly

Ar]_f A;r Gr 0 Crp usr frr

G{)TGHT 00 0 | pro|=[ 0| (22)
0 o 0 ar, ar |\Pra | |\Tps

T P P Pp,F fp,F
0 -CT, 0 A}, Al

where uy r denotes the vector of degrees of freedom of the normal velocity on I'.
The Schur complement system with respect to uy r is

Er+Zp)urr=br (23)

where ¢ and ), are the symmetric and positive definite matrices (see [7]):

-1

f !
by _Af Af Gf AIfIf GIf A{fl"
f =%~ \“ri Yt (G{ )0 (Gf)T
! r

p p

A A
%= 0Cs) (5
A VA

-1
7,
T .
Cf P
Following a classical approach in domain decomposition (see, e.g., [7, 16]), the
Neumann-Neumann method (6)—(10) can be equivalently reformulated as a Richard-
son method for the Schur complement system (23) with preconditioner

P=ay 2;1 +a, (24)

The PCG method with preconditioner P can then be used to solve (23).
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We consider the computational domains Q; = (0,0.5) x (1,1.5) and Q, =
(0,0.5) x (0.5,1) so that I" = (0,0.5) x {1}, and we choose the forces f; and f},
and the boundary conditions in such a way that the Stokes-Darcy problem has
analytic solution uy = (\ifp, apsx)", py =2up (x+y-1)+(3np)~", and p), =
n, (—apyx(y—1)+y*/3—y*+y)+2 uy x. The computational meshes are structured
and characterized by 7 = 0.1 X 217 j=1,...,4,with 11, 21, 41, and 81 interface
unknowns, respectively. We consider four configurations of physically significant
dimensionless problem parameters (see also [12]): (a) uy = 10,3, = 4 X 1010,
(b)pyr =1,n, =4x1077;(c) uy = 10,1, =4x107%;(d) uy =0.2,57, =2x107".

Table 1 reports the computed values of the optimal parameters oY v and a;,\’ N (20)
and the number of CG iterations with preconditioner (24) and without preconditioner
(in brackets). For comparison, we indicate also the values of the optimal parameters

@R and af® and the number of GMRES iterations obtained with the optimized

Schwarz (Robin-Robin) method studied in [8]. (Notice that cy?] N0+ c} h and

f
NN _ .0 1 : 0o .1 0 1
@, cptc ph when i — 0 for suitable constants ¢ 1 CrCp and ¢ » that depend

onuys,np,andL.)

The number of PCG iterations using optimized parameters a}v N, oz;,\’ N
independent of both the mesh size and of the values of u¢ and 7,,.

Moreover, the optimized Neumann-Neumann method performs better than the
Robin-Robin method with lower computational cost per iteration. We also observe
that, considering the Robin interface conditions (3.3); and (3.4)4 in [8] and the
values of a®R and aRR (especially, the large values of a®R), the Robin-Robin

p
method actually behaves like a Dirichlet-Robin method with interface condition on

is almost

Table 1 Optimal parameters a}v N

ters R and a"fR for the Robin-Robin method with corresponding GMRES iterations (tol = 1077).

and (z,’;’ N and number of PCG iterations, and optimal parame-

f
Case Mesh affc\’ N alN PCG iter a,}?R afR GMRES iter
@ h; 9.97x10°7 1.00x 10" 2 (12) 7.23x10"7 6.91 x 10*2 4

hy 3.99x107'" 1.00x10* 2 (17) 3.79x 1077 1.32x10*3 4

hy 1.60x1071° 1.00x10* 3 (22) 1.94x 1077 2.58 x 10*3 4

hy 6.38x10719 9.99% 1071 3 (31) 9.83x10* 5.09 x 10*3 4
()  h; 9.96x107° 9.98x 10T 3 (12) 7.24x 10" 6.91 x 10" 6

hy 3.96x1077 9.93x107! 4 (17) 3.80x 10™ 1.32 x 10*? 6

hy 1.55x107° 9.74x 107! 4 (24) 1.96x 10™ 2.55 x 10*? 8

hy 5.78x107° 9.06x 107! 5 (30) 1.03x10™ 4.86x 10*? 8
(© h; 9.97x1070 1.00x 10" 3 (12) 7.23x 10" 6.91 x 10*? 4

hy 3.99x10° 9.99x10°" 3 (17) 3.79x10*0 1.32x10*3 4

hy 1.59x107% 9.97x 107" 3 (24) 1.94x10* 2.57 x 103 6

hy 6.32x107% 9.90x 10" 4 (30) 9.87x10*° 5.06 x 10*3 6
d  h 249%x10°0 1.00x 1070 2 (12) 7.23x10%° 3.46 x 10™ 4

hy 9.97x107'0 1.00x 10 3 (17) 3.79x 10*> 6.60 x 10*! 4

hy 3.98x107° 9.99x10°' 3 (22) 1.94x10* 1.29 x 10*? 6

hy 1.59%107% 9.95%x 1071 4 (29) 9.85x 10** 2.54 x 10*2 6
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the normal velocity uy - n for the Stokes problem. This confirms that condition (6)3

in the Neumann-Neumann algorithm is a valid choice for the Stokes problem.

Finally, the optimal values w}v N, QII;’ N suggest that the preconditioner (24) be-

haves like P =~ E,‘,l. Thus, while Ej:l is an effective preconditioner for large values

of uy and n, (see [7, 10]), Z;l is a much better choice for small values, which is
the case in most applications. This can lead to a Dirichlet-Neumann-type method
different from the one in [7, 10] that will be discussed in a future work.
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