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1 Introduction

Parallel-in-time methods, of which parareal [13] and multigrid reduction in time
(MGRIT) [3] are well-known examples, are important tools for increasing par-
allelism beyond traditional spatially parallel methods, see [6, 14] and references
therein. As a two-level method, parareal performs the fine but expensive integration
independently (and in parallel) over many short time intervals, and it uses a cheap
(but coarse) integrator to correct values across time subintervals sequentially. For
linear ODE systems, parareal iterates are known to be equivalent to two-level MGRIT
ones for a specific choice of initial guess, restriction/prolongation operators and re-
laxation scheme, cf. [3, 9, 10]. One can thus analyze parareal convergence in two
ways: one can make hypotheses on Lipschitz constants and truncation errors, which
is typical in the ODE community, cf. [1, 8, 13], or one can use spectral information
of all-at-once matrices, as is common in the multigrid community, see [2, 3, 5, 15].

When parareal and MGRIT are used with many time subintervals, the coarse
correction step becomes a computational bottleneck. To overcome this, one can par-
allelize the coarse solution by subdividing the coarse problem and using a coarser
level to ensure global communication. For MGRIT, this leads to a multilevel vari-
ant [11]; for parareal, a three-level variant has been introduced and analyzed in [12].
In this paper, we show that there is a choice of restriction/prolongation operators and
relaxation schemes such that the resulting MGRIT method is equivalent to three-
level parareal when applied to linear problems. The existing MGRIT literature can
thus add to our understanding of three-level parareal, beyond what is shown in [12].
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2 The three-level parareal algorithm

Suppose one wishes to solve the linear system of ODEs u’ = ®u + f(t) with initial
conditions u(0) = ug on the interval [0,7]. To obtain the temporal grid for both
parareal and MGRIT, we subdivide the interval hierarchically as follows:!

e The interval [0, 7] is subdivided into p coarsest intervals Z; = [T;-,T;], i =
1,...,p,each of length AT =T/p;

» Each coarsest interval 7; is subdivided into m subintervals Z; ; = [#; j, i j+1],
Jj=0,1,...,m—1, of length At = AT /m;

* Each 7; ; isdivided into intervals [#; ; x, i, j k+1] (0 < k < n) of length 6t = At/n.

We can now define the following propagators, which take an initial value at the
beginning of 1;, 1; ; or 1; ; i and return the solution at the end of the interval:?

e Fy is the action of the fine integrator over one fine time step 6¢. For a linear
problem, we have Fou;—1 = @ou;—1 + f;.

e F = Fj is the action of the fine integrator over one intermediate time step
At = nét. For a linear problem, we have Fu;_,, = ®} oUi-n + ZZ (I)QJ fick

* G is the action of the intermediate integrator over one intermediate time step At.
For a linear problem, we have GU; ;_1 = ®U; j_1 + i ;.

* H is the action of the coarse integrator over one coarse time step AT = mAt. For
a linear problem, we have HY;_; = ®,Y;_1 + n;.

The three-level parareal algorithm, as introduced in [12], iterates on the level-1
state variables U; ; and level-2 state variables Y; as follows:

1. Initialization (with iteration indices appearing as superscripts):

Yy = uo, v =HY?,
0 0 0 0 .
Uy=Y),, U =GU),_, (1<j<m),
2. Iteration: forv =0,1,2,...,
urst=yy,,  Un =FUY L +GUY - GUY (1<j<m), (1)
Yo = uo, v =urt + HY - HY) . )

This method is shown in [12] to converge to the fine solution in finitely many steps,
ie., U" = FU=Dm+iyo for v > i(m + 1), for any choice of G and H. Note that this
is not a nested iteration, where one needs to iterate U or Y to sufficient accuracy
before switching levels; instead, only one parareal step on U, ; is performed before
it is used in (2), and one coarse parareal step (2) is performed before the Y; are used
as new initial values in (1).

1 For ease of explanation, we assume that all subdivisions have equal length, although it is easy to
see that similar results hold for non-uniform subdivisions.

2 To lighten the notation, the time index is only indicated in the variable on which the propagators
are applied, and not in the propagators themselves.
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Algorithm 1 MGRIT(¢, §©) (in correction form, as defined in [3])

if £ is the coarsest level L then
Solve coarse grid system Ay u
else
Relax on A,ul®) = §(©) using F-relaxation
Compute and restrict residual using injection: g+ = R{*1 (0 — A,u®)
Solve on the next level : MGRIT(Z + 1, g(¢+1)
Correct: u®) «— u® 4+ P§+lu(€+l)
end if

L) = g

Algorithm 2 MGRIT-FAS(¢, u©, g(9) (as defined in [4])

if £ is the coarsest level L then
Solve coarse grid system Ay (u(®)) = g(&)

else
Relax on Ay (u®©)) = g©) using F-relaxation to obtain v(¢)
Compute FAS right hand side: g(*!) = Rg“ (89— Ar(vOY)) + Agy (Rg“v(f))
Solve on the next level : MGRIT-FAS(£ + 1, u(t*!)  g(¢+1))
Correct: u?) — v(©) 4 P¢{+1 (u*h — Rg*'v(f))

end if

3 Equivalence with the MGRIT V-cycle

The initial value problems that are solved by the propagators can also be written as
linear systems of the type A,u'®) = g(©), where

I
@, 1
Ap =

-®, 1

The index ¢ here indicates the level of coarseness of the temporal grid, with £ = 0
being the finest grid, and £ = 2 being the coarsest for a three-level method. Such
systems can be solved using the MGRIT V-cycle with F-relaxation algorithm, which
can be written in correction form [3] or as a full approximation scheme (FAS) [4], see
Algorithms 1 and 2. Here, we consider the special case of L = 2, i.e., the three-level
algorithm. For the purpose of writing the recurrence, we will index the fine grid
(level-0) solution as u; j x = u(t; j x). The level-1 vectors will be double indexed as
u; j ~ u(t; ;), and level-2 vectors are singly indexed as u; ~ u(7;—1). If injection is
used for P, and RS = (P4, )T in Algorithm 2, then one V-cycle of MGRIT-FAS
with F-relaxation for solving Agu = f updates the iterate u; ; x as follows:

1. Relax on level O:

B Jijk + @ovijk-1, 1<k<n-1, Vij,
i,j,k —
/ ui,j’o, k =0.
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2. Compute FAS right-hand side for level 1:

Ji.j. 0+ ®Povij-1,n-1 — Pru; j-1,0 l<j<m-1,

8i,j = .
Ji,00 + Povi—1 m-1,n-1 — PL1tti—1,m-1,0, j=0.

3. Relax on level 1 using initial guess ("), ; = v; jo=u; jo:

- Jij0+Povi j-1p-1 +P1(vi jo1 —uij—10), 1<j<m—1,
L] = .
U,0,0, j=0.

4. Compute FAS right-hand side for level 2:

& = £1.00 + Povi—1,m-1,n-1 + P1(Vi—1,m-1 = Ui~1,m-1,0) — Pauti_1,0,0.

5. Solve the level-2 system:

ui™ = fi.0,0 + Povi-1,m-1,n-1 + L1 (Vi-1,m-1 = Ui~1,m-1,0) + Lo (<} — u;i—1,0,0)-

6. Correct on level 1 and then on level 0, using injection for both levels: we set for
alll <i<p

e = f,',j,k + (I)()Ui,j,k—l, 1<k<n-1,Vj,
ik = _ .
J Jijo+Povij1n-1+P1(vijo1 —uij—10), k=0,1<j<m-1,

ne ne
u00 = 1,00 + Povi-1,m-1,n-1 + L1 (Vi1,m-1 = i=1,m-1,0) + P2 (U;} — ui-1,0,0)-
We can now prove the following equivalence theorem.

Theorem 1 For the linear problem u’ = ®u + f(t), assume that u® . , satisfies
i,j.k

0o _ 0  _ 47,0 . 0 _ 0 . _
uj 0.0 = o ui,O,O_Hui—l,O,OVlZ]’ ui’j’O—Gui’jq’OV]—1,...,m 1.

Then for all v > O, the three-level MGRIT-FAS V-cycle with F-relaxation and with
injection as the prolongation operator is equivalent to three-level parareal via

FyUy;,, 1<ks<n-1, Vij,
1 _ ’ _ . .
W= U, k=01<j<m-1, Vixl,
Yl j=k=0, Vix>1.
Proof From the 1n1t1ahzat10n condltlons we have for v = 0 that u} . = =U7; Y . for
1<j<m-1,andu’ 10,0 , for all i. We will prove by 1nduct10n ‘that these two

equalities also hold for v > 1 To do so, we rewrite u“ewk in terms of the propagators
Fo, F, G and H. The update formula at step 6 leads us to consider three cases:

Case 1 (kK # 0). Step 1 at iteration v reads

new  _ ., . — .. — e = k — krmv
Uik = Vijk= Fovi,j k-1 = = Fyvijo0=FyU; ;.
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Case 2 (k =0, j # 0). This case is given by step 3, where
u?i‘t’o =0, = FOUi,j—l,n—l + d)l(vi,j_l - Ui‘jj—l) = F(;lUijl + le-,j_l - GUIJ;].

Here, we have replaced the difference of @ by a difference of G, because G is affine.
Thus, we have v; ; = Ul.";“.l for 1 < j < m — 1, since both quantities are initialized

the same way (we have v; 0 = u; 0,0 = Yi‘:l = Ul."gl) and satisfy the same recurrence.

Case 3 (j = k = 0). Here we have u]') = uj®", so step 5 gives, fori > 2,
new new
;" = fi0,0 + Povict,m-t,n-1 + P1(Vi1,m—1 = Ui—1,m-1,0) + P2 (1]} — 1i-1,0,0)
new
= Fovi-1,m-1,n-1 + @1 (vi-1,m-1 = U} ) + @ (w2} — ui-1,0,0)

i—1,m-1

= F(?Uiv 1m=17F Gvi—1 m-1 — GU! Lm—1 +Hunf‘iv —Hu;_100

— i— i
_ grv+l new _ v
=UZn+HuZy = HYZ,.
Fori = 1, we have u‘l‘ew =uy= Y(;’ +1. thus, u?ew and Yi‘fll satisfy the same recurrence

with the same initial condition. This leads to u?%wo = Yl."_+11 for all i, as claimed. O

We can now use the FAS formulation to deduce the equivalence in classical
(correction) form. We define the following operators:

E¢=1-P, RS, M, = diag((A¢)11, (Ae)2as - - -),

where (A/);; are diagonal blocks of A, corresponding to the ith subinterval, starting
with the coarse point and including all the fine points until (but excluding) the next
coarse point. In other words, M, is the block Jacobi smoother for level ¢, and E,
blanks out the coarse points and retains the fine points when applied to a vector of
values at level £. Similar operators were defined in [10], where the authors proved
the equivalence between two-level parareal and a geometric multigrid method with
block Jacobi smoothing and aggressive coarsening in the FAS setting; however, the
blocks in [10] are defined differently, with the coarse points appearing at the end of
the block rather than the beginning. We write the change in the solution at step 6 as

vijk — ik = (AaD) i,k #0,
W —uijk = v —uijo = (dul) k=0, #0,
U™ — ;00 = (Au®);, J=k=0.

To compute Au? | note that v; j.k — Ui jk =0when k = 0; for k # 0, we have

(0) _ _
(A7) ik = vijk — Uik = fije + Po(vij k-1 — Ui jk—1) + Dol j k-1 — Ui j k
= (f - Aou); j & + Do(Au V), ;4 1.

If we move <I)0(Au(0)),-,j, k-1 to the left and recall the definition of M, we get

M()All(o) = E()(f - A()ll) - All(o) = Mo_lE()g(O),
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where §(© = f — Agu is the initial residual. This is almost the same as in [10], except
the residual is blanked before the smoothing, instead of after. Next, we calculate

0, j=0,
1 _ _
(M) ;= v —ui 0= gij+ @i (v jo1 — i j-1,0) + Ptz j-1,0 — Ui .0,
Jj#0,

which implies
Miau) = E (g - AR}u) = E\R)(£0 - Ag(u+Au'?)).
Thus, AuV) = M;1E1g<1>, where gV) = Ré(g((’) — ApAu(?). Finally, we have
(Au®); = 1™ —u; 00 = gi + Po (™Y — ui—1,0,0) + Potti—1,0,0 — Ui 0,05
which leads to
AAu® =g? — A, R2u = Ri(g") - A (Rhu+AuV)) = R3 (gD — A AuD).
We conclude, by replacing Au") with M7 'E18M in the last step, that

u™ —u=An? + P(I)Au(l) + PgAu(z)

= Au? + PO(AuD + PIATIR2 (Y - AjAuD))

= Au? + PO((1 - PYAS'R2A ) M{Ey + PLAS R?)g(D
Defining T = (I - PYA;'R?A|)M['E, + P}A;' R?, we continue to calculate

" —u=Au® + POTR) (& - AoAu?)
= (PYTRy + (I — PYTR}Ao) My Eo) (f — Au) =: P(f — Au).

We conclude that the error propagator reads

S =1-PAo= (I - PITRyA)(I - My'EgAo),

where the operator T satisfies / — TA; = (I — PyA;'RTA;)(I — M{'E|A;). Note
that the preconditioners # and T can also be written as

P =My Eo+ P\TR)(I - AoM;'Ep), T =M['E\ + PyA;'R{(I - A\M{'E)).

We can hence interpret the action of the preconditioner # as follows:

1. My ! Eo: Take the fine residual, blank out the coarse points and apply block Jacobi.

2. I-AoMy 'Ey: Update the residual after relaxation.

3. P?TR(l): Restrict the new residual, recursively solve the coarse problem, then
update the coarse points by injection.
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Since T acts the same way but at a coarser level, the action of # corresponds to
exactly one MGRIT V-cycle with F-relaxation, written in correction form.

Remark If one replaces injection with injection plus F-relaxation (like in standard
MGRIT), then the equivalent parareal formulation at the vth iteration would be

ulgtt=yy,, Ut equrtPaFuy, -GUY, (1<) <m),
Yot = up, rt = U;;”z +HY —HYY |,
urgt =Y Uyt = GUi‘jﬂl +FUY; = GU (1<j<m).

Note that the term F' U V., —GU!._, isused twice, but it only needs to be computed
once using a fine propagatlon The 1ntermed1ate propagation G, however, needs to

be computed twice, since it is applied once to U; V+l/ 2. and another time to Ul";ll

4 Numerical example

We present the numerical example in [7], where the advection-diffusion equation
Uy = Uy + kily, with periodic boundary conditions u(0,t) = u(2,t), u,(0,1) =
ux(2,t) is solved on ¢ € (0,4), with k = 1/1024 (advection-dominated case) and
u(x,0) = e2°x-D* We discretize the problem using second order finite difference
in space and backward Euler in time, with Ax = 1/20 and 61 = 1/1280. For two-level
parareal, the coarse propagator is backward Euler with AT = 1/2 (8 coarse steps
with 640 fine steps per coarse step). For three-level parareal, we use an intermediate
level with Ar = 1/128 (10 fine steps per intermediate step), while keeping AT = 1/2
for the coarsest level (i.e., 64 intermediate steps per coarse step). In Figure 1, we
compare two-level and three-level parareal, both with and without post-smoothing.
We compare both the iteration count and the idealized running time, as measured by
the number of non-concurrent backward Euler steps taken at all levels; this cost is
normalized by that of sequential time-stepping, so that a cost of 1 means the same cost
as sequential time-stepping without parallelization. We see that two-level parareal

8/64/10 vs 8/640 8/64/10 vs 8/640

10°% —— 3-level 100‘ W :"

—A— 3-levelps —A—3-levelps

Error
Error

010t 010t

1015 L L L L L 1015 L L L
0 5 10 15 20 25 30 0 0.5 1 15 2

Iterations Cost over sequential

Fig. 1 Left: Iteration count for two-level parareal, and three-level parareal, with and without post-
smoothing. Right: Computational cost of the three methods, as measured by the number of backward
Euler steps taken, normalized by the cost of sequential time-stepping.
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converges to the exact solution in 8 iterations, whereas the three-level variants take
many more iterations. However, the three-level iterations are much more parallel
and take less time to run than a two-level iteration. In particular, both three-level
versions converge with cost much lower than 1; such speedup is not possible for two-
level parareal. Finally, although post-smoothing reduces the number of three-level
iterations, the higher cost per iteration (two intermediate propagations rather than
one) makes it slower than no post-smoothing once the normalized cost is considered.
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