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1 Introduction

The modal synthesis of a structure that is decomposed into substructures is a Rayleigh-
Ritz approximation of the global eigenvalue problem over a space spanned by a
few eigenmodes of each substructure in addition to some functions, called coupling
modes describing the interfacial displacements. Different methods based on intrinsic
choices of such coupling modes are presented. In particular, extension operators from
the boundary of each subdomain to the whole interface are introduced in view of
defining, both in a continuous and in a discrete setting, “generalized” Neumann-
Neumann preconditioners, the eigenfunctions of which are used as coupling modes
for approximating the global eigenvalue problem.

Let us consider the model problem of a vibrating three-dimensional body €. The
family of eigenpairs {Ag, uk}k“:i , arranged in nondecreasing order of the eigenvalues
Ak, solve the eigenvalue problem

—div(Ae(u)) = A u in Q (.)
u = on

where e(u) denotes the linearized strain tensor associated with the displacement field
u, A the tensor of elastic moduli, the mass density, and £ the boundary of . The
structure is assumed to be clamped for the sa e of simplicity, but any set of boundary
conditions yielding a symmetric variational formulation 1i e traction free, mixed, or
third ind boundary conditions may lead to the same conclusions. ther models li e
membrane or plate models can also be considered.




The domain  is partitioned into  nonoverlapping subdomains 24,..., Q , which

are separated by an interface . or modal synthesis with overlap see D ,
D . The fixed interface eigenpairs X ,u +:°: of subdomain Q solve the
problem
—div(A (1)) = A in Q (.)
= on

The eigenfunctions  are extended by zero outside {2 and are thus defined on the
whole domain 2. Therefore, these so-called ed in e ce modes can be used as trial
functions in a Rayleigh-Ritz approximation of problem ( . . ). f course, they must
be supplemented by a family of trial functions that do not identically vanish
on the interface  between the subdomains. e call them coupling modes. The basic
modal synthesis method thus amounts to a  aler in approximation of problem ( . . )
over the space

= P G ) (-)

for some numbers , ) , and Therefore, in its original version,
modal synthesis is not an iterative algorithm, in contrast to those proposed in
al , al , , L ,Lui ,d , but rather a method of approximation.

owever, the approximate eigenpairs may be enhanced by postprocessing asin  ha

or more specifically in  al , and generally spea ing they may serve as good starting
points for iterative domain decomposition correction algorithms.

odal synthesis methods have been introduced in aerospace engineering in the
sixties in order to save memory storage when analyzing the dynamics of large
structures. These methods are now used in particular by nuclear, off-shore, automobile,
and aerospace industries. The advantages of such methods are potentially numerous.
f course, they are amenable to parallel implementation. This point will be made
clearer in the third and fourth sections. urthermore, they can include experimental
measurements on the substructures. oreover, parametric studies involving local
perturbations in view of sensitivity analysis or reanalysis can be performed cheaply
Tra . inally, the substructuring concept extends to uid-structure interaction
, soil-structure interaction lo , and buc ling al . There exists a
wide variety of methods, depending on the boundary conditions imposed to each
substructure, and on the coupling strategy. In particular, many hybrid methods have
been proposed and discussed see, e.g., N ,Des ,D , , Tra b, Tra a.
They correspond to other inds of boundary conditions for the definition of the local
modes. To a large extent, their numerical analysis is open. They fall in the general
class of non-conforming methods since, at the continuous level at least, the continuity
across the interface cannot be imposed if for example the local modes are associated
with boundary conditions of Neumann type along the interface. eneral expositions
on modal synthesis can be found in Imb |, e , ra |, , as , ib ,Tra b.
This paper aims first at reviewing error estimates for such methods and
second at exploring new coupling strategies. In the next section, we revisit the



pioneering wor of ur . The third section is devoted to more recent methods
involving coupling modes defined as the eigenfunctions of the oincare- te lovoperator
ou , d b, d a. ince the computation of these coupling modes may be
expensive when the interface is large and complex, cheaper coupling modes are
introduced in section four. To this end, new operators of Neumann-Neumann type
are defined and put in vibration. They are based on special extension operators from
the boundary of each subdomain to the whole interface. Numerical tests confirm the
accuracy of the resulting modal synthesis method. e close with a few comments.

urt t od

Let  denote the space of global test functions and the space of their restrictions
to the interface , namely = 1(Q) and = ' () if Dirichlet boundary
conditions are imposed on Q as in ( .. ). In a continuous setting, urty s
method (see ur  and ) would amount to choose the coupling modes as
the “harmonic” extensions to each subdomain of all elements of a given basis of

Now, if ed in e ce modes are retained to describe the dynamics of subdomain
Q, and if A\, denotes the eigenvalue resulting from urty s procedure, the

following error bound is derived in  ou

Ak — X ( ) ! (-)

=1

The constants depend on  but not on . imilar error bounds hold for the
eigenfunctions in  -norm as well as in energy norm. or two-dimensional elasticity,
and for bars under traction ou , the estimate would behaveli e , and
respectively. Note that the rate of convergence deteriorates when the dimension of the
problem increases.

The constants  in ( . . ) behave as follows — (), if and

stand for the mass density and oungs modulus of substructure , when
these uantities are constant on { . or two-dimensional elasticity, we obtain

— ( (2)) . ombining above estimates yields a rational way to choose the

number of ed in e ce modes of each substructure relative to the others.

The optimality of the error bounds is highlighted by the numerical experiments
presented in d b the true error behaves li e for the two-dimensional
membrane problem which has the same properties as plane elasticity from the
viewpoint of modal synthesis. This optimality is also suggested by the proof of the
error bound which is obtained as the rest of a series expansion that converges no faster
than indicated. The ey ingredient of the error analysis is real interpolation theory

in obolev spaces L . In order to explain in a simple way where the exponents
come from, let us consider the ourier series expansion on the basis (sin ) of
the function over = % sin fcourse () . owever,

if = ,then T () = otherwise the function would vanish at both



ends of the interval, but +:°i’( )" () . This property extends
mu  is mu ndis to arbitrary n-dimensional domains as a conse uence of L
interpolation theory. eyls formula proves also useful to derive the error bound.

or ing directly at the level of the finite element discretization is possible, but does
not yield optimal error bounds because the underlying D is hidden. Notice that
different error bounds can be derived for plates d a.

In order to compute the final generalized mass and stiffness matrices, all the modes
are usually discretized with finite elements. If denotes the discretization parameter,

and A, the eigenvalue computed with urty s method, then the error
AL — A\ can be estimated by the sum of the right-hand side of ( . . ), and
a discretization error , for some constant (), and some which depends
on the finite element method and on the smoothness of the ed ine ce modes

ou . variant of this method enables one to use incompatible meshes on the
different subdomains . ee RT for a comparison in the fre uency domain

of the continuous version of the modal synthesis method with the associated discrete
version.

In general urty s method combines . . discretization and local mode truncation
in a way that prevents one from using it when the interface contains many degrees
of freedom, because the resulting mass and stiffness matrices are still uite large
and dense, therefore di cult to handle. ven forming these matrices proves time-
consuming since the chur complement matrix has to be computed. possible solution
is to avoid computing these matrices and to use an iterative solver within the eigenvalue
solver for the final generalized eigenvalue problem. n other strategy consists of further
reducing the size of this final eigenvalue problem. In this direction, coupling modes can
be defined at both the continuous level and the discrete level such that a prescribed
accuracy of modal synthesis is achieved by means of a given number of them that does
not depend on the mesh size ou . e define them in the next section.

oincr t o r tor d t od

Let and denote any displacement fields in , resulting in “harmonic” (in the
sense of elasticity) extensions  and on every subdomain 2 . The bilinear form
(, )= _ () () defines a scalar product over and the associated
isomorphism satisfies = . A , if denotes the unit
outer normal vector to  along €, and A = A . This well- nown oincare-
te lov operator is of course the continuous counterpart of the chur complement
matrix.
rom standard spectral theory, the problem nd (A, ) R suc

(,)=2 (-)
is well-posed and admits a family of solutions {A , +:°f R such that

( )+:°f forms a basis of The “harmonic” extension of to each component
Q) is continuous across the interface  and is thus defined on the whole domain
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as a trial function which we ta e as coupling mode. The Rayleigh-Ritz
approximation of the global eigenvalue problem based on edin e ce modesfrom
each substructure asin urty s method and such coupling modes yield approximate
eigenvalues A, 1 or three-dimensional elasticity, the error bound

Nt =M ! ()

has been derived in ou , ou .In (.. ), denotes the exponent of the most
severe vertex or edge singularity of the local source problems with homogeneous
Dirichlet conditions on the interface. or two-dimensional elasticity, we get the

exponent instead of . ee also d a for plates. That the rate of convergence

does not depend directly on the smoothness of the eigenmode is an interesting feature.
or the approximation of coupling modes, we refer to ou , and also to

The discrete coupling modes can be computed by a Lanczos method combined w1th

the Neumann-Neumann algorithm of LT ,asin d b without forming the
chur complement matrix, or asin L  where the descent directions of the inner

loop are stored in view of solving more e ciently the source problem = with

successive right-hand sides.

This basic oincare- te lov operator based modal synthesis method proves very
accurate because the first few global eigenpairs are correctly described by means of
a small number of ed in e ce and coupling modes d b. oreover, it can be
parallelized in the same way as the Neumann-Neumann algorithm applied to source

problems.
Ithough ta ing advantage of the identity matrix along instead of the consistent
mass matrix associated with the scalar product apparently does not deteriorate

too much the accuracy of the whole procedure, one may get rid of the possibly non
standard implementation of this mass matrix by using a non-local inertia along
N a.



t nd d u nn u nn r condition r

Now, can one speed up the method by defining new coupling modes that would be
much cheaper to compute, and that would yield comparable accuracy = natural idea
is to replace the oincare- te lov operator by a preconditioner, li e the Neumann-

Neumann preconditioner introduced in LT . This operator is defined as
- ) - = s ( . )
=1
where = ()- is a continuous extension operator, -
is a continuous restriction operator and — is the Neumann-to-

Dirichlet operator associated with the subdomain 2 and its boundary, that is to say
= (), where

—divA () d = in Q,
A(C) = oo @, (.)
on Q,
for some d In order to ensure the symmetry of , we shall always choose

= e have the following

le us se = , nd = _; en
i suc v,V v, v
i ()= () nd ()= o ()
1% edi ec sumo eeigensp ces o ssoct ed 1 s icl posii eeigen lues
nd o () is dense in ndin ()

roof i) is a direct conse uence of the continuity of all operators involved in
definition ( . . ). n the other hand, the coerciveness of each operator which
is due to the positivity of d, leads to the ine uality v,V -1 v ,

for some positive ince v, = v , we also have the opposite

ine uality. oreover, each operator is non-negative, hence ii). inally iii) follows
from the symmetry and compactness of on () and from ii).

ne ce i ou 08§ poin §

onsider a domain decomposed in slices separated by edges that of course do not

intersect. In this case, the space coincides with :il () and the extension

operators — , defined by
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are continuous. The ad oint operators coincide with the usual restrictions to
Q The operator is well defined at the continuous level. It has no ernel

and possesses a countable family of eigenpairs A , Oil arranged such that the
eigenvalues decrease towards zero. The “harmonic” extensions to each component
of the eigenfunctions can be chosen as coupling modes. This idea is close to
the concept underlying . The resulting modal synthesis method proves less
accurate than the original one, but the new coupling modes can be computed uite
rapidly through a Lanczos method (see e.g. L  and included references), because
now each step mainly consists of computing for a given  There are no more
internal loops for solving any source problem on The accuracy of the resulting
modal synthesis method is very encouraging as shown on fig since it yields a similar
accuracy as the oincare- te lov based method at a much smaller cost.

hen the interface exhibits a more complex geometry than before, extension by
zero is no more possible if ! () regularity is to be preserved for the coupling
modes. owever, an extension of the method can be designed.



ne ce 1 C 08 Poin S

ome preliminaries are needed let denote a continuous function on the interval
, , to be extended to some interval , |, , then define the function

where denotes a smooth cut-off function vanishing in the vicinity of = The operator
enoys ! continuity from interpolation theory. This generic re ection operator
can be put to wor in order to define the extension operators , as follows if
stands for a function defined over Q , we want to extend it in a continuous way
to the ad acent edges. Define a curvilinear abscissa over the edges of sharing a given
vertex which is a cross-point. or such an edge not belonging to € , parametrized
by , , choose such an edge belonging to 2, parametrized by , , and
apply the operator defined above. Repeat this for all edges ad acent to Q
(see igures and ). f course, the choice of the edge parametrized by

bl



is somewhat arbitrary and a weighted average of operators corresponding to
different edges of Q can also be used. In any case, we end up with an operator

for every subdomain, and operators and asin ( . . ) and in the
proposition. They are defined in a continuous setting as well as in a discrete setting.

e omit the details of the discretization and of the implementation here. lthough
the perfect locality of the original Neumann-Neumann preconditioner is lost, some
locality is preserved because of the cut-off function The ernel of such operators
are not reduced to { } in general, but the proposition suggests to choose as coupling
modes the first few eigenfunctions of associated with its largest eigenvalues in
addition to () t the discrete level, this ernel is easy to compute since
the matrices = only depend on the mesh and on the geometry of the
interface. No subdomain solve is re uired. rom ii) of the proposition, the ernel can
be computed as the intersection of the local ernels (), that will be computed
in parallel with minimal data exchange between subdomains. Then the Rayleigh-
Ritz approximation of the eigenvalue problem = over  _; ()
is performed. The ran of the corresponding Rayleigh matrix may be maximal. In
this case, ( )={1 owever, the smallest eigenvalue of this matrix can be
very small. Therefore, a variant of this modal synthesis method consists of computing
several of the smallest eigenvalues of and corresponding eigenvectors that will
supplement the set of eigenvectors of In particular, it may be interesting to eep
as coupling modes an independent set of vectorsin  _; (), in view of parallel
implementation. n the other hand, () may be very large, therefore a strategy
to filter out unwanted, highly oscillating functions of this ernel should be put to wor
in this case.

This method, referred to as the R-method, has been tested on the reference structure
and the relative error on the eigenfre uencies is reported on igure . It compares
favourably with the standard oincare- te lov based method since a similar accuracy
is obtained at a smaller cost.

conceptually simpler variant of above extension operators is based on the linear
extension operator defined as

that is well-defined at the discrete level but not at the continuous level because
functions in ! do not have traces. In this case, we noticed that the associated
operators have no ernel. Results of poorer uality than with the R-method are
obtained for this variant, referred to as L-method, as shown on igure

onc udin r

ccording to recent numerical experience of the authors, the oincare- te lov based
methods are the most accurate at least at very low fre uency. The R-method proves
slightly less accurate but a better cost effectiveness is expected. It turns out that the
L-method which is not defined at the continuous level is less accurate than the other
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ones. 1l of them are amenable to parallel computing. The R- and L-methods involve
slightly more communication efforts between subdomains.
ariants of the R- or L-method can be designed. In particular, parametrized families
of extension operators can be introduced in view of optimizing the accuracy of the
method. detailed version of section . on the design and use of extended Neumann-
Neumann preconditioners will be availablein N a.
xtension to three-dimensional problems seems conceptually possible. owever,
from the practical point of view, defining the extension operator from the boundary
of each subdomain to the whole set of interfacial faces may appeal to geometrical data
that are not directly available from the numerical description of each subdomain.
n the other hand, the case of plate-li e problems can be treated by means
of similar but more complicated techni ues. ere, extension operators that preserve
1 continuity along the interface must be designed N b.
It would be interesting to combine the oincare- te lov based method with the
R-method which starts proving very accurate at fre uencies where the former starts
deteriorating.
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