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1 Introduction

The first restricted additive Schwarz methods have been introduced for alge-
braic linear systems in Cai et al. [1998], Cai and Sarkis [1999] and Frommer
and Szyld [2001]. In Frommer et al. [2002] and Nabben and Szyld [2002] the
restricted variant of the multiplicative Schwarz method is also analyzed. Nu-
merical experiments have proven that these restricted methods, besides the
fact that they sometimes converge faster and also preserve the good proper-
ties of the usual additive methods, they reduce the communication time when
they are implemented on distributed memory computers. In Efstathiou and
Gander [2003], it is explained this fact by showing that even if the restricted
method is defined at the matrix level, it can be interpreted as an iteration
at the continuous level of the given problem. Restricted additive Schwarz
methods for complementarity problems have been introduced in Yang and Li
[2012], Zhang et al. [2015], Xu et al. [2014] and Xu et al. [2011].

In the above papers, the methods are approached by a matricial point of
view. In this paper, we introduce and analyze a restricted additive method
for inequalities perturbed by a Lipschitz operator in the functional frame-
work of the PDEs. Such an approach is not new in the case of the additive
and multiplicative Schwarz methods, including the multilevel and multigrid
methods for inequalities (see Badea [2008b], Badea [2015] and Badea [2008a],
for instance).

In the next section, like in Badea [2008a], we give an existence and unique-
ness result concerning the solution of the inequalities we consider; Also, we
introduce the method as a subspace correction algorithm, prove the con-
vergence and estimate the error in a general framework of a finite dimen-
sional Hilbert space. In Section 3, by introducing the finite element spaces,
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we conclude that both the convergence condition and convergence rate are
independent of the mesh parameters, the number of subdomains and of the
parameters of the domain decomposition, but the convergence condition is
a little more restrictive than the existence and uniqueness condition of the
solution.

In a forthcoming paper, by considering the perturbing operator of a par-
ticular form, we introduce and analyze some restricted additive Schwarz-
Richardson methods for inequalities which do not arise from the minimization
of a functional. Also, we shall compare the convergence of these restricted ad-
ditive methods with the convergence of the corresponding additive methods.

2 Convergence result in a Hilbert space

Let V be finite dimensional real Hilbert space with the basis ¢;, j = 1,...,d,

and let ¢; and Cy be two constants such that, for any v = Z?Zl vijp; €V,
we have

d d
ca i NveslIP < vl1? < Ca 325 [lvjesll? (1)

Also, let Vi,...,V,, be some closed subspaces of V and K C V be a non
empty closed convex set. We consider a Gateaux differentiable functional
F :V — R and assume that there exist two real numbers o, 8 > 0 for which

allo = ul> < (F/(v) = F'(w), v —u) and ||F'(v) = F'(u)l |y < Bllv—ul| (2)

for any u,v € V. Above, we have denoted by F’ the Gateaux derivative of
F'. Following the way in Glowinski et al. [1981], we can prove that for any
u,v € V, we have

(F (), v =)+ 5 o —ull? < F (o)~ F(w) < (F(u), 0 =) + 5ol (3

Also, we consider an operator T' : V' — V' with the property that there exists
v > 0 such that

IT) = T)llys < Allv — ul] for any w, v e V. ()
By using the above functional F' : V' — R, we also introduce the functional
F 1V = Rdefined as F(v) = 3.7_; F(v;¢;). Evidently, the derivative 7' of
Fatu= Z?Zl uj@; in the direction v = 2?21 vjp; is written as (F'(u),v) =
Z?:1<F’(ujgpj),vj<pj) and, in view of (3), we have

(F'(u)yv =)+ § 5, () = uy)es|* < Flo) = Flu)

< (F()o—u)+ 5L [0 — )y 2 ©)
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for any u = 27:1 ujpj, v = Z;-lzl vjp; € V. Evidently, from the convexity
of F' we get that F is also a convex functional. Finally, we assume that
if K is not bounded then the functional F is coercive in the sense that
F)/|[v|]| = o0 as ||v|]| = o0, vE V.

Now, we define an operation * : V x V — V by

d 4 )
wxv =0 ujvp; for any u= Y"1 ujp; and v =37 vjp; €V (6)

d

We fix some functions 6; = ijl Oijoj € Vi, i =1,...,m, and assume that
they have the property
0<6;;<land > 6;;=1forany j=1,...,m (7)

i.e., in some sense, they supply a unity decomposition associated with the
subspaces Vi, ..., V,,. Also, we assume that the convex set K has the property

Property 1. fv,w € K and § = Zd

j:10jg0j EVWithOSQj Sl,jZI,...,d,
then @ xv+ (1 —0)xw e K.

Above and in what follows in this section, Zj:1 ¢; is denoted by 1. Using
(6), we have 1 * v = v for any v € V. Finally, we consider the problem

ue K : (F(u),v—u)— (T(u),v—u) >0, for any v € K. (8)

which is a variational inequality perturbed by the operator T'. Concerning
the existence and the uniqueness of the solution of this problem we have the
following result (see Badea [2008a], for the proof of a similar result).

Proposition 1. If 1Cy < 1, then problem (8) has a unique solution.
Since the functional F is convex and differentiable, problem (8) is equivalent
with the minimization problem

ue K : Flu) — (T(uw),u) < Fv)—(T(u),v), for any v € K. (9)

We write the restricted additive algorithm for the solution of problem (8) as

Algorithm 1 We start the algorithm with an arbitrary u® € K. At iteration
n+ 1, having u™ € K, n > 0, we solve the inequalities: find w?“ eV, u"+
witt € K such that

(F'(u™ 4+ w?“'l),vi — w?“) —{(T(u™),v; — w?+1> >0,

for any v; € Vi, v +v; € K, (10)

fori=1,...,m, and then we update u"T = u" + EZ’;I 0; * w;"H.
Now we prove

Theorem 1. Let u be the solution of problem (8), and u™, n > 1, be its
approzimations obtained from Algorithm 1. If %Cd < Ymax, where Ymax is
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defined in (27), then Algorithm 1 is convergent for any initial guess u’ € K
and the error estimates

and

Sl —ueslP < 2 (3
—F(w) + {T(w), )]

+1

hold for any n > 1, where constant C' is given in (28).

Proof. Using (5), (7) and (10), we get

Fath) = Flu) + (T(u),u— ™)+ § 35 ([ = uy)e;)

< (F/( ) umt =) + (T, 0 — )

< (F (u 4+ wpth) = F a1, 0, ¢ (w—u™) 4+ (1 — 6;) % wl ™t —with)

= ST ), 05 (= ) 4 (1= 05) v w4 (T — )
Above, we have used the fact that 0;%(u—u")+(1—0;)*w** € V; and, in view
of Property 1, u" +0;* (u—u")+(1—6;)xwi ™t = (1-6;)* (u —|—w"+1)+9 *U €
K and therefore, we can replace v; by 6; x (u —u")+ (1 —6;) «w! in (10).
Consequently, we have

F) = Flu) = (D), um™ = ) + § S0 10 = u)e]
< T ) = F ), 0,5 0~ — w ) (13)
+ 0 (T () = T("), 0+ (u — ™ = wi'*))
In view of (2) and (7), we have
NP i) Pt 0 (o = ul )
<BY 121j 1035 1((1 = 1) witt =3 1, k#@k]wk] Dl
M (uy —uf ™ — (1= 035w +Zk 1, k;éz‘gkawk] Dl
< B O (L Bl sl + Sy sl )
(s = sl + (= 0 lwfs o5l + S0 s Ol i)
< B S O [ 5) (1= 0wy
2
R il sl + s = el ] < 26004 22)

m d n m n
Y S 01 = 035) (1= 0wy 012+ Ry Ol o511
5 Y I(uy — w52 = 28(1 + 51) dzzzl S 05(1—04)
(1 201]>||w"+1m|2+2ﬁ<1+Mzz"lz, L0i5(1 = 635)
X Ol 12+ B 0 1(uy — w2
Zz JF (u” +w"+1) 48(1

d 14
S S Gl 2 4 A5 X [y — gy (Y
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for any £; > 0. Also, from (4) and (1), we get

S (T (u) = T(u™), 0 % (u—w* — wi™)) = (T(u) — T(u"),u — u"

=30 Ok ) = () = T(),u— ™)) < 3l — ]| [Ju— |
<y (Il = w3+ )| S5y leuw"+1%|\)||u—u"+1||
<90 (14 %) X5 oy =12 4+ 5 S 100 03wy 5112)
i.e., using (7), we have
ST () = T(u™),0; % (u—u™ —w!™)) <vCq (1+ 2)
S oty = e 2+ gk S S Ol 1)

for any €2 > 0. From (13), (14) and (15), we get

(15)

F(rt) = Flu) = (1@, 0 )+ (§ = 55 —7Call + 7))
T g = )l <[40+ 55 +Cask ] (16)
e 123 1ezy‘|wn+l ill?

for any €1, €2 > 0.
Now, by taking v; = (1 — 6;) x w?*! in (10), for i = 1,...,m, we get

(3

o O [(F/ (] + i) ps), —wiios) = (T(um), —wii ;)] 20 (17)

In view of (7), the convexity of F', (2) and the above equation, we have

Flurth) — Fum) < S0 S0 035 [F((uf + wlst)gy) — Fule;)]

<ZJ 12 i w[ Sllwp IR = (F((u] +wn+1)<ﬁj)a ”“%)]
= T 0 - “IIW”+1 iIP = (T (™), —wii ;)
(F’((u + wjj 1)@) "“ i) +(T(u™), —wii o]
<Y w[ "‘||w"+1 |\2 (T(u™), ~wi ;)]
Consequently, we have
& Iy Xy Oyl [P < Fum) — Funth) (18)

+<T(u),un+1 un> + <T(un) _ T(u), u7z+1 _ un>

With a proof similar to that of (15), we get

(T(um) = Tlu), un = wm) 9Ca [ X4 1w = ug)ps|?

n+l |12 (19)
1+ 55) X T Ol sl 2]
for any e3 > 0.
Consequently, from (18) and (19), we get
[3 — 2CuL+ o) SIS Ol sl < Fum) - Fart) o

HT (), u™* !t —un) +9Ca S S5 () — wy)p;]2
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for any €3 > 0. Let us write
Cr =45 —9Ca(1+ ﬁ) (21)

For values of 7, @ and €3 such that C; > 0, from (16) and (20), we have

Fmt) = Flu) = (T(u),u"t =) + Co 35 (]t = uy)py 2

< O [Flumy = Fm) + (T(u), u+t — )] (22)
where R
C =& (4801 + 55) +1Cazk) (23)
and
Co=§ = B% —7Ca(l + %) —1Ca%C (24)

In view of (22), assuming that 02 > 0, we easily get (11). Estimation (12)
follows from (11) and (3) and (8). Indeed, we have

F(u") = Flw) = (T(w).u" —u) =0 Fulg;) — S0 Fluje;)
—(T(w),u™ —u) > Y5 (F'(ujp;), (ull — u;)e;)

+e 0 1\|< — )5l = (T, u" =) = (F'(w), u" — u)

—(T(w),u™ —u) + § 37 (Ul —uy)esl? > S S0 1w — uy)e; |2

Using (23), (24) and (21), condition Co > 0 can be written as Co = A —

(25)

e
ABB—5(e1+42) — G4 (ea+ 2) > 0 with A= § —7Cyand B = A”fg;zl
€3
The maximum value of Cy is obtained for
6122% 622632% (26)
Consequently, for these values, we should have
3
oo = 35 [ (3~ 29)(3 —22) — 228u(} 1 2] 5 0, or
Cyx L =1
da \/16 B2 1402 41448 43 max (27)

By a simple calculus, we see that if (27) holds, then condition C; > 0 is
satisfied for the value of €3 in (26). Finally, by replacing €1, €2 and €3 in (23)
with their values in (26), we get

o, 28 6762 +1 26 6Umax + 1

C = it - 28
a 7Ca (1_2ﬂ) = a Ymax (1 — 2¥0max) (28)

e

It should be noted that the convergence condition and the convergence
rate are independent of the number m of subspaces.
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3 Restricted additive Schwarz method in a finite
element space

Let £2 be an open bounded domain in R, N = 1,2 or 3, and we consider
a simplicial regular mesh partition 7,. We assume that domain {2 is decom-
posed in m subdomains, {2 = U:"Zl £2;, and that 7; supplies a mesh partition
for each subdomain §2;, « = 1,...,m. We associate to the mesh partition
Ty the piecewise linear finite element space Vj, C H}(£2) and to the domain
decomposition the subspaces V;! C H}(2;). We assume that the convex set
K}, C Vj has the following

Property 2. M v,w € Kp, and if 6 € V},, 0 <0 < 1, then L,(fv + (1 — O)w) €
K.

Above and also in the following, we denote by Lj the P;-Lagrangian interpo-

lation operator which uses the function values at the nodes of the mesh 7.

It is easy to see that the convex sets of two-obstacle type have Property 2.
Now, we estimate Cy in (1). Given a triangle 7 € Tp, let J, = {1 < j <

d:7 C supp ¢;}. Then, for a v = ijl vjp; € V4, and using the norm of

H(£2) we have

o2 = 52, 1ol 2 = 52, (Sjes, viei Syes, vies) <

-
S el X e, ogeoslld < S0 10 325 Hlogpsl 2 < Ca D25y 3, llogepsl 2
= Ca 5, lloje; 12
where we have denoted Cy = max e, |J-|. Since T}, are simplicial meshes,
then max, |J;| is independent of the mesh parameters when h — 0. Therefore,
we can consider that Cy is independent of the domain or mesh parameters.
Finally, it is evident that = in (6) can be written as u x v = Ly (uv) for
any u, v € V. Moreover, if {61,...,0,,} C V} is a unity partition associ-
ated with the domain decomposition, then (7) holds for any v € V},. Besides
that, in view of Property 2 of the convex set K}, this convex set also has
Property 1. In the matricial description of the method, some restriction op-
erators, RY, ..., RY . are used instead of our unity partition {6y,...,60,,}. If

sy Ll
we associate to a v = Zd vjp; € Vi the vector (vi,...,vq) then 6; % v is

j=1
associated with R?(vy,...,vq). In general, these restriction operators supply
a minimum overlap i.e., with our notations, the components 6;; of the func-
tions 0; = Z;n:o 0;;p; satisfy either 6;; = 1 or §;; = 0. A PDEs definition of
the method using a unity partition associated to the domain decomposition
and which is very close to that introduced by us is given in Dolean et al.
[2015].

From (27), (28) and the above comments we can conclude that the con-
vergence condition and convergence rate of Algorithm 1 are independent of
the mesh parameters and of both the number of subdomains and the param-
eters of the domain decomposition, but the convergence condition is more
restrictive than the existence and uniqueness condition of the solution given
in Proposition 1.
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