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1 Introduction

Domain Decomposition Methods are the most widely used methods for solving
large linear systems that arize from the discretization of partial differential equa-
tions. The one level versions of these method are in general not scalable1, since
communication is just between neighboring subdomains, as it was pointed out al-
ready in [15], and one must add an additional coarse correction in order to share
global information between subdomains. Examples of early such coarse corrections
are proposed in [5, 6] for the additive Schwarz method, and in [12, 13, 14, 12, 7] for
Neumann-Neumann and FETI methods, for a comprehensive treatement, see [16].

We are interested here in Neumann-Neumann methods, for which the one level
condition number κ1 and the two-level condition number κ2 with a piecewise con-
stant coarse space satisfy the estimates

κ1 ≤
C
H2

(
1+ log2(

H
h
)

)
, κ2 ≤C

(
1+ log2(

H
h
)

)
, (1)

where H is the typical size of a subdomain, h is the mesh size, and the constant
C is indepandent of h and H, see [4, 12, 13]. These condition number estimates
guarantee robust convergence when Neumann-Neumann is used as a preconditioner
for a Krylov method, up to the logarithmic term.

We are interested here in understanding precisely where this logarithmic term
is coming from, and how it can be removed using an appropriately chosen coarse
space. To this end, we study the Neumann-Neumann method directly as an itera-
tive method, not as a preconditioner, and consider the Laplace equation and two
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Fig. 1: Left: Strip decomposition. Right: Decomposition with a cross point

specific decompositions: a strip decomposition into a one dimensional sequence of
subdomains, and a decomposition including cross points, see Figure 1.

For the strip decomposition, we will show that in the case of Dirichlet boundary
conditions, the one level iterative Neumann-Neumann algorithm is convergent and
can be weakly scalable, even without coarse grid, for a specific setting, and there
are no polylogarithmic terms in the convergence estimate. In the case of Neumann
boundary conditions, a coarse space of constant functions is needed to make the
Neumann-Neumann method weakly scalable, and again there are no polylogarith-
mic terms in the convergence estimate. For a decomposition with cross points, we
show that the iterative Neumann-Neumann algorithm does not converge, due to log-
arithmically growing modes at the cross point, and following ideas in [9, 11, 10],
we enrich the coarse space with the corresponding modes to obtain a convergent
iterative Neumann-Neumann algorithm without polylogarithmic growth.

2 Neumann-Neumann algorithm for a strip decomposition

We start by studying the convergence and weak scalability of the Neumann-Neumann
algorithm for the Laplace equation,

−∆u = f , in Ω ,
u(a, ·) = 0, u(b, ·) = 0,
u(·,0) = 0, u(·,L) = 0,

(2)

on the rectangular domain Ω := (a,b)× (0,L) decomposed into strips, as shown in
Figure 1 on the left, where a j = a+ jH for j = 0, . . . ,N, and Ω j :=(a j−1,a j)×(0,L)
for j = 1, . . . ,N. Given an initial guess g0

j at the interfaces, where we define gn
0 =

gn
N = 0 for convenience, the Neumann-Neumann algorithm computes for iteration

index n = 0,1, . . . first solutions of the Dirichlet problems

−∆un
j = f j in Ω j,

un
j(a j−1, ·) = gn

j−1, un
j(a j, ·) = gn

j ,
(3)
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with outer boundary conditions un
j(·,0) = un

j(·,L) = 0, followed by solving Neu-
mann problems on interior domains Ω j, j = 2,3, . . . ,N−1, given by

−∆ψn
j = 0 in Ω j,

∂xψn
j (a j−1, ·) = (∂xun

j(a j−1, ·)−∂xun
j−1(a j−1, ·))/2,

∂xψn
j (a j, ·) = (∂xun

j(a j, ·)−∂xun
j+1(a j, ·))/2,

(4)

and on the left and right most subdomains the Neumann problems are

−∆ψ
n
1 = 0 in Ω1,

ψ
n
1 (a, ·) = 0, ∂xψ

n
1 (a1, ·) = (∂xun

1(a1, ·)−∂xun
2(a1, ·)/2,

−∆ψ
n
N = 0 in ΩN ,

ψ
n
N(b, ·) = 0, ∂xψ

n
N(aN−1, ·) = (∂xun

N(aN−1, ·)−∂xun
N−1(aN−1, ·))/2,

all with outer boundary conditions ψn
j (·,0) = 0 and ψn

j (·,L) = 0, j = 1, . . . ,N. The
new interface traces are then obtained by the updating formula

gn+1
j := gn

j − (ψn
j (a j, ·)+ψ

n
j+1(a j, ·))/2, j = 1, . . . ,N−1. (5)

To study the convergence of this iterative Neumann-Neumann method, it suffices by
linearity to apply the algorithm to Equation (2) with f = 0, and to study the conver-
gence of the approximate solution un to the zero solution. Since the subdomains are
rectangles, the iterates can be expanded in a sine series,

un
j(x,y) =

∞

∑
m=1

ûn
j(x,m)sin(kmy), ψ

n
j (x,y) =

∞

∑
m=1

ψ̂
n
j (x,m)sin(kmy), (6)

where km := mπ

L , which allows us to study the convergence based on the Fourier
coefficients.

Lemma 1. Let ûn(m) =
[
ûn

1(a1,m), ûn
2(a2,m), . . . , ûn

N−1(aN−1,m)
]T ∈ RN−1, then

for2 N ≥ 3 we have ûn(m) = T (m,H)ûn−1(m), where T (m,H) ∈ R(N−1)×(N−1) is
given by

T (m,H) =− 1
4sinh2(kmH)



1 1
cosh(kmH) −1 0 · · · · · · 0

0 2 0 −1
. . .

...

−1 0 2 0 −1
. . .

...

0
. . .

. . .
. . .

. . .
. . . 0

...
. . .

. . .
. . . 2 0 −1

...
. . . −1 0 2 0

0 · · · · · · 0 −1 1
cosh(kmH) 1


.

2 For N = 2 the structure of T (m,H) is not the same since there are no inner subdomains.
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Proof. For each m≥ 1 and j = 2, . . . ,N−1, un
j(x,m) and ψn

j (x,m) satisfy

k2
mûn

j −∂xxûn
j = 0, k2

mψ̂n
j −∂yyψ̂n

j = 0,
ûn

j(a j−1,m) = ĝn
j−1(m), ψ̂n

j (a j−1,m) = (∂xun
j(a j−1,m)−∂xun

j−1(a j−1,m))/2,
ûn

j(a j,m) = ĝn
j(m), ψ̂n

j (a j,m) = (∂xun
j(a j,m)−∂xun

j+1(a j,m))/2.

The solution of the Dirichlet problems on interior subdomains are thus

ûn
j(x,m) = ĝn

j(m)
sinh(km(x−a j−1))

sinh(kmH)
+ ĝn

j−1(m)
sinh(km(a j− x))

sinh(kmH)
, j = 2, . . . ,N−1,

and on the subdomains on the left and right we get

ûn
1(x,m) = ĝn

1(m)
sinh(km(x−a0))

sinh(kmH)
, ûn

N(x,m) = ĝn
N−1(m)

sinh(km(aN− x))
sinh(kmH)

.

Similarly for the Neumann problems on the interior subdomains, we obtain

ψ̂
n
j (x,m) =

(
2 ĝn

j(m)
cosh(kmH)

sinh(kmH)
−

ĝn
j−1(m)

sinh(kmH)
−

ĝn
j+1(m)

sinh(kmH)

)
cosh(km(x−a j−1))

2sinh(kmH)

+

(
2 ĝn

j−1(m)
cosh(kmH)

sinh(kmH)
−

ĝn
j−2(m)

sinh(kmH)
−

ĝn
j(m)

sinh(kmH)

)
cosh(km(a j− x))

2sinh(kmH)
,

and for the first and last subdomains we find

ψ̂
n
1 (x,m) =

(
2 ĝn

1(m)
cosh(kmH)

sinh(kmH)
−

ĝn
2(m)

sinh(kmH)

)
sinh(km(x−a0))

2cosh(kmH)
,

ψ̂
n
N(x,m) =

(
2 ĝn

N−1(m)
cosh(kmH)

sinh(kmH)
−

ĝn
N−2(m)

sinh(kmH)

)
sinh(km(aN− x))

2cosh(kmH)
.

Using now (5) and the fact that ûn
j(a j,m) = ĝn

j(m) for each m≥ 1, we get the stated
recurrence relation.

Lemma 2. If H/L > ln(1+
√

2)/π then for any m≥ 1 we have ‖T (m,H)‖∞ < 1.

Proof. It is straightforward to see that ‖T (m,H)‖∞≤ 1
sinh2 (kmH)

for each m and since

m 7→ 1
sinh2 (kmH)

is strictly decreasing for m≥ 1, we have that 1
sinh2 (kmH)

< 1
sinh2 (k1H)

which is strictly smaller than 1 if H/L > ln(1+
√

2)/π , which concludes the proof.

Theorem 1. For N ≥ 3 Neumann-Neumann satisfy the L2 error bound(
N−1

∑
j=1
‖un

j(a j, ·)‖2
2

)1/2

≤ 1
sinh2n (k1H)

(
N−1

∑
j=1
‖u0

j(a j, ·)‖2
2

)1/2

.
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Fig. 2: Left: dependence of
√
|λk(B)|, k = 1, . . . ,3 on the mesh size h in semi-log

scale. Right: dependence of the semi-log scale slope of |λk(B)|, k = 1, . . . ,3 on k,
with α := 10

3 .

Proof. Since for N ≥ 3 we have that ‖T (m,H)‖2 ≤
√
‖T (m,H)‖∞‖T (m,H)‖1 ≤

1
sinh2 (k1H)

, and using the Parseval identity ‖un
j(a j, ·)‖2

2 =
L
2 ∑

∞
m=1 ûn

i (a j,m)2, we get
the result stated.

Theorem 1 shows that under a minimal assumption, the one level Neumann-
Neumann algorithm for the strip decomposition is weakly scalable, provided H re-
mains fixed, i.e. more and more subdomains of the same size are added, see also
[2, 3] for the corresponding Schwarz scaling. If the original Laplace problem (2)
has however Neumann conditions at x = 0 and x = L, then the interior subdomains
become floating in the Neumann-Neumann algorithm, and a minimal coarse space
consisting of piecewise constant functions is required in order to remove the kernel,
and this is sufficient to make the algorithm weakly scalable as in previous case with
an L2 bound as in Theorem 1, see [1].

3 Neumann-Neumann algorithm with cross points

We now study the convergence properties of the iterative Neumann-Neumann algo-
rithm for decompositions with cross points, like the one shown in Figure 1 on the
right. Since in this case the algorithm might be undefined at the continuous level due
to possible discontinuity at the cross point, we study numerically the convergence
of the fixed point iteration

un+1 = Bun + f, (7)

where B ∈Rd×d and f ∈Rd are obtained by discretizing the Neumann-Neumann al-
gorithm using five-points stencil central finite differences. We first show in Figure 2
on the left the three largest (double) eigenvalues in modulus of B when the mesh
is refined. We clearly see logarithmic growth, and the iterative Neumann-Neumann
method will diverge as soon as the mesh size h is small enough, in our example
h = 0.12. Hence, in contrast to the classical alternating and parallel Schwarz meth-
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Fig. 3: Left: dominant eigenfunction of B. Right: second eigenfunction of B.

ods, the Neumann-Neumann method can then not be used as an iterative solver. We
note however also that the logarithmic growth of the first dominant eigenvalue is
faster than the second and the third one. On the right in Figure 2, we show how the
growth rate (the slope) of these diverging modes depends on the eigenvalue index k.
We see that the growth decays very rapidly, like 1/kα with α = 10/3, so when h goes
to zero, there are only O(k) divergent modes (those with corresponding eigenvalues
greater than 1 in the absolute value), where 1/kα log2(h). 1, i.e k ∼ (log2(h))1/α .

We next show in Figure 3 the two corresponding dominant eigenmodes of B for a
mesh size h = 0.01. Since their eigenvalues are double eigenvalues, we chose from
the two dimensional subspace of eigenfunctions the one vanishing at the interface
aligned with the x axis; the other eigenmode has the same shape, just rotated by 90
degrees. We see that the cross point causes the iterative Neumann-Neumann method
to generate eigenmodes with a singular behavior at the cross point, and these modes
lead to divergence of the iterative Neumann-Neumann method.

To avoid such logarithmic growth, and obtain an convergent iterative Neumann-
Neumann method, one can remove the few divergent modes using an enriched
coarse space. Let F be a subspace of Rd and F⊥ its orthogonal complement with
standard inner product. Then we can use the reordering

B =

[F F⊥

F B̃ C
F⊥ G B̂

]
, u =

[
F ũ
F⊥ û

]
, f =

[
F f̃
F⊥ f̂

]
, (8)

and the iterative Neumann-Neumann algorithm (7) becomes

[
ũn+1
ûn+1

]
=

[
B̃ C
G B̂

] [
ũn
ûn

]
+

[
f̃
f̂

]
. (9)

To correct the problem of the divergent modes, we propose to use the iteration
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Fig. 4: Left: error of iteration (10) for different dimension of F . Right: same, but
using orthogonal iteration to approximate F .

ûn+1 = B̂ûn + f̂+Gũn, (10a)

(I− B̃)ũn+1 =Cûn+1 + f̃, (10b)

where (10b) is solved exactly.

Theorem 2. If F consists of all eigenfunctions of B with respective eigenvalues
greater than 1 in absolute value, then iteration (10) converges for any u0 ∈ Rd .

Proof. From (10), we obtain

ûn+1 = (B̂+G(I− B̃)−1C)ûn + f̂+G(I− B̃)−1̃f,

ũn+1 = (I− B̃)−1(Cûn+1 + f̃),

and hence the method is convergent iff ρ(B̂+G(I− B̃)−1C)< 1. Since F consists of
the divergent eigenmodes of B we have that G is zero and the condition for conver-
gence becomes ρ(B̂) < 1, which is satisfied since B̂ does not contain the divergent
eigenmodes of B.

We show in Figure 4 on the left the error of iteration (10) with a random initial
guess u0 as a function of the iteration number n for different choices of the dimen-
sion of F , using the same mesh size h = 0.01 in a semi-log scale. We see that with
dim(F) = 2, the iterations start already to converge while without correction the
iteration diverges. Increasing the dimension of F improves convergence further. Us-
ing just orthogonal iterations to approximate F gives already satisfactory results, as
shown on the right in Figure 4.

4 Conclusion

We showed that the logarithmic growth in the condition number estimate of the
Neumann-Neumann method comes from modes which are generated at cross points
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in the decomposition. Without cross points, the iterative Neumann-Neumann method
is convergent and can be made scalable just using a constant per subdomain in the
coarse space. With cross points, one can add the logaritmically divergent modes to
the coarse space to obtain a convergent iterative Neumann-Neumann method, with-
out logarithmic term in the convergence estimate. We also showed that orthogonal
iteration permits already to include such modes numerically, and we are currently
trying to determine these coarse functions analytically.

References

1. Chaouqui, F., Gander, M.J., Santugini-Repiquet, K.: A new coarse space for Neumann-
Neumann Methods. In preparation (2017)

2. Ciaramella, G., Gander, M.: Analysis of the parallel Schwarz method for growing chains of
fixed-size subdomains: part I. To appear in SIAM J. Numer. Anal (2016)

3. Ciaramella, G., Gander, M.: Analysis of the parallel Schwarz method for growing chains of
fixed-sized subdomains: Part II. submitted (2017)

4. De Roeck, Y.H., Le Tallec, P.: Analysis and test of a local domain decomposition precon-
ditioner. In: Fourth international symposium on domain decomposition methods for partial
differential equations, vol. 4 (1991)

5. Dryja, M., Widlund, O.: An additive variant of the Schwarz alternating method for the case of
many subregions. Ultracomputer Research Laboratory, Univ., Courant Inst. of Mathematical
Sciences, Division of Computer Science (1987)

6. Dryja, M., Widlund, O.B.: Additive Schwarz methods for elliptic finite element problems in
three dimensions. New York University. Courant Institute of Mathematical Sciences. Com-
puter Science Department (1991)

7. Farhat, C., Lesoinne, M., LeTallec, P., Pierson, K., Rixen, D.: Feti-dp: a dual–primal unified
feti methodpart i: A faster alternative to the two-level feti method. International journal for
numerical methods in engineering 50(7), 1523–1544 (2001)

8. Gander, M.J., Halpern, L., Nataf, F.: Optimal Schwarz waveform relaxation for the one di-
mensional wave equation. SIAM Journal of Numerical Analysis 41(5), 1643–1681 (2003)

9. Gander, M.J., Halpern, L., Santugini-Repiquet, K.: A new coarse grid correction for ras/as.
In: Domain Decomposition Methods in Science and Engineering XXI, pp. 275–283. Springer
(2014)

10. Gander, M.J., Loneland, A.: SHEM: An optimal coarse space for RAS and its multiscale
approximation. Domain Decomposition Methods in Science and Engineering XXIII, Springer
(2016)

11. Gander, M.J., Loneland, A., Rahman, T.: Analysis of a new harmonically enriched multiscale
coarse space for domain decomposition methods. arXiv preprint arXiv:1512.05285 (2015)

12. Mandel, J., Brezina, M.: Balancing domain decomposition for problems with large jumps in
coefficients. Mathematics of Computation of the American Mathematical Society 65(216),
1387–1401 (1996)

13. Mandel, J., Dohrmann, C.R.: Convergence of a balancing domain decomposition by con-
straints and energy minimization. Numerical linear algebra with applications 10(7), 639–659
(2003)

14. Mandel, J., Dohrmann, C.R., Tezaur, R.: An algebraic theory for primal and dual substructur-
ing methods by constraints. Applied numerical mathematics 54(2), 167–193 (2005)

15. Nicolaides, R.A.: Deflation of conjugate gradients with applications to boundary value prob-
lems. SIAM Journal on Numerical Analysis 24(2), 355–365 (1987)

16. Toselli, A., Widlund, O.B.: Domain decomposition methods: algorithms and theory, vol. 34.
Springer (2005)


