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Abstract. Pseudo-transientcontinuationis a practicaltechniquefor globalizing the computationof steady-statesolutionsof nonlineardif-
ferentialequations.The techniqueemploys adaptive time-steppingto integratean initial valueproblemderived from anunderlyingODE or PDE
boundaryvalueproblemuntil sufficient accuracy in thedesiredsteady-stateroot is achieved to switchover to Newton’s methodandgaina rapid
asymptoticconvergence. The existing theory for pseudo-transientcontinuationincludesa global convergenceresult for differential equations
written in semidiscretizedmethod-of-linesform. However, many problemsarebetterformulatedor canonly sensiblybeformulatedasdifferential-
algebraicequations(DAEs). Theseincludesystemsin whichsomeof theequationsrepresentalgebraicconstraints,perhapsarisingfrom thespatial
discretizationof aPDEconstraint.

Multirate systems,in particular, areoften formulatedasdifferential-algebraic systemsto suppressfasttime scales(acoustics,gravity waves,
Alfv enwaves,nearequilibriumchemicaloscillations,etc.) thatareirrelevant on thedynamicaltime scalesof interest.In this paperwe presenta
globalconvergenceresultfor pseudo-transientcontinuationappliedto DAEs of index 1, andwe illustrateit with numericalexperimentson model
incompressibleflow andreactingflow problems,in whicha constraintis employedto stepoveracousticwaves.
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1. Intr oduction. Pseudo-transientcontinuation( ����� ) is a globalizationtechniquefor the nonlinearlyimplicit
computationof steady-statesolutionsof partialdifferentialequations.Mathematically, it is a homotopy thatembeds
thesteady-stateproblemin aspace-timesetting.Thetechniqueis popularin theaerodynamics[38], magnetohydrody-
namics[24], radiationtransport[35], reactingflow [37], structuralanalysis[17], andcircuit simulation[14] modeling
communities,amongothers,becauseconventionalmethodsfor solvingnonlinearequationswhenthe initial iterateis
far from a solution,suchas line-searchandtrust region methods[9, 18,32], canconverge to nonphysicalsolutions
or local minima of the norm of the steady-stateresidual[7, 22]. This is particularlythe casewhenthe solutionhas
complex features,suchasshocksor discontinuities,that arenot presentin the initial iterate[31]. � tc is naturalto
apply in systemsthatoriginally derive from transientdynamics.While following a physicaltransientaccuratelymay
beinefficientwhenonly thesteadystateis required,theexistenceof a physicalspace-timetrajectoryprovidesa basis
for robustnearbypseudo-transientapproaches.As aresult, � tc is availableasasolveroptionin numerousgeneraluse
simulatorsoftwarepackages,e.g.,for fluid flows [1,30] andelectricalcircuits[28,29].

In generalterms,pseudo-transientcontinuationis a predictor-correctormethodfor temporalintegrationin which
thetime stepis increasedastheiterationprogresseswith theobjective of fastconvergenceneara solution.Temporal
accuracy is not theobjective,but in mostcasesthemethodbeginsby integratingaccuratelyin time,closelyfollowing
the transientbehavior of thesolutionin theearlystagesof the iterationuntil anapproximatesteadystateis reached.
Thetimestepis thereafterincreased,sacrificingtemporalaccuracy in theterminalphasein favor of rapidconvergence
to steadystate.

Therearemany otherformsof continuation,someof whichcanbeemployeddirectlyonthesteady-stateboundary
valueproblemof interest. Parametercontinuation[34], meshsequencing[36], andmodelsequencing[22] canbe
effectivein globalizingNewton’smethodappliedto large-scalenonlinearproblems.Anothercomplementaryapproach
towardsglobalizing Newton’s methodis nonlinearpreconditioningof additive Schwarz type, recently introduced
in [6]. In practice,we advocatemeshsequencingasa primarystrategy in any highly-resolvednonlinearproblem—
solvingfirst on a relatively coarsemesh,interpolatingto thenext finermeshto produceaninitial iteratefor Newton’s
methodthat lies within or closeto theball of convergenceon thefiner mesh(whereiterationis moreexpensive),and
so forth recursively [36]. Any of theseglobalizationtechniquescan,in principle,be combinedwith eachotherand
with � tc .�
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A particularlyeffectivealgorithmiccombinationis � tc on eachlevel of a mesh-sequencedapproach.Depending
uponthephysicalunderstandingthatcanbebroughtto bearon a specificapplication,any of thetechniquesthatwork
directly on thesteady-stateformulationmight bemoreeffective than � tc alone,but � tc mayhave a morecomplete
generalmathematicaltheory than someof theseother methods,especiallywith the recentadditionsof this paper
and[10,16]. Theoreticalexplorationof theinteractionof � tc with theseothertechniquesis likely to befruitful, but is
beyondthescopeof thepresentcontribution.

1.1. ODE Dynamics. For problemswith ODE dynamics,sufficient conditionsfor convergenceof � tc aregiven
in [20], usingrulesfor growth of the time stepthatarecommonin practice.We give a brief review of thoseresults
here,bothto introducenotationandto put thenew resultsin perspective.

If we expressthe initial valueproblemas 	�

������	�����	���������	�� , we seeka root, if it exists,of ��� 	!� that is the
limit of 	"� �#� as �"$&% . Conventionalnonlinearequationalgorithmscan(anddo) find othersolutions;hencetheneed
for acontinuationmethodthatrespectsthephysicalsolution.

Assumingthata stablesteady-statesolutionexists,globalconvergenceandlocal superlinearconvergenceto that
solutionareprovedin [20] for a classof methodsthatintegrate	 
 �('*)�+�,-����	����.	"� ���/�0	�� (1.1)

by a variabletime stepmethodthatattemptsto increasethetime stepastheintegrationprogressesandsteadystateis
approached.In (1.1), ) is a scalingor preconditioningmatrix. Onemethodconsideredin [20] is	!132 , �4	�15'7698:+�,1 )<;=� 
 � 	�1>�@? +A, ����	!1>��� (1.2)

where � 
 is theJacobianand 8 1 is thetime step.TheNewton stepmaybecomputedinexactly in thesenseof [8,18]
andtheconvergenceresultschangein anexpectedway.

A commonchoicefor 8 1 , coveredby theresultsin [20], is the“switchedevolutionrelaxation”(SER)method[27],8B1C�48D1 +A,3E ��� 	�1 +�, � EBFGE ����	!1H� E �48-� E ����	��I� EBF>E ����	!1H� EKJ (1.3)

SERis commonlyusedin computationalaerodynamics[21,31,38]. In practice,the growth of LM8 1HN maybe limited
from above,relative to (1.3),which canotherwiseberatheraggressive. Theresultsin thepresentpaper, aswith those
in [20], assumeanupdateof theform 8D1��<OQP>8B1 +�, E ����	!1 +A, � EE ����	 1 � ESR J (1.4)

In (1.4) O���TU�V�XW T TCY=T-Z8 max TC[=T-Z J (1.5)

whereeither T Z �<8 maxor T Z]\ % and 8 max �7% .
As amethodfor integratingin time, � tc is aRosenbrockmethod[12] when 8 is fixed.Onemayalsothink of this

asapredictor-correctormethod,wherethesimplepredictor(resultfrom theprevioustime)andaNewtoncorrectorare
used.

The motivating examplein [20] is Euler flow over an airfoil. � tc is a naturalfor this problemsincethe time-
dependentEulerequationshavephysicalmeaning.Themainresultof [20] is thatif thedesiredsteady-statesolutionis
astablesteadystatefor thetime-dependentproblemandtheinitial stepissufficientlysmall,theneitherthe � tc iteration
stagnateswith ^`_Hab1c8B1Q�d� or the iterationconvergesto thedesiredsteady-statesolutionandtheconvergencein the
terminalphaseis asfastasaninexact-Newtonmethodwith thesamealgorithmicparameters.Of course,stagnationis
anundesirableoutcome,andultimatelyrequiresthenumericalanalystto exerciseingenuityin finding a betterinitial
iterate.However, this “graceful” terminationis preferableto allowing anerraticNewtonprocessto enteraninfeasible
regime,whereperhapscertainoperationswouldgeneratefloatingpointexceptions,perhapsleadingto theunexplained
hangingof a large-scaleparallelexecution.

Therehavebeenotherrecenttheoreticalstudiesof � tc . Trust-regionmethodsareusedin ananalysisof gradient
flows in [16] to control the growth of the time stepandprove convergence.Affine invarianceideasareappliedto
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problemswith linear dynamicalinvariantsin [10]. The time stepis controlledwith a methodthat seeksto increase
the stepbut, at the sametime, demandsa decreasein the normof thenonlinearresidual.We did not askfor sucha
decreasein [20], nor do we here. In the transientphase,early in the iteration,the norm of the steady-stateresidual
maywell increase,asindeedmayhappenin a time-accurateintegration.

We closethis sectionwith a shortdiscussionof the differencesbetween� tc anda moreconventionalNewton-
Armijo [19] nonlinearsolver. TheNewton-Armijo solver insistson a reductionin thenormof thenonlinearresidual
at eachstepandwill eitherconverge to a solution,diverge to infinity, or stagnateat a point where �e
 is singular.� tc will acceptan increasein the residual,respondingto that increase(in the caseof (1.5)) by decreasing8 . Most
implementations,includingtheonein thispaper, imposealowerboundon 8 andterminatetheiterationunsuccessfully
if 8 reachesthatlowerbound.Theparticularvalueof thatlowerbounddependsontheproblem.If thedynamicproblem
to besolveddoesnot havea steady-statesolution,a Newton-Armijo iterationis unaffected,while a � tc iterationmay
fail. Thefailurecouldwell besignaledby reachingtheboundon thetotal numberof iterations.We view this asthe
likely signalof sucha failuresince,in a time-accurateintegration,thenormof the residualwould neitherdivergeto
infinity nordecreaseto zero.

1.2. DAE Dynamics. Oneof the limitations of the theorydevelopedin [10,16,20] is the restrictionto ODE
dynamics.Many problemsarebestformulated,or canonly beformulated,asdifferential-algebraicequations(DAEs).
In f 3 we give two examplesfrom fluid mechanics,an incompressibleflow anda variable-densityreactingflow. We
seeka steady-statebalanceof the discretizedconservation laws of mass,momentum,energy, and (as applicable)
chemicalspecies.For all equationsbut themass(“continuity”) equation,we evolve thesolutionthroughpseudo-time
stepping.In effect,weparabolizethesenonlinearelliptic PDEsby prependingatimederivativetermin theappropriate
dependentvariable.This is not only a physicallynaturalform of nonlinearrelaxation;it alsoleadsto superiorlinear
conditioningof thediscretesystemsresultingateachimplicit time step(see,e.g.,[11]).

However, we argueon thebasisof physicalintuition that it couldbeharmful to allow thedependentvariablesof
themassconservationequationto relaxby prependingasimilar tendency term.Instead,weforcetheprogressionfrom
initial iterateto steady-statesolutionto occuron a manifoldof continuity-satisfyingstates.We requirethis because
linear acousticwaves in a time-dependenthydrodynamicalsystemarisefrom a combinationof the tendency and
convective termsin thecontinuityequationandthetendency andconvective termsin themomentumequations[26].
Wecansuppressacoustic-likeoscillationsin thesolutiontrajectoryby notequippingourpseudo-transientsystemwith
this mechanism.Indeed,theformulationswe choose,velocity-vorticity andstreamfunction-vorticity, arehistorically
motivated,in part,by their suppressionof theacousticmechanism.We do not want to readmitthis carefullyfiltered
mechanismby relaxingthecontinuityconstraintin pursuitof nonlinearrobustness.In computingthesteady-statesof
othermulti-ratephysicalphenomenapossessingfastwavesor stiff restoringforces,we maysimilarly chooseto omit
a tendency-termpieceof thefastmechanism.A combinationanalogousto thecontinuityequationandacousticwaves
is thehydrostaticpotentialequationandgravity wavesin shallow waterwave theory.

We thereforeneedto be allowed to formulateour governingsystemasa partial differentialalgebraicequation
(PDAE) of index 1 [5]. Let thevectorof unknownsbe gh�ji 	k��lUmon andtheconformallypartitionedvectorof steady
conservationlaws be �d�Xi p"� 	k��lq�r�@s���	
�blH�tm n , wherethefirst equationsettakesthepseudo-transienttendency terms.
Thesteady-stateequationis then ��� g��]�S� andthetime-dependentequationis (allowing for differentscalingsof the
transientterms) u g 
 ��'���� g���� (1.6)

where u �vP ) � R
and ) is a nonsingulardiagonalmatrix. In fact,noneof the resultsto follow dependon ) beingeitherconstantor
evendiagonal. ) maydependon theevolving solutionvector, asit doesin our secondexample,and ) couldbean
unlumpedmassmatrix in thecontext of finite elements.We requireonly that ) beeasilyinvertibleeverywherealong
thesolutiontrajectory.

Thepurposeof this paperis to extendtheresultsfrom [20] to thesemi-explicit index-oneDAE caseandthereby
understandthehistoricalsuccessof � tc asasolver for suchsystems.In theremainderof thispaperwestateandprove
new resultsfor theDAE casein f 2, andillustratewith a pair of examplesin f 3.
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2. � tc for Differ ential Algebraic Equations. In this sectionwe extendthecurrenttheoryfor � tc to includea
globalconvergenceresultfor semi-explicit index-1 DAEs. We considerDAEsof theform)e	!
w� '*p"� 	k��lq�� � s���	
�blH� (2.1)

with initial value � 	������r�bl!� ���b�x�y��	��3��lM�I� , 	=z|{e}"~ , l�z|{�}
� , where ) is an � ,e� � , , nonsingularscalingmatrix
and ��s F ��l is nonsingular. Our result follows from the work in [20], andwe prove a theoremcorrespondingto the
final stageof the � tc convergence.

We write theDAE (2.1) in theform of (1.6),where g���i 	
�bl�m n z�{e} , ���<� , ;=��� , ����i p��@s:m n , andu g 
 ��'���� g�����g
� �����0g>� J (2.2)

Thepseudo-transientcontinuationprocedurewill bedefinedby theiterationg�132 , �<gG1�'�� 8 +�,1 u ;|� 
 � g�1G�@� +�, ��� g�1>��� (2.3)

where LM8B1 N is givenby (1.4).
We assumethat theDAE hasan index of one,hasa globalsolutionin time, andthat thesolutionconvergesto a

steadystate.
ASSUMPTION 2.1.
1. Theinitial values � 	��U�blM�M� areconsistent,i.e. s���	��M�blM�M�/�4� .
2. � is twiceLipschitzcontinuouslydifferentiable.
3. Thesolution gk���#�V��i 	����#����l����#�tm n of (2.2)existsfor all ��[�� and �`^`� Z ��� g
� �#�V�<g � z�{e} .
4. sU�q��	"� �#�r�bl!� �#�@����sU�q� g
� �#�b� is a nonsingular �5� � �5� matrix for all �C�y� and E sU�:� g
� �#�@� +�, E is uniformly

boundedon � �>�r%�� .
Theanalysishingeson thefactthatthe � tc iterationremainsin a neighborhoodof thesolutionof (2.2),� � �r�/�<L3�*��^`_HaZt� � E ��'hgk���#� E Y�� N J (2.4)

Given ��[X� , we will show that if 8-� is sufficiently small, thenthe � tc iterationremainswithin
� � �r� for all � and

accuratelyapproximatesL3gk� ��1�� N until the iteration is within  �� � n � the ball of convergencefor Newton’s method.
Figure2.1illustratestheidea.

FIG. 2.1. ¡�¢¤£�¥ and ¦c¢¤£9§A¥ .
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Thiscorrespondsto thefirstphaseof theiterationasidentifiedin [20]. Thecompleteconvergenceanalysisrequires
more.Oncetheiterationis near g �

, onemustshow thatthe 8B1 increasessoasto obtainfastconvergenceandthat the� tc iterationdoesnot divergewhile this increaseis in progress.Oncethis intermediatephaseis complete,thefinal
phaseis a rapidly convergentNewton or inexactNewton iteration[20]. We describethelatter two phasesfirst. These
canbestudiedwith a local convergenceanalysisthatdependson theDAE dynamicsonly in a trivial way.

In orderfor the � tc iterationto bewell defined,we mustassumethat thelinearsystemsto besolvedarenonsin-
gularandthatthesteady-statesolutionis stable.

ASSUMPTION 2.2. Thereare �r¨�����©=[�� such that
1. For all �I��z � ���r¨G� , the solution of

u ��
ª�«'������:�r�5�������|�¬�I� exists, ��� �#�­z � � ��©V� for all � , and�`^`� Z ��� ��� �#�/�4g �
, �®$w% .

2. Moreover, thereare ¯�°x��¯=±�[­� such that for all 8�[�� ,
(a) � 8 +�, u ;|�e
9� g��@� is nonsingularfor all g�z � � ��©V� ,
(b) E � 8 +A, u ;=� 
 ��g��@� E Y�¯=° for all g�z � � ��©V� , and
(c) E � 8 +A, u ;=�e
���g��@� +�, E Y­¯�± for all g²z � ����©V� .

The foregoing assumptionsaremathematicallyreasonableandconducive to a compacttheory. However, they
maybetooseverein practice,evenfor relatively simplenonlinearproblemscontainingmaterialinterfaces,discretized
with nondifferentiableflux limiters, etc. Pseudo-transientcontinuationhasbeeneffectively usedwell beyond these
restrictionson themodelfor ��� 	!� , includingin mild violationsin theexamplesof thispaper.

2.1. Local Convergence. The assumptionsfor local convergencediffer from the standardonesfor nonlinear
equations[18] in thatwemustallow for thepossibilitythat 8 canbesmallevenif g is near g �

.
Let  ������/�7LMg5� E gC'hg � E \ � N J

Our assumptionson continuityanddifferentiabilityof � andnonsingularityof � 
 near g �
are

ASSUMPTION 2.3. Thereare ³V����´²[­� such that for all g²zª �� �r´�� andall 85[��E � u ;=8M� 
 ��g��@�r+�, u E Y7µ F �@µV;�³�83� J
Assumption2.3 is the DAE analogof case3 of Assumption2.1.3in [20], andis critical for stability in the middle

phaseof theiteration.
Theorem2.1describesthemiddleandterminalphasesof theiterationin thewaythatTheorems2.1and2.3of [20]

do in theODE case.Theproof differsonly in thelocal convergenceestimate.
Oncetheapproximatesolutionis near g �

, thentheiterationwill convergeand 8 will increase.
THEOREM 2.1. LetAssumptions2.1,2.2and2.3hold. Let LM8B1 N begivenby (1.4). Thenthereare ¶ n ��� n [�� so

that if gG��z� �� � n � theneither ^`_Hab1c8D1��0� or 8D1�$·8B¸]¹Dº , the � tc iteration converges,andfor � sufficientlylargeE gG132 , '�g � E Y0¶ n E g�1�'�g � E � 8:+A,¸]¹Dº ; E gG15'�g � E � J (2.5)

Proof. As is standard[18], wedescribetheprogressof theiterationin termsof thetransitionfrom acurrentiterategG» to a new one g 2 . We let ¼½�¾g�'0g �
. Let � n \ � ´ be small enoughso that the local convergencetheoryfor

Newton’smethodholdsfor ��� g��V�<� . Then,if g » zª �� � n �¼K2 � ¼ » '�� 8 +�,» u ;|�e
9� g » �@� +�, ����g » �� ¼ » '�� 8 +�,» u ;|�e
9� g » �@� +�, ��8 +�,» u ;|�e
t� g » �@�#¼ »;�� 8 +A,» u ;=�e
���g » �@� +�, � �e
t� g » �@¼ » 'h��� g » �b�;�� 8 +A,» u ;=�e
���g » �@� +�, 8 +�,» u ¼ » J
(2.6)

Thestandardlocal convergencetheoryfor Newton’smethodandAssumption2.3 imply thatthereis ¶ } suchthatE � 8:+A,» u ;=� 
 ��g » �@�r+�,U� � 
 � g » �#¼ » 'h��� g » �b� E Y�¶ } E ¼ » E � �
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Assumption2.3 impliesthat E � 8:+A,» u ;=� 
 ��g » �@�r+�,D8:+�,» u ¼ » E Y E ¼ » EIF �@µ/;h³�8 » � J
Now assumethat L38 1>N is boundedfrom below by 8 �

. Since 8B»¿��8 �
,E ¼I2 E Y(��À�¶ } E ¼ » E ;4�@µ�;�³"8 � � +�, � E ¼ » EKJ

Reducing� n if neededsothat ��À�¶ } � n ;<�#µ�;h³�8 � � +�, � \ �@µ�;�³"8 � F ÀU� +�,
impliesthatthelocal convergenceis q-linearprovided LM8B1 N is boundedfrom below.

Theq-linearconvergencewill eventuallydrive 8B1 to 8D¸c¹-º if 8D¸c¹-º \ % . Hence,thestandardlocal convergence
theoryfor Newton’smethod[18] will imply (2.5).

2.2. Global Convergence.Theobjectiveof thissectionis to show thatif 8 � is sufficiently small,then g 1 z � ���r�
for some� \ ��^¤_�����¨A��� n � until gG1ªz� �� � n � , wherethelocal convergencetheoryholds.

THEOREM 2.2. LetAssumptions2.1,2.2,and2.3hold. If 8D� is sufficientlysmalland LM8B1 N is boundedfrombelow,
then gG1�$·g �

and(2.5)holdsfor � sufficientlylarge.
Proof. Assumethat 8D1ª�­8 �

. Let � 1 � 1 +A,ÁÂbÃ � 8 1 J
The assumptionsimply that thereis Ä suchthat gk���#��z7 �� � n F ÀU� for all ���yÄ , where  �� � n � is the ball of local
convergencefrom Theorem2.1. Henceif �Å�·Ä F ��ÀU8 � � , gk��� } �|z� �� � n F ÀU� . The proof will show that for 8 �
sufficiently small E gG1�'hgk����1G� E \ � n F À
for all ��Y­� . Thiswill imply that g } z� ���� n � andcompletetheproof.

We will show thatthe � tc iterationis aconsistentfirst-orderexplicit methodfor theODEÆ 	 l0Ç 
 �0g 
 �<È�� g��V� Æ '*) +�, ps +�,� sUÉ:) +�, pSÇ � (2.7)

which is equivalentto (2.1). Our assumptionsimply that È is Lipschitz differentiableandhencethe explicit Euler
methodis first-orderaccurate.

Wewill show thatthelocalerrorof Euler’smethodfor (2.7)is within ÊC� 8 � � of thatfor the � tc method.Thiswill
completetheproof.

Assumethat gG1��4g
� ��1G� , thentheEulerstepfor (2.7)canbewrittenas gG1U2 , �0g�1�;|8B1GË , whereËx� Æ Ë ÉË � Ç � Æ '*) +�, ps +A,� s É ) +�, p J Ç J
Hence,for theEulerdiscretization sUÉqËBÉ�;hsU�MËI�e�0� J (2.8)

The � tc discretizationis g 132 , �4g 1 ;|8 1HÌ , whereÌ � Æ ÌGÉÌG� Ç ��'�� u ;=8 1 � 
 � g 1 �@� +�, ��� g 1 � J
Theequationsfor Ì É and Ì � are ) Ì É�;|8B1���pMÉ Ì É�;�pM� Ì �3�/��'*p (2.9)
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and 8 1 �os É:ÌGÉ ;Ís �KÌG� �V��'cs J (2.10)

Assumingg�1Î�4g
� ��1G� , wehave s��<� andthus s É:ÌGÉ ;hs �KÌ�� �<�H�
which is similar to (2.8) and Ì � canbe computedfrom Ì É in exactly the sameway ËB� canbe computedfrom ËIÉ .
Thereforetheproof will becompleteif we canshow thatÌGÉ �4Ë É ;�ÊC� 8 1 � J (2.11)

Since )�ËIÉ5��'*p , (2.11)follows from (2.9)andthenonsingularityof ) .

3. Computational Examples. In this sectionwe illustratethe DAE form of � tc with two simpleexamplesof
elliptically-constrainedsystems:incompressibleBoussinesqflow in a lid- andbuoyancy-drivencavity andreacting
flow in a laminar diffusion flame with single-stepinfinitely fast kinetics — a classicflamesheetmodel. The first
exampleis freely downloadableaspart of the releaseof the PETSctoolkit [2]. For the first example,we compare
a fully parabolized� tc formulationanda PDAE versionandshow that the latterhasanadvantagein computational
efficiency.

3.1. IncompressibleFlow. Our incompressibleflow exampleis a combinationof two classicproblems,lid-
driven flow andbuoyancy-drivenflow in a two-dimensionalrectangularcavity. The lid, moving with a steadyand
spatiallyuniform velocity, setsup a principal vortex andsubsidiarycornervorticesby viscousforcesandthe differ-
entially heatedlateralwalls of thecavity setup a buoyantvortex flow, which opposestheprincipal lid-drivenvortex.
Our parameterizationand discretizationare inspiredby [3]; however, in this examplewe do not exploit the local
adaptive meshrefinementthat is the main focus of [3]. The PETScimplementationcontainsuniform-refinement
mesh-sequencingcapabilities,appliedboth in a nonlinearcontinuationsensein the outer iteration,asmentionedinf 1, andalsopossiblyin aninneriterationaspartof amultigrid linearsolver, bothof whichareincidentalto our focus
here.

Thegoverningsystemconsistsof thefollowing systemof four elliptic partialdifferentialequationsin two dimen-
sions:

'*Ï5	Î' ��Ð��Ñ �4�H� (3.1)

'*Ï5l�; �GÐ�!g �4�>� (3.2)

'*Ï�Ð½;Í	 ��Ð�!g ;|l ��Ð��Ñ 'hÒ�Ó ��Ä�!g �4�H� (3.3)

'*Ï�Ä|;=Ô/ÓB� 	 ��Ä��g ;Íl ��Ä��Ñ �V�0�>� (3.4)

where ��	"� gA�bÑ>����l���g���ÑH�b� arethevelocity fields in the ��g��bÑ>� directions,Ð*��g���ÑH�¿Õd'�Ö ÉÖI× ;ØÖ �Ö º is thecomponentof the
vorticity normalto the g>Ñ -plane(representingthe in-planerotationof an infinitesimalfluid element),and Ä5� g���Ñ>� is
thetemperature.Pr is aPrandtlnumberandGr is aGrashofnumber. (For thosewhowouldratherseeaPecletnumber
thanaPrandtlnumberin theenergy equation,Reynoldsnumberis unity, soPeandPr areidentical.)

Theseequationsaresubjectto boundaryconditions:
1. Along thebottom( � \ g \ µ , Ñ��4� ): 	ª�0l��4� , Ö nÖI× �<� .

2. Along thetop ( � \ g \ µ , ÑC��µ ): 	��S)>ÙÛÚÛÜ , l��0� , Ö nÖI× �0� .
3. Along theleft ( g��<� , � \ Ñ \ µ ): 	ª�4l��0� , Ä<�0� .
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4. Along theright ( g���µ , � \ Ñ \ µ ): 	ª�4l��<� , Ä4�(µ if Ò�Ó�[­� or � otherwise.
On eachboundary, Ð is givenby its definition, Ð*��g���ÑH�¿�Ý'�Ö ÉÖB× ;ØÖ �Ö º , basedon thenormalgradientof either 	 and l
(thetangentialgradientsbeingzero,accordingto thevelocityboundaryconditions).Wemakethestandardassumption
of Boussinesqperturbationtheory, namelythattheeffectof densityvariationis significantonly in thebodyforceterm,
whenmultiplied by theaccelerationof gravity (in Gr), andnot in themassor momentumflux terms.(Theeffectsof
buoyancy areomittedif Ò�Ó]�0� .)

Nonlineariterativemethodsfor (3.1)-(3.4)requireaninitial iterate,while � tcmethodsrequireaninitial condition.
For either, we startwith a motionless,vorticity-free initial flow field. This initial conditionis incompatiblewith the
forcing boundaryconditionson a setof measurezerofor the continuousproblem. Parametercontinuationcould be
usedto eliminatetheresulting“impulsivestart” but we donot pursuethis possibilityhere.

In the interestsof space,we leave thederivationof this velocity-vorticity form of theNavier-Stokesandenergy
governingequations(3.1)-(3.4)to theliterature(e.g.,[3] andcitationstherein).However, to motivateour mainpoint,
we notethat the two equationswith velocity componentsunderthe Laplacianoperators,(3.1) and(3.2), comefrom
differentiatingthecontinuityequationandsubstitutingfrom thedefinitionof vorticity. Thus,for instance,we differ-
entiatethe continuityequation, Ö ÉÖ º ;�Ö �ÖB× �X� , by g andthe definition of vorticity, Ð*� gA�bÑ>�e�¾'�Ö ÉÖI× ;yÖ �Ö º , by Ñ and
eliminatethetermin l to get(3.1).

Wediscretizethesystem(3.1)-(3.4)with astandardfive-pointstencilfor eachcomponent,onauniformCartesian
grid, usingstandardfirst-orderupwindingfor the convective termsandcentraldifferencingfor the otherfirst-order
gradients.All four solutioncomponentsarevertex centered.This discretization,the sourcecodefor which canbe
examinedin thePETScrelease,is famouslydiffusiveat largeReynoldsnumbersandwouldnotbeof acceptableorder
for deriving accurateengineeringresultson efficient meshes.However, it servesour purpose(andthatof thePETSc
example)by leadingstraightforwardly to a modelproblemwith interestingnonlinearities.Thesenonlinearitiesmay
betunedto bestrongor weak,dependinguponthemagnitudeof )GÙÞÚ¤Ü and/ortheGrashofnumber.

PETSc[2] allowsanenormousvarietyof solvercombinationsto beassembledvia command-lineoptionsto solve
(3.1)-(3.4). The readeris encouragedto downloadandbuild PETScandexperiment1. We prefervariousforms of
preconditionedJacobian-freeNewton-Krylov solvers[25]. Suchasolverhasasits heartaninexactNewtonmethod[8].
TheNewton-correctionequationis solvedapproximatelywith aKrylov method,suchasGMRES[33], whichrequires
theactionof theJacobianof ����	�� only in the form of Jacobian-vectorproducts.SuchJacobian-vectorproductsare
availableeither in approximatefinite-difference(Fréchetderivative) form, via constructionof an explicit Jacobian
matrix from analyticalor numericalmeans,or via automaticdifferentiation(AD). ThePETScdistribution exampleis
of theAD variety, exploiting the automaticdifferentiationpackageADIC [4]. In practice,theJacobian-basedlinear
systemsfor the Newton correctionsareill-conditioned,andrequirepreconditioning.PETScis equippedwith many
forms of preconditioningfor this Cartesiangrid discretization.We usethe default, which is a block ILU relaxation
sweepwithin amultilevel context. Theblock ILU kerneltreatsall four componentscommonto eachvertex implicitly.
This is a well known practicein multicomponentproblemswith cross-couplingin transportandsourceterms,asin
(3.1)-(3.4). (It alsohasexcellentcachelocality properties,sinceit leadsto small BLAS3-like kernelsthat canbe
unrolledinto registers.Suchsolver issueshave beenextensively studiedelsewhere,e.g.,[15]. In thecontext of this
paper, theonly aspectof performanceaboutwhichwe aredirectly concernedis theouternonlinearconvergence.)

We readilyobserve from experimentationthatNewton’smethodstruggleswhenthis simulationis startedat high
valuesof )GÙÞÚÛÜ andGr, on any but thecoarsestgrids. For illustrative purposes,we usedimensionlessvaluesof )GÙÞÚ¤Ü5�µB��� and Ò�Ó���µB��ß below. Without ����� , thestandardway to solve this systemin PETScis to usemeshsequencing,
working up from a grid containingjust à � à cellsat its coarsest.Startingfrom a “cold” initial iterateevenfor a grid
only asfine as á�À � á�À with thesehigh parametervaluesfor ) ÙÞÚ¤Ü andGr, Newton stagnates.

We canprependa tendency termto eachequationin (3.1)-(3.4)andattemptto overcomethis problemby � tc .��	�!� 'ÍÏ5	Î' ��Ð��Ñ �4�>� (3.5)��l�!� 'ÍÏ5l�; ��Ð�!g �0�>� (3.6)

1Upon unpacking the release petsc-2.1.5, which is available at http://www.mcs.anl.gov/petsc, see
PETSC/src/snes/examples/tutorials/ex27.c , wherePETSC representsthe local root directory of the package. By default, in
this example,pseudo-transientcontinuationis appliedto thevorticity andenergy equations.To forceit to beappliedto all four equations,oneuses
thecommand-lineswitch“-use parab”.
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res
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FIG. 3.1. Convergenceof residualnorm(dashedcurve)andgrowthof pseudotimestep(solid curve)for two versionsof â tc on thedriven
cavityexample. TheDAEformof â tc convergesfasterthanthefully parabolizedODEform.��Ð�!� 'hÏ�Ð½;Í	 ��Ð�!g ;|l ��Ð��Ñ 'hÒ�Ó ��Ä�!g �4�H� (3.7)

��Ä�!� '|Ï5Ä|;|ÔVÓB��	 ��Ä�!g ;|l ��Ä��Ñ �/�<�H� (3.8)

The result is plottedin Figure3.1. This figure containstwo convergenceplots of the Euclideannorm of the steady
stateresidual,�¤� ��� gG1��D�¤� (“res”), asa functionof iteration � , andcorrespondingplotsof 8B1 (“dt”). Thelonger-running
history pertainsto the casein which (3.1)-(3.4)arefully parabolizedin the mannerof (3.5-3.8). We noteterminal
Newton-like convergenceof the Euclideannorm of the steady-stateresidual“ ÓbãIä#åBæbç�æ�è ” andgrowth of the pseudo-
timestep“ éHêbåDæ�ç�æ�è ” in accordancewith the � tc theoryof [20]. If, instead,we constrainthetwo velocity equationsto
be satisfied“exactly” (to within the limits of the overall inexactNewton methodlinearconvergence),by not adding
any time-steppingto thoseequations,i.e., solving (3.1)-(3.2)togetherwith (3.7-3.8),we obtainthe shorter-running
historyin Figure3.1.Both techniques(ODE-basedandDAE-based� tc ) leadto convergencein acasewhereNewton
alonefails,apartfrom mesh-sequencing.However, theDAE form of thetechniqueis evidently superior. It converges
afterhalf asmany pseudo-timestepsand,unlike the fully parabolizedcase,doesnot suffer any nonmonotonicityin�¤� ����g 1 �B�Û� or 8 1 .

3.2. Variable-density Reacting Flow. As a secondexample,we considerthe axisymmetricflamesheetmodel
from [23], expressedasa systemof threesteady-statePDEs.Insteadof thevelocity-vorticity treatmentof thedriven
cavity above, we usea streamfunction-vorticity formulation, following the the developmentof [13]. With ë and �
for the radialandaxial directionsin cylindrical coordinatesandprimitive variablesl3ì and l3í astheradialandaxial
velocities,respectively, we definethe vorticity componentnormal to the axisymmetricplane,representingin-plane
rotation, Ð=� Ö �bîÖ í ' Ö ��ïÖ ì , andthevariable-densityStokesstreamfunction,ð , in termsof whichñ ëKl3ì*��' ��ð�!� and ñ ëKl3í�� ��ð��ë J
Thethreeequationsto besolvedaremassconservation:

' ��!� P µë ñ ��ð�!� R ' ���ë P µë ñ ��ð��ë R 'QÐÍ�<�H� (3.9)
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momentumconservation:

'SÖÖ ì 6 ëMòeÖÖ ì 6BóKôì ?I?Å'SÖÖ í 6�ëMò�ÖÖ í 6BóKôì ?K?�;|ë �5õ ÖÖ í�ö ô ì ÖB÷Ö ì!ø 'wÖÖ ì�ö ô ì ÖB÷Ö í�ø�ù;xë � s ÖIúÖ ì ;|ë �Iû ö � �î 2A� �ï�üø�ý iso ñ �<�H� (3.10)

andspeciesconservation:

' ���ë PHë ñ u � ���ë R ' ��!� PHë ñ u � ��!� R ; ��!� P � ��ð��ë R ' ���ë P � ��ð��� R �4� J (3.11)

Here,þ ismixtureviscosity,

u
ismoleculardiffusivity, andthenotation“iso” isdefinedby isoñ � ö ' ÖIúÖ í �I' ÖIúÖ ì�ø n .

Thesystemis closedby constitutive laws andanequationof statethatexpressþ ,

u
, and ñ asnonlinearfunctionsof�

.
A singleconservedscalar,

�
, is capableof describingthecompletecompositionandthermodynamicstateof the

fluid undertheassumptionof infinitely fastsingle-stepkineticsandtheadditionalassumptionsthatthebinarydiffusion
coefficientsof all pairsof speciesareequalandthattheLewis number(ratioof thermalto speciesdiffusivity) is unity.
Therefore,this governingsystemcontainsno separatespeciesor energy conservation equations.

�
is a so-called

Shvab-Zeldovichor mixture-fractionvariable,asdefined,for instance,in [39]. Theflamefront, ÿ , is definedasa level
setof

�
: ÿ=ÕØLH� ëK���q�D� � ��ëK���:��� ��� N , on onesideof which fuel cannotexist andon theothersideof which oxidizer

cannotexist, becauseeachis consumedat theinterface.Thevalueof
���

comesfrom thestoichiometryof thereaction.
For adetailedderivationof this formulationin thecombustionliteraturein thecaseof a methane-airflame,see[22].

Thegeometryis thatof aco-flowing gaseousburner, with aninnertubeoutof whichflowsamethane-airmixture
andanouterannulusout of which flows a standardatmosphere.Theboundaryconditionsarethoseof symmetryforë²�j� , a stress-freefree-streamfor ë��Xë ¸c¹-º , inhomogeneousDirichlet valuesfor velocitiesandchemicalspecies
at the inflow where �7�&� , and extrapolative exit conditionsat �(�w� ¸c¹-º . The inflow velocitiesare piecewise
constantin ë , differenton either side of the radiusthat divides the inner tube from the outer co-flowing annulus.
The inflow conditionon

�
is constructedto representa Gaussianpeakof combustionproducts(carbondioxide and

watervapor)centeredat the dividing radiusbetweenthe co-flowing fuel andoxidizer streamsanda corresponding
temperatureprofile achieving the stoichiometricallyappropriatepeakvalueat the dividing radius. Theseconditions
aresweptdownstreamto form an initial conditionthroughoutthedomain.Thus,theproblemof ignition is avoided.
The flameis “underventilated”in the languageof combustiontheory, which implies that the initial flametubemust
find a final bulbouspinchedsteady-stateshapecharacteristicof the flame attachedto a bunsenburner. Thereare
numeroustechnicalissuesin flameholdingwhosediscussionwesuppresshere,with thejustificationthatthismodelis
well published,its limitationswell understood,andvariousremediesfor thoselimitations available. (See,e.g.,[37]
and [11].) Thoughhighly simplified, the problemis practically motivatedin that it servesasa useful asymptotic
precursorfor finite-ratedetailedkineticsflamestructuremodels.It hasbeenusedto generatean initial conditionfor
thedetailedkineticsproblem,asanexampleof “model continuation”.

Becauseof the polynomialnonlinearitiesthatareevident in (3.9)-(3.11)andthe moreinsidiousnonlinearityof
the variousstatefunctions( þ ,

u
, and ñ ) of

�
asa function of the a priori unknown interfacewhere

� � ëK���q�e� ���
,

this systemis virtually impossibleto solve by Newton’s methodfrom any readily specifiedinitial iterate,including
the relatively sophisticated,alreadyignitedswepttubular flamestatedescribedabove. A “natural” pseudo-transient
approachprependsa term ë ñ Ö ¨Ö Z to (3.11)anda term ëMò ñ Ö ôÖ Z to (3.10). The resultingtransientequationsaredimen-
sionallyandphysicallycorrectandcouldbeusedto time-accuratelyevolve theunsteadyflame.Observe thatsince ñ
is a functionof

�
, this is aninstanceof a varying(but alwaysnonsingulardiagonal)) .

We argueon the basisof physicalintuition andthe experienceof the prior examplethat it might be harmful to
allow ð to relaxbyprependingasimilartendency termin thestreamfunctionto (3.9).Like(3.1)-(3.2),Eq.(3.9)derives
from theunderlyingprimitive variableexpressionof theconservationof massfor thereactingflow. Dueto chemical
reactionandheatrelease,thedensity ñ varies(by up to anorderof magnitudein commonterrestrialhydrocarbon-air
or hydrogen-airdiffusionflameapplications).This variationcannotbeneglectedoutsideof thebuoyancy term,asit
wasin the earlierexample. However, we do not want to admit densityvariationsarisingfrom transientmomentum
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imbalances,whichcouldleadto acoustic-likewaves.While therearemany applications,suchasturbulentcombustion,
in which thermalfluctuationsandacousticwavesinteractin dynamicallyrelevantways,theseapplicationsrequirefar
morecomplex modelsthan(3.9)-(3.11)to describe.On theotherhand,therearemany applicationsfor which theset
(3.9)-(3.11)is a usefulmodel.For thesesituations,we exploit our theoryfor � tc that retains(3.9)asit is, anelliptic
constraintenforcedat every (pseudo-)timestepto implicitly equilibratepressureandsuppressacousticstiffnessin a
variabledensitycontext.

A convergencehistory for DAE-based� tc for theflamesheetproblemis shown in Figure3.2. Thereis aninitial
rapidplungeof thesteady-stateresidualon thefirst pseudo-timestep.Thiscorrespondsto creatinga consistentinitial
conditionfor theDAE (Assumption2.1,part1). Thereis noassurancein thelimited theoryof thispaperthatthis first
Newtonstepshouldbesuccessful,whichis why westartwith arelatively smallinitial timestep,8 � ��µB� + ß . Following
thispoint, � tc convergenceis fairly uneventful.However, it shouldbenotedthatthesuccessof themethodis relatively
sensitive to theinitial timestep.If weattempt8 � �7µB� + � , for instance,theNewton iterationdieson thefirst stepwith
an infeasibleiterate(componentsof

�
aredriven out of bounds). In particular, unassistedNewton iterationon the

steady-statesystemis hopeless.If we try 8-� \ µB� + ß , Newton’s methodassistedby SER-style� tc will converge,but
will take morepseudo-timestepsto build 8D1 up to a valueat which a switchover to a full Newton iterationcansafely
occur. It would be desirableto comeup with theory, heuristics,or a databaseof historicalconvergenceresultsfor
relatedproblems,by which to guidethechoiceof 8-� .

In this implementation,the maximumincreaseof 8 1 from onetime stepto the next is limited to a factorof 2,
exceptat thefinal switchover to a full Newton step,which is triggeredby thepseudo-timestepreachingunity. This
successionof doublingsis observedin thesemi-logplot of Fig. 3.2betweeniterations2 and13,duringwhich timethe
residualnormis strugglingnonmonotonically, but ata level thatis substantiallybelow �¤� ����g>�M�D�¤� , sothecriterion(1.3)
permitsa growth in 8D1 thatis limited only by theratiobound.Obviously, many refinementsof thestrategy to pick 8D1
arepossiblebut thesimpleonewe haveadoptedis sufficient, if possiblyinefficient.

We remarkthat theindividual rootfindingproblems(at eachpseudo-timestep)in this run enjoy reasonablelinear
conditioning.This is evidencedby thenumberof zero-fill block ILU-preconditionedKrylov subiterationsrequiredin
eachinexactNewton step,which variesbetween8 andjust 13,until thelastfive pseudo-transientNewton rootfinding
problems,when 8B1 becomescloseto unity.
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res
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FIG. 3.2. Convergenceof residualnorm(dashedcurve)andgrowthof pseudotimestep(solidcurve)for theDAEformof â tc ontheflamesheet
example.

We remarkthat � tc is morecrucialfor thisflamesheetexamplethanit wasfor thedrivencavity example.For the
drivencavity, meshsequencingleadsto a steady-statesolutionwith or without � tc . For theflamesheet,theproblem
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hastoo rich a geometricstructureto berepresentedon a grid muchcoarserthan µ�� � µ�� in theaxisymmetricplane,
andthechoiceof initial meshmustbeconstructedrathercarefully(with refinementin ë aroundthemixing radiusand
gradualexpansionin the � -directiondownstream)for theflameto besufficiently accuratelydiscretizedwith second-
orderfinite differenceson sucha coarsemesh. Even on a µ�� � µ�� grid, � tc is crucial. After interpolationof theµ�� � µ�� solutionto a refined á�À � á:À grid, � tc is againcrucial to thesuccessof Newton’s method,asit is following
interpolationof the á�À � á:À methodto a �3à � �3à grid. It takesmany doublingsof grid densitybeforethebilinearly
interpolatedsolutionon therefinedgrid lies initially in theball of convergenceof Newton’s methodapplieddirectly
to thesteady-statesystem.

4. Conclusion. We have shown, undernaturalassumptions,that � tc is a globally convergentmethodfor semi-
explicit index-1differential-algebraicequations.Wehavealsoarguedthattheindex-1DAE formulationisanimportant
complementto thestandardmethod-of-linesODEformulationof � tc . Both propositionsareillustratedby numerical
experimentson modelnonlinearfluid mechanicalapplications,which show, first, that � tc is effective and,second,
thattheDAE formulationcanbemoreeffective thantheODEformulation.Our modelproblemsareof relatively low
discretedimensionbut arealreadysufficient to illustratethechallengesof applyingNewton’smethodwithout ����� .

The objective of this paperis to analyzeandillustrate � tc by itself in the context of standardinexact Newton-
Krylov solvers,withoutmuchattentionto thepreconditioningof theresultinginnerlinearproblemsandunadornedby
othercomplicationssuchasmeshsequencing.In large-scalepractice,linearpreconditioningis importantandis made
easierby the additionof the implicit time step. Finally, to recapitulatethe introduction,we believe that � tc is best
exploitedin combinationwith othertechniques,especiallyof themultilevel variety, bothfor nonlinearrobustnessand
for solutionefficiency.
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Lois McInnes,andBarry Smith of ArgonneNationalLaboratoryfor their maintenanceof the demonstrationcavity
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