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Abstract. Pseudo-transiertontinuationis a practicaltechniquefor globalizingthe computationof steady-statesolutionsof nonlineardif-
ferentialequations.The techniqueemplgys adaptve time-steppingo integrateaninitial value problemderived from anunderlyingODE or PDE
boundaryvalue problemuntil sufiicient accurag in the desiredsteady-stateoot is achieved to switch over to Newton’s methodandgain a rapid
asymptoticcorvergence. The existing theory for pseudo-transientontinuationincludesa global convergenceresultfor differential equations
writtenin semidiscretizednethod-of-linedorm. However, mary problemsarebetterformulatedor canonly sensiblybe formulatedasdifferential-
algebraicequationgDAES). Theseincludesystemsn which someof the equationsepresenalgebraicconstraintsperhapsrisingfrom the spatial
discretizatiorof a PDE constraint.

Multirate systemsjn particular are often formulatedasdifferential-algbraic systemso suppresgasttime scales(acousticsgravity waves,
Alfv enwaves,nearequilibrium chemicaloscillations,etc.) thatareirrelevant on the dynamicaltime scalesof interest.In this paperwe presenta
global convergenceresultfor pseudo-transiergontinuationappliedto DAEs of index 1, andwe illustrateit with numericalexperimentson model
incompressibldlow andreactingflow problemsjn which a constrainis emplg/edto stepover acoustiovaves.
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multi-ratesystems
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1. Intr oduction. Pseudo-transiergontinuation(¥tc) is a globalizationtechniquefor the nonlinearlyimplicit
computationof steady-statsolutionsof partial differentialequations.Mathematicallyit is a homotopy thatembeds
thesteady-statproblemin a space-timesetting. Thetechniqués popularin theaerodynamic§38], magnetohydrody-
namics[24], radiationtranspor{35], reactingflow [37], structuralanalysig17], andcircuit simulation[14] modeling
communitiesamongothers,becauseonventionalmethodsor solvingnonlinearequationsvhentheinitial iterateis
far from a solution, suchasline-searchandtrust region methods[9, 18,32], cancorvergeto nonphysicalsolutions
or local minima of the norm of the steady-stateesidual[7, 22]. Thisis particularlythe casewhenthe solutionhas
comple features,suchas shocksor discontinuitiesthat arenot presentin the initial iterate[31]. ¥tc is naturalto
applyin systemghatoriginally derive from transientdynamics.While following a physicaltransientaccuratelymay
beinefficientwhenonly the steadystateis required the existenceof a physicalspace-timdrajectoryprovidesa basis
for robustnearbypseudo-transierapproachesAs aresult, ¥tcis availableasa solver optionin numerougyeneraluse
simulatorsoftwarepackagesg.qg.,for fluid flows[1, 30] andelectricalcircuits[28,29].

In generaterms,pseudo-transiergontinuationis a predictorcorrectormethodfor temporalintegrationin which
thetime stepis increasedstheiterationprogressesvith the objective of fastcornvergenceneara solution. Temporal
accurag is notthe objective, butin mostcaseshe methodbeginsby integratingaccuratelyin time, closelyfollowing
thetransientoehaior of the solutionin the early stagef the iterationuntil an approximatesteadystateis reached.
Thetime stepis thereafteincreasedsacrificingtemporalaccuray in theterminalphasen favor of rapidcorvergence
to steadystate.

Therearemary otherformsof continuationsomeof which canbeemployeddirectly onthesteady-statboundary
value problemof interest. Parametercontinuation[34], meshsequencindg36], and model sequencing22] canbe
effectivein globalizingNewton’s methodappliedto large-scalaonlineamproblems Anothercomplementarapproach
towards globalizing Newton’s methodis nonlinearpreconditioningof additive Schwarz type, recentlyintroduced
in [6]. In practice,we adwocatemeshsequencin@sa primary strateyy in ary highly-resohednonlinearproblem—
solvingfirst on arelatively coarsemesh,interpolatingto the next finer meshto produceaninitial iteratefor Newton'’s
methodthatlies within or closeto the ball of convergenceon the finer mesh(whereiterationis moreexpensve), and
soforth recursvely [36]. Any of theseglobalizationtechniquesan,in principle, be combinedwith eachotherand
with ¥tc .
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A particularlyeffective algorithmiccombinationis ¥tc on eachlevel of a mesh-sequenceapproachDepending
uponthe physicalunderstandinghatcanbe broughtto bearon a specificapplication,any of thetechniqueshatwork
directly on the steady-statéormulationmight be more effective than ¥'tc alone,but ¥tc may have a morecomplete
generalmathematicatheory than someof theseother methods,especiallywith the recentadditionsof this paper
and[10,16]. Theoreticakxplorationof theinteractionof ¥tc with theseothertechniquess likely to befruitful, butis
beyondthescopeof the presentontribution.

1.1. ODE Dynamics. For problemswith ODE dynamicssufficient conditionsfor corvergenceof ¥tc aregiven
in [20], usingrulesfor growth of thetime stepthatarecommonin practice. We give a brief review of thoseresults
here,bothto introducenotationandto putthe new resultsin perspectie.

If we expresstheinitial valueproblemasu' = F(u), u(0) = uo, we seekaroot, if it exists, of F(u) thatis the
limit of u(t) ast — oo. Corventionalnonlinearequationalgorithmscan(anddo) find othersolutions;hencetheneed
for acontinuationmethodthatrespectshe physicalsolution.

Assumingthata stablesteady-statsolutionexists, global convergenceandlocal superlineaconvergenceto that
solutionareprovedin [20] for a classof methodghatintegrate

u' = -V 'F(u), u(0)=uo (1.2)

by avariabletime stepmethodthatattemptso increasdhetime stepastheintegrationprogresseandsteadystateis
approachedn (1.1),V is ascalingor preconditioningnatrix. Onemethodconsideredn [20] is

Unt1 = Un — (6, V + F'(un))_1 F(un), 1.2)

whereF" is the Jacobiarandd,, is thetime step. The Newton stepmaybe computednexactly in the senseof [8, 18]
andthe corvergenceresultschangan anexpectedwvay.
A commonchoicefor é,,, coveredby theresultsin [20], is the“switchedevolutionrelaxation”(SER)method[27],

S = Gna[[F (un—1)I/[1F (un)|| = ol |F'(wo) [|/I| F'(un)]]- (1.3)

SERis commonlyusedin computationaberodynamic$21,31,38]. In practice the growth of {é,,} may be limited
from above, relative to (1.3), which canotherwiseberatheraggressie. Theresultsin the presenpaperaswith those
in [20], assumenupdateof theform

B 1P ()]
5"‘¢(5”‘1 TF ()] ) a4
In (1.4)
_J ¢ E< &
¢(§)—{ Smax €& ° (1.5)

whereeither§; = dmaxor & < oo anddmax = oo.

As amethodfor integratingin time, ¥'tc is a Rosenbrocknethod[12] when is fixed. Onemayalsothink of this
asapredictorcorrectormethod wherethe simplepredictor(resultfrom the previoustime) anda Newton correctorare
used.

The motivating examplein [20] is Euler flow over an airfoil. ¥tc is a naturalfor this problemsincethe time-
dependenEulerequationave physicalmeaning.Themainresultof [20] is thatif thedesiredsteady-statsolutionis
astablesteadystatefor thetime-dependengroblemandtheinitial stepis sufficiently small,theneitherthe ¥tciteration
stagnatesvith inf,, §,, = 0 or theiterationcorvergesto the desiredsteady-statsolutionandthe corvergencein the
terminalphasds asfastasaninexact-Nevton methodwith the samealgorithmicparametersOf course stagnatioris
anundesirableutcome andultimately requiresthe numericalanalystto exerciseingenuityin finding a betterinitial
iterate.However, this “graceful” terminationis preferableto allowing anerraticNewton procesgo enteraninfeasible
regime,whereperhapsertainoperationsvould generatdloatingpointexceptions perhapdeadingto theunexplained
hangingof alarge-scaleparallelexecution.

Therehave beenotherrecenttheoreticaktudiesof ¥tc . Trust-region methodsareusedin ananalysisof gradient
flows in [16] to control the growth of the time stepand prove corvergence. Affine invarianceideasare appliedto
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problemswith linear dynamicalinvariantsin [10]. The time stepis controlledwith a methodthat seeksto increase
the stepbut, at the sametime, demandsa decreasén the norm of the nonlinearresidual. We did not askfor sucha
decreasén [20], nor do we here. In the transientphase garly in the iteration,the norm of the steady-stateesidual
maywell increaseasindeedmayhappenin atime-accuraténtegration.

We closethis sectionwith a shortdiscussiorof the differencesetween®tc anda more corventionalNewton-
Armijo [19] nonlinearsolver. The Newton-Armijo solver insistson a reductionin the norm of the nonlinearresidual
at eachstepandwill eithercorverge to a solution, diverge to infinity, or stagnateat a point where F’ is singular
¥tc will acceptanincreasen the residual,respondingo thatincreasg(in the caseof (1.5)) by decreasing. Most
implementationsincludingtheonein this paperimposealowerboundon é andterminatetheiterationunsuccessfully
if 6 reacheshatlowerbound.Theparticularvalueof thatlowerbounddepend®ntheproblem.If thedynamicproblem
to besolveddoesnot have a steady-stateolution,a Newton-Armijo iterationis unafected,while a ¥tc iterationmay
fail. Thefailure couldwell be signaledby reachingthe boundon the total numberof iterations.We view this asthe
likely signalof sucha failure since,in atime-accuraténtegration,the norm of the residualwould neitherdivergeto
infinity nor decreas¢o zero.

1.2. DAE Dynamics. One of the limitations of the theory developedin [10, 16,20] is the restrictionto ODE
dynamics Many problemsarebestformulated or canonly beformulated asdifferential-algebraiequation§DAES).
In § 3 we give two examplesfrom fluid mechanicsanincompressibldlow anda variable-densityeactingflow. We
seeka steady-statdalanceof the discretizedconseration laws of mass,momentum,enegy, and (as applicable)
chemicalspeciesFor all equationdut the mass(“continuity”) equationwe evolve the solutionthroughpseudo-time
stepping.In effect, we parabolizeéhesenonlinearelliptic PDEsby prependingtime derivative termin theappropriate
dependentariable. This is not only a physicallynaturalform of nonlinearrelaxation;it alsoleadsto superiorlinear
conditioningof the discretesystemgesultingat eachimplicit time step(see e.g.,[11]).

However, we argueon the basisof physicalintuition thatit could be harmfulto allow the dependentariablesof
themassconserationequatiorto relaxby prependingasimilartendeng term. Instead we forcetheprogressiorirom
initial iterateto steady-statsolutionto occuron a manifold of continuity-satisfyingstates.We requirethis because
linear acousticwaves in a time-dependenhydrodynamicalsystemarisefrom a combinationof the tendeng and
corvective termsin the continuity equationandthe tendeng andcorvective termsin the momentumequationg26].
We cansuppresacoustic-lile oscillationsin the solutiontrajectoryby notequippingour pseudo-transierstystemwith
this mechanismlndeed the formulationswe chooseyelocity-vorticity andstreamfunction-articity, arehistorically
motivated,in part, by their suppressiomf the acousticmechanismWe do not wantto readmitthis carefully filtered
mechanisnby relaxingthe continuity constraintin pursuitof nonlinearrobustnessin computingthe steady-statesf
othermulti-rate physicalphenomenagossessinfastwavesor stiff restoringforces,we may similarly chooseo omit
atendeng-termpieceof thefastmechanismA combinationanalogoudo the continuityequatiorandacoustiovaves
is the hydrostatigpotentialequatiorandgravity wavesin shallov waterwave theory

We thereforeneedto be allowed to formulateour governing systemas a partial differential algebraicequation
(PDAE) of index 1 [5]. Let thevectorof unknavnsbez = [u,v]T andthe conformallypartitionedvectorof steady
conserationlaws be F' = [f(u,v), g(u,v)]T, wherethefirst equationsettakesthe pseudo-transieriendeny terms.
The steady-statequationis then F'(z) = 0 andthetime-dependentquationis (allowing for differentscalingsof the
transienterms)

Dz' = —F(z), (1.6)

=" )

andV is a nonsinguladiagonalmatrix. In fact, noneof the resultsto follow dependon V' beingeitherconstantor
evendiagonal.V may dependon the evolving solutionvector, asit doesin our secondexample,andV could be an
unlumpedmassmatrix in the context of finite elementsWe requireonly thatV beeasilyinvertibleeverywherealong
the solutiontrajectory

The purposeof this paperis to extendthe resultsfrom [20] to the semi-e&plicit index-one DAE caseandthereby
understandhe historicalsucces®f ¥tc asasolverfor suchsystemsin theremaindeof this papemwe stateandprove
new resultsfor the DAE casein § 2, andillustratewith a pair of examplesn § 3.

where
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2. Wtc for Differ ential Algebraic Equations. In this sectionwe extendthe currenttheoryfor ¥tc to includea
globalcornvergenceresultfor semi-explicit index-1 DAEs. We consideDAESs of theform

V' = —f(u,v)

0 = g(u0) (2.1)

with initial value (u(0),v(0)) = (uo,v0), u € RN, v € RN2, whereV isan N; x Ni, nonsingularscalingmatrix
anddg/dv is nonsingular Our resultfollows from the work in [20], andwe prove a theoremcorrespondingdo the
final stageof the tc corvergence.

We write the DAE (2.1)in theform of (1.6),wherez = [u,v]T € RN, N = Ny + Ny, F = [f,4]T, and

Dz' = —F(z), z(0) = =zo. (2.2)
The pseudo-transiertontinuationprocedurewill be definedby theiteration
Tpi1 = 2p — (6, D + F'(2,)) F(zy), (2.3)

where{é,,} is givenby (1.4).
We assuméhatthe DAE hasanindex of one,hasa globalsolutionin time, andthat the solutioncorvergesto a
steadystate.
ASSUMPTION 2.1.
1. Theinitial values(ug, vg) are consistenti.e. g(ug,vo) = 0.
2. FistwiceLipscitz continuoushdifferentiable
3. Thesolutionz(t) = [u(t),v(t)]T of (2.2)existsfor all t > 0 andlim;_,, z(t) = 2* € RY.
4. g,(u(t),v(t)) = go(z(t)) is a nonsingularN, x N, matrix for all ¢ > 0 and ||g, (z(¢))~!|| is uniformly
boundedon (0, o).
Theanalysishingesonthe factthatthe ¥tc iterationremainsin a neighborhooaf the solutionof (2.2),

S(9 = {=| inf |l = =(t)] < e} (2.4)

Givene > 0, we will shav thatif & is sufficiently small, thenthe Ptc iterationremainswithin S(e) for all n and
accuratelyapproximateg z(¢,)} until the iterationis within B(er) the ball of convergencefor Newton’s method.
Figure2.1illustratestheidea.

FiG. 2.1. S(e) and B(eT).
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Thiscorrespondo thefirst phaseof theiterationasidentifiedin [20]. Thecompletecorvergenceanalysigequires
more. Oncetheiterationis nearz*, onemustshaw thatthe é,, increasesoasto obtainfastcorvergenceandthatthe
Utc iterationdoesnot diverge while this increases in progress.Oncethis intermediatephaseis complete the final
phaseis arapidly corvergentNewton or inexact Newton iteration[20]. We describethe lattertwo phasedirst. These
canbestudiedwith alocal cornvergenceanalysighatdepend®n the DAE dynamicsonly in atrivial way.

In orderfor the ¥tc iterationto be well defined,we mustassumehatthelinear systemgo be solvedarenonsin-
gularandthatthe steady-statsolutionis stable.

ASSUMPTION 2.2. Therareeg, eg > 0 sud that

1. For all zp € S(eg), the solutionof Dz’ = —F(z), 2(0) = 2o exists, z(t) € S(eg) for all ¢, and
limy_, o0 2(t) = 2*, t = 0.
2. Moreover, thereare Mp, M; > 0 suc thatfor all § > 0,
(@) (671D + F'(z)) is nonsingularfor all z € S(eg),
(b) ||(67*D + F'(z))|| < Mp forall z € S(eg), and
©) ||(671D + F'(z))71|| < M;forall z € S(eg).

The foregoing assumptiongre mathematicallyreasonablend conducie to a compacttheory However, they
maybetoo severein practice evenfor relatively simplenonlineamproblemscontainingmaterialinterfacesdiscretized
with nondifferentiableflux limiters, etc. Pseudo-transiertontinuationhasbeeneffectively usedwell beyond these
restrictionsonthe modelfor F'(u), includingin mild violationsin the examplesof this paper

2.1. Local Convergence. The assumptiongor local cornvergencediffer from the standardonesfor nonlinear
equationg18] in thatwe mustallow for thepossibilitythatd canbesmallevenif z is nearz*.
Let

B(e) = {z|llz — z*|| < e}-

Our assumptionsn continuityanddifferentiabilityof F' andnonsingularityof F’ nearz* are
ASSUMPTION 2.3. Thereare 3, e, > 0 sudthatfor all z € B(er) andall § > 0

(D + 6F'(z)) 7Dl < 1/(1 + 86).

Assumption2.3 is the DAE analogof case3 of Assumption2.1.3in [20], andis critical for stability in the middle
phaseof theiteration.

Theoren?.1describeshemiddleandterminalphase®f theiterationin thewaythatTheorems.1and2.30f [20]
doin the ODE case.The proof differsonly in thelocal convergenceestimate.

Oncethe approximatesolutionis nearz*, thentheiterationwill corvergeandé will increase.

THEOREM 2.1. LetAssumption2.1,2.2and2.3hold. Let {4,,} begivenby (1.4). Thenthereare Cr,er > 0 s0
thatif zo € B(er) theneitherinf,, §, = 0 or §,, = dmqz, the Ttciteration corvemges,andfor n suficientlylarge

|Zns1 — 2" < Crllen — 2|16k + llzn — 7). (2.5)
Proof. Asis standard18], we describegheprogresof theiterationin termsof thetransitionfrom a currentiterate

z.toanewvonez,. Welete = z — z*. Leter < e besmallenoughso thatthe local corvergencetheoryfor
Newton’s methodholdsfor F(z) = 0. Then,if z. € B(er)

er = e — (0, 'D+ F'(zc)) " F(z)

ec— (61D + F'(z.)) (61D + F'(z.))eec

2.6)
+(0'D + F'(2c)) M (F' (zc)ec — F(c))
+(8,1D + F'(z.)) 16, De..

Thestandardocal corvergencetheoryfor Newton’s methodand Assumption2.3imply thatthereis C'y suchthat

167D + F' () (F' (zc)ec — F(ze))|l < Onllecll?,
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Assumption2.3impliesthat
(61D + F'(zc)) 8, Decll < llecll/(1 + Béc).-
Now assumehat{4,,} is boundedrom below by §*. Sinceé,. > &*,
le+ll < (20nllecll + (1 + 88™) )llecll-
Reducinger if neededsothat
(2Cner + (1 +46*) ) < (1+ 587 /2)7"

impliesthatthelocal corvergences g-linearprovided {4, } is boundedrom below.
Theg-linearcornvergencewill eventuallydrive §,, t0 d,,4 if dmaz < 00. Hencethe standardocal corvergence
theoryfor Newton’s method[18] will imply (2.5).0

2.2. Global Convergence. Theobjectie of this sectionis to shaw thatif q is sufficiently small,thenz,, € S(e)
for somee < min(eg, er) until z,, € B(er), wherethelocal corvergencetheoryholds.

THEOREM 2.2. LetAssumption&.1,2.2,and2.3hold. If §, is suficientlysmalland{é,, } is boundedrombelow
thenz,, — z* and(2.5) holdsfor n suficientlylarge.

Proof. Assumethaté,, > 6*. Let

The assumptionsmply thatthereis T' suchthatz(t) € B(er/2) for all ¢ > T, where B(er) is the ball of local
corvergencefrom Theorem2.1. Henceif N > T/(26*), z(tny) € B(er/2). The proof will shav that for §,
sufficiently small

~

2n — z(tn)|| < er/2

foralln < N. Thiswill imply thatzy € B(er) andcompletethe proof.
We will shav thatthe ¥tc iterationis a consistenfirst-orderexplicit methodfor the ODE

! -1
[ﬁj] — 2 = Ge) = [ R f], @.7)

which is equivalentto (2.1). Our assumptiongmply that G is Lipschitz differentiableand hencethe explicit Euler
methodis first-orderaccurate.

We will shav thatthelocal errorof Euler's methodfor (2.7)is within O(§2) of thatfor the ¥tc method.This will
completethe proof.

Assumethatz,, = z(t,), thenthe Eulerstepfor (2.7) canbewrittenasz,+1 = z,, + d, s, where

_ Su _ _Vilf
= s, | T g ta VL |

GuSu + GuSy = 0. (2.8)

Hence for the Eulerdiscretization

The ¥tc discretizations 2,41 = z,, + 6,0, Where
o= [ Tu ] = —(D + 6. F' () " F(2n).

Theequationdor ¢, ando, are

Vou.+ Jn(fuo'u + fvav) =—f (2.9)
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and
0n(guOu + 9v0y) = —g- (2.10)
Assumingz,, = z(t,), wehave g = 0 andthus
GuOu + gu0y = 0,

which is similar to (2.8) and o, canbe computedfrom ¢, in exactly the sameway s, canbe computedfrom s,,.
Thereforethe proof will be completeif we canshow that

Oy = 54 + O(5y). (2.11)

SinceVs, = —f, (2.11)follows from (2.9) andthe nonsingularityof V. 0

3. Computational Examples. In this sectionwe illustratethe DAE form of ¥tc with two simple examplesof
elliptically-constrainedsystems:incompressibleBoussinesdlow in a lid- and buoyang/-drivencavity andreacting
flow in a laminar diffusion flame with single-stepinfinitely fastkinetics— a classicflamesheetodel. The first
exampleis freely downloadableas part of the releaseof the PETSctoolkit [2]. For the first example,we compare
afully parabolized¥tc formulationanda PDAE versionandshaw thatthe latter hasan advantagein computational
efficiency.

3.1. IncompressibleFlow. Our incompressibldlow exampleis a combinationof two classicproblems,lid-
driven flow andbuoyang/-drivenflow in a two-dimensionafrectangularcavity. Thelid, moving with a steadyand
spatiallyuniform velocity, setsup a principal vortex and subsidiarycornervorticesby viscousforcesandthe differ-
entially heatedateralwalls of the cavity setup a buoyantvortex flow, which opposeghe principallid-drivenvortex.
Our parameterizatiorand discretizationare inspired by [3]; however, in this examplewe do not exploit the local
adaptve meshrefinementthat is the main focus of [3]. The PETScimplementationcontainsuniform-refinement
mesh-sequencingapabilities,appliedboth in a nonlinearcontinuationsensean the outeriteration,as mentionedn
§ 1, andalsopossiblyin aninneriterationaspartof a multigrid linearsolver, bothof which areincidentalto ourfocus
here.

Thegoverningsystemconsistof thefollowing systemof four elliptic partialdifferentialequationsn two dimen-
sions:

_Au— 2, (3.1)

Oy
o+ g (3.2)

Oz

Ow Ow oT
A s — —Gr— = 3.3
w+u8$+vay Gr@x 0, (3.3)
or  orT
—AT 4+ Prlu=— +v—) = .

+ r(u8x+v<9y) 0, (3.4)
where(u(z,y), v(z,y)) arethevelocity fieldsin the (z, y) directionsw(z,y) = —‘3—’; + a_; is the componenbf the

vorticity normalto the zy-plane(representinghe in-planerotationof aninfinitesimalfluid element),andT (z, y) is
thetemperaturePris a PrandtinumberandGr is a Grashofnumber (For thosewho would ratherseea Peclemumber
thana Prandtinumberin the enegy equation Reynoldsnumberis unity, soPeandPr areidentical.)
Theseequationsaresubjectto boundaryconditions:
1. Along thebottom(0 < z < 1,y =0): u = v =0, g—:y” =0.
2. Alongthetop(0 <z <1,y =1): u = Viia,v =0, 5 = 0.
3. Alongtheleft(z =0,0<y<1):u=v=0,T=0.
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4. Alongtheright(z =1,0<y < 1):u=v=0,T = 1if Gr > 0 or 0 otherwise
On eachboundaryw is givenby its definition,w(z, y) = —g—; + %, basedon the normalgradientof eitheru andv
(thetangentiagradientdeingzero,accordingo thevelocity boundaryconditions).We make the standardassumption
of Boussinesgperturbatiortheory namelythattheeffect of densityvariationis significantonly in thebodyforceterm,
whenmultiplied by the acceleratiorof gravity (in Gr), andnotin the massor momentuntlux terms. (The effectsof
buoyang areomittedif Gr = 0.)

Nonlineariterative methoddor (3.1)-(3.4)requireaninitial iterate while ¥'tc methodgequireaninitial condition.
For either we startwith a motionlessyorticity-free initial flow field. This initial conditionis incompatiblewith the
forcing boundaryconditionson a setof measurezerofor the continuousproblem. Parametercontinuationcould be
usedto eliminatetheresulting“impulsive start” but we do not pursuethis possibility here.

In theinterestsof spacewe leave the derivation of this velocity-vorticity form of the Navier-Stokesandenegy
governingequationg3.1)-(3.4)to theliterature(e.g.,[3] andcitationstherein).However, to motivateour mainpoint,
we notethatthe two equationswith velocity componentsinderthe Laplacianoperators(3.1) and(3.2), comefrom
differentiatingthe continuity equationand substitutingfrom the definition of vorticity. Thus,for instancewe differ-
entiatethe continuity equation, g% + 3¢ = 0, by z andthe definition of vorticity, w(z,y) = — 5% + 52, by y and
eliminatethetermin v to get(3.1).

We discretizethe system(3.1)-(3.4)with a standardive-pointstencilfor eachcomponentpn auniform Cartesian
grid, using standardirst-orderupwindingfor the corvective termsand centraldifferencingfor the otherfirst-order
gradients.All four solutioncomponentsare vertex centered.This discretization the sourcecodefor which canbe
examinedin the PETScreleaseis famouslydiffusive atlarge Reynoldsnumbersaandwould not be of acceptablerder
for deriving accurateengineeringesultson efficient meshes However, it senesour purposegandthatof the PETSc
example)by leadingstraightforwardly to a modelproblemwith interestingnonlinearities. Thesenonlinearitiesmay
betunedto be strongor weak,dependingiponthe magnitudeof V;;; and/orthe Grashofnumber

PETS(?2] allows anenormousariety of solvercombinationgo beassembledia command-lineptionsto solve
(3.1)-(3.4). The readeris encouragedo downloadand build PETScand experiment. We prefervariousforms of
preconditionedacobian-fre&lewton-Krylov solvers[25]. Suchasolverhasasits heartaninexactNewtonmethod8].
TheNewton-correctiorequations solvedapproximatelywith aKrylov method suchasGMRES[33], whichrequires
the actionof the Jacobiarof F(u) only in the form of Jacobian-ectorproducts. SuchJacobian-ectorproductsare
available eitherin approximatéfinite-difference(Fréchetderivative) form, via constructionof an explicit Jacobian
matrix from analyticalor numericalmeanspr via automatiadifferentiation(AD). The PET Scdistribution exampleis
of the AD variety, exploiting the automaticdifferentiationpackageADIC [4]. In practice,the Jacobian-baselihear
systemdor the Newton correctionsareill-conditioned, andrequirepreconditioning.PETScis equippedwith mary
forms of preconditioningfor this Cartesiargrid discretization.We usethe default, which is a block ILU relaxation
sweepwithin amultilevel context. Theblock ILU kerneltreatsall four componentsommonto eachvertex implicitly.
This is a well known practicein multicomponeniproblemswith cross-couplingn transportand sourceterms,asin
(3.1)-(3.4). (It alsohasexcellentcachelocality properties,sinceit leadsto small BLAS3-like kernelsthat can be
unrolledinto registers. Suchsolver issueshave beenextensiely studiedelsavhere,e.g.,[15]. In the context of this
papertheonly aspecof performanceaboutwhich we aredirectly concerneds the outernonlinearcorvergence.)

We readily obsene from experimentatiorthat Newton’s methodstruggleswvhenthis simulationis startedat high
valuesof V;;4 andGr, on ary but the coarsesgrids. For illustrative purposesywe usedimensionlessaluesof V;;q =
100 andGr = 10° below. Without ¥tc, the standardvay to solve this systemin PETScis to usemeshsequencing,
working up from a grid containingjust4 x 4 cellsatits coarsestStartingfrom a “cold” initial iterateevenfor a grid
only asfine as32 x 32 with thesehigh parametewaluesfor V;;; andGr, Newton stagnates.

We canprependatendeng termto eachequationin (3.1)-(3.4)andattemptto overcomethis problemby ¥tc .

ou ow

_ A —_— .
5 U By 0, (3.5
ov Oow

E—AU—Fa——O, (36)

lUpon unpacking the release petsc-2.1.5, which is available at http://ww. nts. anl.gov/ petsc, see
PETSC/ src/ snes/ exanpl es/tutori al s/ ex27. ¢, where PETSC representghe local root directory of the package. By default, in
this example,pseudo-transierontinuationis appliedto the vorticity andenegy equationsTo forceit to beappliedto all four equationspneuses
thecommand-lineswitch“- use_par ab”.
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dtparab

-8 res v re

\ \ Sparab

10 I I I I I I I
0 5 10 15 20 25 30 35 40

FiG. 3.1. Corvemgenceof residualnorm (dashedcurve)and growth of pseuddime step(solid curve)for two versionsof ¥tc on the driven
cavityexample TheDAE form of ¥tc corvergesfasterthanthefully parabolizedODE form.

ow ow ow oT

E—AW'FU%'FU@—GI‘a—‘T—O, (37)
oT oT oT
¥ _AT+Pr(u%+U8_y) =0, (3.8)

The resultis plottedin Figure3.1. This figure containstwo convergenceplots of the Euclideannorm of the steady
stateresidual || F'(z,,)]|| (“res”), asafunctionof iterationn, andcorrespondinglotsof 6,, (“dt”). Thelongerrunning
history pertainsto the casein which (3.1)-(3.4)arefully parabolizedn the mannerof (3.5-3.8). We noteterminal
Newton-like corvergenceof the Euclideannorm of the steady-stateesidual“resparan” and growth of the pseudo-
timestep*dtparap” in accordancevith the ¥tc theoryof [20]. If, instead we constrainthe two velocity equationgo
be satisfied‘exactly” (to within thelimits of the overall inexact Newton methodlinear corvergence) by not adding
ary time-steppingo thoseequationsj.e., solving (3.1)-(3.2)togetherwith (3.7-3.8),we obtainthe shortefrunning
historyin Figure3.1. BothtechniquegODE-basedndDAE-based¥tc ) leadto corvergencean a casewhereNewton
alonefails, apartfrom mesh-sequencinddowever, the DAE form of thetechniquds evidently superior It corverges
after half asmary pseudo-timestepsand, unlike the fully parabolizedcase doesnot suffer ary nonmonotonicityin
|| (zn)|| OF 6,

3.2. Variable-density Reacting Flow. As a secondexample,we considerthe axisymmetricflamesheetnodel
from [23], expressedsa systemof threesteady-stat®DEs. Insteadof the velocity-vorticity treatmenbf the driven
cavity above, we usea streamfunction-grticity formulation, following the the developmentof [13]. With » and z
for the radialandaxial directionsin cylindrical coordinatesand primitive variablesv,, andv, astheradialandaxial
velocities,respectiely, we definethe vorticity componenhormalto the axisymmetricplane,representingn-plane

rotation,w = Béu; — [:g;f s andthevariabIe-densit;StoIesstrealnfunctionzz;, in termsof which
o P
=——" and = 7.
Py » PV, "

Thethreeequationdo besolvedaremassconseration:

a (1Y o (1Y _
5 (55) ~5 (o) —=0 59
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momentunconseration;

(3.10)
+r2g%2 + 12V (—”*JZF”Z) isop =0,
andspecieconsenration:
0 oS 0 oS 0 oY 0 o\
T
Here,u is mixtureviscosity D is moleculadiffusivity, andthenotationiso” is definedbyisop = (—%, —%)

The systemis closedby constitutive laws andan equationof statethatexpressu, D, andp asnonlinearfunctionsof
S.

A singleconseredscalar S, is capableof describingthe completecompositionandthermodynamictateof the
fluid undertheassumptiorof infinitely fastsingle-stefkineticsandtheadditionalassumptionghatthebinarydiffusion
coeficientsof all pairsof speciesareequalandthatthe Lewis number(ratio of thermalto speciediffusivity) is unity.
Therefore,this governing systemcontainsno separatespeciesor enegy conseration equations. S is a so-called
Shwvab-Zeldwich or mixture-fractionvariable asdefined for instancejn [39]. Theflamefront, T, is definedasalevel
setof S: T' = {(r, 2)|S(r, 2) = Sy}, ononesideof which fuel cannotexist andon the otherside of which oxidizer
cannotexist, becauseachis consumedittheinterface. Thevalueof Sy comesrom the stoichiometryof thereaction.
For adetailedderivationof this formulationin the comtustionliteraturein the caseof a methane-aiflame,see[22].

Thegeometryis thatof a co-flowing gaseoudurner, with aninnertubeout of which flows a methane-aimixture
andan outerannulusout of which flows a standardatmosphereThe boundaryconditionsarethoseof symmetryfor
r = 0, astress-fredree-streanfor r = r,,4,, inhomogeneou®irichlet valuesfor velocitiesandchemicalspecies
at the inflow wherez = 0, and extrapolatve exit conditionsat z = z,,,,. The inflow velocitiesare piecavise
constantin r, differenton either side of the radiusthat dividesthe inner tube from the outer co-flowing annulus.
Theinflow conditionon S is constructedo represent Gaussiarpeakof comhustion products(carbondioxide and
watervapor) centeredat the dividing radiusbetweenthe co-flowing fuel and oxidizer streamsand a corresponding
temperaturgrofile achieving the stoichiometricallyappropriatepeakvalue at the dividing radius. Theseconditions
aresweptdownstreanto form aninitial conditionthroughoutthe domain. Thus,the problemof ignition is avoided.
The flameis “undenentilated”in the languageof comtustiontheory which implies thatthe initial flametube must
find a final bulbous pinchedsteady-stateshapecharacteristicof the flame attachedto a bunsenburner Thereare
numerougechnicalissuedn flameholdingvhosediscussiorwe suppressere,with thejustificationthatthis modelis
well published.,its limitations well understoodandvariousremediedor thoselimitations available. (See,e.g.,[37]
and[11].) Thoughhighly simplified, the problemis practically motivatedin thatit senesasa useful asymptotic
precursoffor finite-ratedetailedkineticsflamestructuremodels. It hasbeenusedto generateaninitial conditionfor
thedetailedkineticsproblem,asanexampleof “model continuation”.

Becauseof the polynomialnonlinearitiesthat are evidentin (3.9)-(3.11)andthe moreinsidiousnonlinearityof
the variousstatefunctions(u, D, andp) of S asa function of thea priori unknawvn interfacewhereS(r, z) = Sy,
this systemis virtually impossibleto solve by Newton’s methodfrom ary readily specifiedinitial iterate,including
therelatively sophisticatedalreadyignited swepttubular flame statedescribedabove. A “natural” pseudo-transient
approacthprependsa term rp% to (3.11)andaterm r3p%—‘;’ to (3.10). Theresultingtransientequationsaaredimen-
sionally andphysicallycorrectandcould be usedto time-accuratelyevolve the unsteadyflame. Obsene that sincep
is afunctionof S, thisis aninstanceof a varying (but alwaysnonsinguladiagonal)V'.

We argueon the basisof physicalintuition andthe experienceof the prior examplethatit might be harmfulto
allow %) to relaxby prependingsimilartendeng termin thestreamfunctioro (3.9). Like (3.1)-(3.2),Eq.(3.9)derives
from the underlyingprimitive variableexpressiornof the conseration of massfor the reactingflow. Dueto chemical
reactionandheatreleasethe densityp varies(by up to anorderof magnituden commonterrestrialhydrocarbon-air
or hydrogen-aidiffusion flame applications).This variationcannotbe neglectedoutsideof the buoyang term, asit
wasin the earlierexample. However, we do not wantto admit densityvariationsarisingfrom transientmomentum
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imbalanceswhich couldleadto acoustic-like waves. While therearemary applicationssuchasturbulentcomhustion,
in which thermalfluctuationsandacoustiowavesinteractin dynamicallyrelevantways,theseapplicationsrequirefar
morecomplex modelsthan(3.9)-(3.11)to describe.On the otherhand,therearemary applicationdor which the set
(3.9)-(3.11)is a usefulmodel. For thesesituations we exploit our theoryfor ¥tc thatretains(3.9) asit is, anelliptic
constraintenforcedat every (pseudo-)timestepto implicitly equilibratepressureand suppresscousticstiffnessin a
variabledensitycontext.

A corvergencehistory for DAE-based¥tc for the flamesheeproblemis shavn in Figure3.2. Thereis aninitial
rapid plungeof the steady-stateesidualon thefirst pseudo-timestep. This correspondso creatinga consistentnitial
conditionfor the DAE (Assumptior2.1, part1). Thereis no assurancé thelimited theoryof this paperthatthis first
Newton stepshouldbesuccessfulwhichis why we startwith arelatively smallinitial time step,do = 10~°. Following
thispoint, ¥'tc corvergencas fairly uneventful. However, it shouldbenotedthatthesuccessf themethodis relatively
sensitie to theinitial time step.If we attempts, > 10~*, for instancethe Newton iterationdieson thefirst stepwith
aninfeasibleiterate(component®f S aredriven out of bounds). In particular unassistedNewton iterationon the
steady-statsystemis hopelesslf wetry §o < 10—, Newton’s methodassistedy SER-style®tc will corverge,but
will take morepseudo-timestepsto build 6,, up to avalueatwhich a switchoverto afull Newton iterationcansafely
occur It would be desirableto comeup with theory heuristics,or a databasef historical corvergenceresultsfor
relatedproblemspy which to guidethe choiceof 6.

In this implementationthe maximumincreaseof §,, from onetime stepto the next is limited to a factorof 2,
exceptat thefinal switchoverto a full Newton step,which is triggeredby the pseudo-timestepreachingunity. This
successionf doublingsis obsenedin the semi-logplot of Fig. 3.2betweeriterations2 and13, duringwhichtime the
residualnormis strugglingnonmonotonicallybut atalevel thatis substantiallybelow || F'(z¢)||, sothecriterion (1.3)
permitsa growth in é,, thatis limited only by theratio bound.Obviously, mary refinement®f the stratayy to pick 4,
arepossiblebut the simpleonewe have adopteds sufiicient, if possiblyinefficient.

We remarkthatthe individual rootfinding problems(at eachpseudo-timesteph this run enjoy reasonabldinear
conditioning.This is evidencedby the numberof zero-fill block ILU-preconditionedKrylov subiterationsequiredin
eachinexactNewton step,which variesbetweerB andjust 13, until thelastfive pseudo-transiertienton rootfinding
problemswhené,, becomesloseto unity.

dae

~ |
107 \ reSdae 7

107 I I I I I I I
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Fi1G. 3.2. Convergenceofresidualnorm(dashecdturve)andgrowthof pseuddimestep(solid curve)for the DAE form of ¥'tc ontheflamesheet
example

We remarkthat ¥tc is morecrucialfor this flamesheetxamplethanit wasfor thedrivencavity example.For the
drivencavity, meshsequencindeadsto a steady-statsolutionwith or without 'tc . For the flamesheetthe problem
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hastoo rich a geometricstructureto be representedn a grid muchcoarsetthan16 x 16 in the axisymmetricplane,
andthe choiceof initial meshmustbe constructedathercarefully (with refinemenin r aroundthe mixing radiusand
gradualexpansionin the z-directiondownstreamYor the flameto be sufiiciently accuratelydiscretizedwith second-
orderfinite differenceson sucha coarsemesh. Evenon a 16 x 16 grid, ¥tc is crucial. After interpolationof the

16 x 16 solutionto arefined32 x 32 grid, ¥tc is againcrucial to the succes®f Newton’s method asit is following

interpolationof the 32 x 32 methodto a64 x 64 grid. It takesmary doublingsof grid densitybeforethe bilinearly

interpolatedsolutionon the refinedgrid lies initially in the ball of corvergenceof Newton’s methodapplieddirectly

to the steady-statsystem.

4. Conclusion. We have shavn, undernaturalassumptionsthat tc is a globally corvergentmethodfor semi-
explicit index-1 differential-algebraiequationsWe have alsoarguedthattheindex-1 DAE formulationis animportant
complemento the standardnethod-of-lineSODE formulationof ¥tc . Both propositionsareillustratedby numerical
experimentson modelnonlinearfluid mechanicabkpplicationswhich shaw, first, that ¥tc is effective and, second,
thatthe DAE formulationcanbe moreeffective thanthe ODE formulation. Our modelproblemsareof relatively low
discretedimensionbut arealreadysufficientto illustratethe challenge®f applyingNewton’s methodwithout ¥ic.

The objective of this paperis to analyzeandillustrate ¥tc by itself in the context of standardnexact Newton-
Krylov solvers,without muchattentionto the preconditioningof theresultinginnerlinear problemsandunadornedy
othercomplicationssuchasmeshsequencingln large-scalgractice linear preconditionings importantandis made
easierby the additionof the implicit time step. Finally, to recapitulatehe introduction,we believe that ¥tc is best
exploitedin combinationwith othertechniquesgspeciallyof the multilevel variety, bothfor nonlinearrobustnesand
for solutionefficienay.

Acknowledgments. The third authorwishesto acknavledgethe assistancef Paul Hovland, DineshKaushik,
Lois Mclnnes,andBarry Smith of ArgonneNational Laboratoryfor their maintenancef the demonstratiorcavity
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