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1 Introduction

On several real world problems the scale € is so smaller than 2 that even with
very heavy computer efforts it is impossible to take h < €, h being the scale
(mesh-size) of the discrete method used to approximate the solution of

0 0 .
Leu, = —a—%i(aij(a:/e)%ju€ =f in 2, ue=0 on 9. (1)

where the matrix a(y) = (a;;(y)) is symmetric positive definite, whose en-
tries are periodic functions of y with periodic cell Y. More specifically we
assume a;; € CYP(R?), B > 0. It is also assumed that there exists pos-
itive constants v, and S, such that 74||€[* < aij(y)&&; < Ball€]|? for all
£ € R and y € Y. Recently new numerical methods have been proposed
for approximating the solution u. with meshes sizes h > € (or h >> €) but
capturing the oscillations presented by the the solution wu.; see for example
[HW97,EHW00,SM02,EE03,503,AB04,]. In [VS05a] we developed a numeri-
cal scheme for this problem for the case the domain (2 is rectangular, and
quasi-optimal error rate estimates were obtained. That method, opposed to
the methods [HW97,EHW00,S03] is strongly based on asymptotic expansions
of u.. We construct a first order asymptotic expansion for u., and then we
numerically approximate each term separately.

In this paper, we modify the method in [VSO05a] for the case where (2 is a
convex polygonal regional with rational normals. In this case, a better treat-
ment for the normal derivative of ug is required. We propose an approximation
based on hybrid finite element for the flux and we obtain optimal error rate
estimates for the Ly norm and H' broken semi-norm.
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2 Notation

We assume that Y = [0, 1] x [0, 1] and {2 is bounded convex polygonal region in
2, whose boundary 02 = UI'*, k =1, ..., m where each I'* is a line segment
with minimal outward normal denoted by Ny = (pg,qx)?, where py and gy
are integers and relative primes. This hypothesis is required to guarantee
periodicity of a(x/¢€) on I}, [MVIT7].

Let D C R? be an open set. We use the standard notation || ||s,p, || ||s,p.0
for H*(D) and W, (D) norms, |- [s p, |- |sp,p their semi-norms. and || - |[s n,p
for the broken norms related to a regular partition 7;(D) = Ki, Ka, ..., K,
of D. Throughout this paper, when we do not make reference to the domain
D it is assumed that D = (2. It is continually used the Einstein summation
convention, i.e. repeated indices indicate summation, except when the indice
k is used . In what follows ¢ denotes a generic constant independent of €, h,
and functions being evaluated.

3 Theoretical Approximation

3.1 The Asymptotic Expansion

The solution u. can be approximated by an asymptotic expansion. This ap-
proximation can be found using equation (1) and the ansatz
ue(x) = uo(z, x/€) + eus (x, 2/€) + ug(x,x/€) + - - -,

where the functions u;(x,y) are Y periodic in y. These terms are defined
below; for more details see [BLP80,0SY92,MV97] .
Let %’ be the Y periodic solution with zero average on Y of

; 0
Vy-ay)Vyx! =Vy-a(y)Vyy; = 371.“” (). (2)
We have that x7 € C*#(R2?) when a;; € C1#(R?). Define the matrix:
1 0 0 .
Ai»:—/am -_— 1—27 c—xdy. 3
=y W) gy, Wi = x5, —( = x")dy 3)

It is easy to see that the matrix A is symmetric positive definite. Define
up € H?(£2) N HE (£2) as the solution of

—V.AVug=f in 2, wuy=0 on 012, (4)

and let uy (z, £) = —x7 (£) %(x) Note that ug+eu; does not satisfy the zero
J
Dirichlet boundary condition on 9f2. In order to correct this, the boundary

corrector term 6, € H'(£2) is introduced as the solution of
-V -a(z/e)VO. =0 in 2, 60.=—u(z, E) on 0f2. (5)
€

Therefore we obtain ug + eu; + €. € H}(£2).
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3.2 Boundary Corrector Approximation

Note that the coefficients a;;(x/€) and the boundary values —u;(z, £) of the
Equation (5) are highly oscillatory, hence it is not a trivial problem to obtain
a good discretization for 6. We propose an analytical approximation for 6,
denoted by ¢. that satisfies the oscillating boundary condition and is more
suitable for numerical approximation.

Note that ug = 0 along 042 implies Vu,|p, = 750y, uo. We then decompose
0. = 55 + 0. where

~V-a(z/e)VO. =0 in 2, 0.=—u; —x yug on 92, (6)

and

~V-a(z/e)VO. =0 in 2, 0.=x"0uo on 91, (7)
where x*|r,, = X} are properly chosen constants . In Remark 1 we show that
the problems (6) and (7) are well posed. The approximation ¢, for §. is defined
later as g?)e + ¢., where qgs ~ ée and ¢, ~ 6..

Next we define constants xj for which the approximation ¢~>€ decays ex-
ponentially to zero away from the boundary and is suitable for numerical
approximation.

Let 7, = (n*)* be the m/2 rotation counterclockwise of n*. We introduce
the following normal and tangential coordinate system

yll - _ 77kTy (8)
yé TkTy
We observe that a function periodic in y with period 1 is periodic in y’ with
period T}, = (p2 + q,%)l/Q. Associated to each side I, of 942, let G, = {y €
R?; 4y <0; and 0 < y4 < T} }; and vy, the solution of
~V, - aly + 8nF)Vyvp = 0 in Gy,
uk(y) = X7 (y + 6en® )k on{y € Gi,yj =0}
Vklyr—0 = Vklys—1,, for —oo <y} <0,
and §%exp(—yy) € LA(Gy), i=1,2,
where 6. = Ty (s./ (eTk) — |81/ (€Tk)]), and sy, is such that I'y, C {x € R?; z-

Nk = Sk }; (|| denotes the integer part).
Let

* 1 T l ox™ k k, k
Xk—W</O {Xau (51 - 6yj)77ﬂ7m7h]

+ [ (aly+ 59y vymdy) ,
G

dy
y1=0c

It can be shown [MV97] that vy decays exponentially to zero for y] — —oo,
Le. (vx — xp)exp(—y)) € L*(Gy).
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We note by Remark 1 that (ui(z,Z) — x*0yuo)|r, € Hé({z(]“k). Thus we
can split 6, = D oke{l,...N} 6%, where

—u(w, %) = x*Oqug on I},
0 on 0\ Iy.

€

L =0 in 0, ék:{
We approximate éf by éf given by

o) = gnten) (w0 (T2 ) <) Vwo e )

In order to simplify the definition of the function @ (z) let us assume
Iy ={x € R? 21 =0,0 < x5 < c} and that :UT is the inner normal direction.
Let I'y—1,I ;41 be the edges with vertices at the point (0, ¢), (0, 0) respectively
and let ap > 0 and agy1 < 0 be the angles between z; axis and [_; and
I+ respectively. Then we define

1 if 0<z21<6; 0<z3<¢
1— (22 —c¢)/(zrtanag) if 0 <z <4; z3>c¢

vr() =< 1+ z2/(z1tanag41) if 0<21<6d; 22<0
smooth if 6§ <ax <26

Hence qBS = Zke{l,..‘,N} &f approximate 6., and ¢. = 6. on the boundary of
0.

The boundary condition imposed on Equation (7) does not depend on e.
An effective approximation for 8. is given by ¢ € H'(§2) the solution of

~V-AVé=0 in 2, ¢=x"0yu on 9.

We define our theoretical approximation for ue as ug + €u1 + €., where ¢, =
¢ + ¢. Note that ¢clon = Oc|an, therefore ug + euy + ep. = 0 on 9. In
[VS05b] we prove the following error bounds

Theorem 1.  Assume that a;; € CYP(R?) and ug € H($2), (ug € H3(£2)).
Then there exists a constant ¢, such that

l[ue —uo — eur — €de|l1 < cel|uol|2

(lue = uo — eur — edello < €2 luolls)-
Remark 1. Since ug satisfies zero Dirichlet boundary condition on 02 and
up € H2(£2), we have ggg € H&éQ(Fk) and ||x*Oyuoll gri/200) < c(X*)|luoll2-
Note also that uy(z, %) = —x7 () gix‘;(x), since x? € C?P(R?) we get uy|r, €
Hop* (L),
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4 Finite Element Approximation

We now describe how to numerically approximate the terms ug, u1, (;36 and ¢.

Solve the cell problem (2) with a second order accurate conforming finite
element in a partition 7;,(Y'). Call these solutions xj .

Define AY; = 1 [y aim (¥) g (4 — X)) 5 (5 — X7 )dy-

Let V"(£2) be a conforming second order accurate finite element in a mesh
T5,(£2), and VJ(2) = V(£2) N HL(82). Define ul™ € VJ* the solution of

/Q(AHVug’B,Vvh)dx = ) foldz, Yo" € VI

Define ul" as o (z) = —x? () 26" (2). Note that this leads ¢
efine uy™" as uy™" (x) = —x; (%) oy (). Note that this leads to a non-

conforming approximation for uy in the partition 7;,(£2).
Define Y;" the trace of V" at I';. And let A} € I'', A\l = 0 at 9T, satisfying

/ Aol ddr = / Fodr + / A do. (10)
n n Iy
VoeVh dloo\r, = 0 so approximate dyug by uh’ﬁ where

" . l=1ifk=1,3.
,uh”|Fk :)\L/Alhl, {l:2ifk‘=2,4~

Let p be a positive integer and G}, = {y € R%y; <0, |y;| < p; and 0 <
yh < Ty} . Define 0, € H'(GY) the solution of

—Vy - aly+0nF)Vyo, =0 in G,
r(y) = x} (y + den*),on{y € G,y =0},
Oyt =0, on{y € G} |yi| = p},

and Uk'yézo = 'UklyQ:Tka for |yi| <p.

h . L L
Let v, be a numerical approximation of 7, using a second order accurate
conforming finite element on a mesh 7; (G%).
Define

A A : /Tk |: ( axm> :|
*,h,p l h k, k  k
= ‘aii | 05 — A

Xk ( h"’]ky nk)Tk ( o X}L 3 J ayJ i T,

+/ (aly + 5677k)vyvl§7p ) Vy”li“p)dy> ’
Gy

dyy

Y1 =0

Given g : I, — R, let Ex(g) € V*(£2) be the extension by zero of g to £2.
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Observe that in Equation. (9) the term v, ((z — sgpmr)/€) appears. Since the

approximation v]"? is defined in G%, we can calculate v)"? ((z — sgni)/€)
only if |z} — sg| < ep. Since the functions vy, — x decays exponentially to
zero in the —ny direction its is natural to consider the following approxi-
mation

GNP (21, 205) =
hop (z—spm) Qun’ whpp by ip 1 —
Pk | Yk ( € ) ox1 Xk k(p’ ) 1 “rl 5k| < €p,
0 if |2} — skl > ep,
and @l P — Eke{l,.‘.,N} plthip,

Let gi_)hj“p be a second order accurate finite element approximation in a
mesh of size h for the following equation

—vAhy =0, =Pt on 0. (11)
Remark 2. By construction ,uhﬁ = 0 at the corners of (2, therefore
x* Pt € HY/2(00). This implies that Eq.(11) is well posed. In addition

x*uhh e V" 50 hence we can look for a numerical solution of Eq.(11) at

vh,
Approximate 6. by 927’%? = Qﬁr’h’ﬁ’p + §*hhp and finally construct the

. . A h.h h.h h
numerical solution for Eq. (1), u"? = ug™ + euy™ + edhmp,

5 Error Analysis

When p — oo and h — 0 we prove in [VS05b] the following estimates.

Theorem 2. Assume that a;; € CYP(R?) and ug € W2>(2) (up €
W2(2) N H3(£2)). Then there exists a constant c, such that

Jue = unlin < e(h+ €)luoll2,00
(llue — unllo < c(h? + €2 4 €eh)(|uol2,00 + [uoll3))

6 Numerical Experiments

In this section, we present some numerical results for solving our model prob-
lem with

o) = 2 4 Psin(2mxy /€) 2 4 sin(27xa/€) I
~ \ 2+ Pcos(2mza/€) = 2+ Psin(2mzy /¢) 22
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fl&)=—-1 and w=0 on 9.

We compare the solution obtained by our method with the solution obtained
by a second order accurate finite element method in a fine mesh of size hy,
which we call u?. Tables 1 provide absolute errors estimates for u’ — uf"?.

We have used p = 2, h = 1/128, hy = 1/2048, and a triangular mesh with

continuous piecewise linear functions to approximate X% and v,”. From Table

Table 1. u} — u"P error

| - ]lo error
el h—[1/8 1/16 1/32 1/64
1/16 2.3863e-04[1.5793e-04
1/32 2.3241¢-04[8.0169¢-05|1.7773¢-05
1/64 2.3540e-04[5.4314e-05|5.1865e-05|5.9606e-05
| - |1,n error
1/16 0.0097  |0.0067
1/32 0.0086  |0.0051  |0.0036
1/64 0.0086  |0.0044  [0.0025  |0.0018
Table 2.
€e=1/64, h =1/32, h; =1/1024
Il llo [l
r—uph 0.0287 0.0215
ul —upt — eut 0.0213 0.0026
ul —ul — eult — eghhp 5.0450e-050.0026
ul —ud" — eul” — e(@""MP 4 $P")|5.1865¢-05/0.0025

1, we see that for e << h we have errors of order O(h?) and O(h) for the L?
norm and semi norm H'! respectively. We observe that when we fix h and
decrease € the errors almost do not change. This is an evidence that in this
case the dominant error term is O(h). Also looking the diagonal values in these
tables we see clearly that the numerical error agrees with the theoretical rates
from Theorem 2.

Table 2 shows the improvement obtained in the final approximation by
considering the numerical approximation for the boundary corrector. We ob-
serve a better improvement on the || - | norm rather then on |- |1 semi
norm. The reason for this is that ¢ is obtained through the homogenized
equation associated to Problem (7), therefore it is a good approximation for
0. on L2(£2) norm but not on | - |; semi norm. The term ¢, is defined in a
thin boundary layer that mostly force the approximation to satisfies the zero
Dirichlet boundary condition.
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7 Conclusions

We propose a new method for approximating numerically the solution of Equa-
tion (1). This method is strongly based on periodicity of the coefficients a;;,
and for this reason it has relative low computational cost with optimal error
convergence rate.
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