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Overview

1. Introduction to Micromechanics and Virtual Material Design

2. Effective Thermal Conductivity of Composite Materials -
Explicit Jump Immersed Interface Method (EJIIM) 

3. Effective Elastic Behavior of Porous Media –
DDFEM (parallel, hierarchical shape functions, variant of all-floating FETI)
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1. Introduction:
Classification of Inhomogeneous Materials

Porous and cellular materials can be treated
as inhomogeneous materials in which one
constituent has zero stiffness or conductivity.

Interwoven phase arrangements

The phases are not distinguishable
topologically.

1. Open cell foams

2. Granular materials

Matrix inclusion arrangements

Only matrix shows connected topology.

• Closed cell foams

• Nonwovens

• Most composite materials
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1. Introduction: Problem Formulation

Given:Given:Given:Given:

1. Mechanical properties of the single phases of inhomogeneous materials

2. Geometrical microstructural parameters (pore size, porosity) of inhomogeneous  
materials

Application:Application:Application:Application:

Virtual material design and material optimization

Find:Find:Find:Find:

1. Macroscopic mechanical behaviour of the structures made of the inhomogeneous 
material

2. Relation, which describes the macroscopic material parameters as function of the
given parameters of the phases and the geometry 



Application of DD Methods in Micromechanics
DD 17, Strobl, July 6, 2006

page 5

1. Introduction: Virtual Material Design

Macroscopic PropertiesMacroscopic PropertiesMacroscopic PropertiesMacroscopic Properties

• Effective thermal conductivity Effective thermal conductivity Effective thermal conductivity Effective thermal conductivity 
(Poisson)(Poisson)(Poisson)(Poisson)

• Permeability (Stokes)Permeability (Stokes)Permeability (Stokes)Permeability (Stokes)

• TortuosityTortuosityTortuosityTortuosity (Poisson)(Poisson)(Poisson)(Poisson)

• Effective elastic Effective elastic Effective elastic Effective elastic coeffcoeffcoeffcoeff. (Elasticity). (Elasticity). (Elasticity). (Elasticity)

• Thermal characteristic lengthThermal characteristic lengthThermal characteristic lengthThermal characteristic length

• Viscous characteristic lengthViscous characteristic lengthViscous characteristic lengthViscous characteristic length

ApplicationApplicationApplicationApplication

• Thermal insulating materialsThermal insulating materialsThermal insulating materialsThermal insulating materials

• Bending and compression stiffnessBending and compression stiffnessBending and compression stiffnessBending and compression stiffness

• Acoustic absorption and Acoustic absorption and Acoustic absorption and Acoustic absorption and 
impedanceimpedanceimpedanceimpedance
((((BiotBiotBiotBiot Parameter)Parameter)Parameter)Parameter)

• Filtration of particles Filtration of particles Filtration of particles Filtration of particles 
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1. Introduction:
Micromechanically Based Multiscale Models

Modeling of complex material behavior can be simplified by introModeling of complex material behavior can be simplified by introModeling of complex material behavior can be simplified by introModeling of complex material behavior can be simplified by introducing 2 or 3 scales: ducing 2 or 3 scales: ducing 2 or 3 scales: ducing 2 or 3 scales: 

MicroscopicMicroscopicMicroscopicMicroscopic Level     < <Level     < <Level     < <Level     < < MesoscopicMesoscopicMesoscopicMesoscopic LevelLevelLevelLevel < << << << < MacroscopicMacroscopicMacroscopicMacroscopic LevelLevelLevelLevel

Detail of the binder Detail of the binder Detail of the binder Detail of the binder 
distribution between two distribution between two distribution between two distribution between two 
crossing fibrescrossing fibrescrossing fibrescrossing fibres

(Hashin, 1983)

Micromechanically based constitutive Micromechanically based constitutive Micromechanically based constitutive Micromechanically based constitutive 
models have a clear physical basis comparedmodels have a clear physical basis comparedmodels have a clear physical basis comparedmodels have a clear physical basis compared
to semito semito semito semi----empirical models.empirical models.empirical models.empirical models.

GlasswoolGlasswoolGlasswoolGlasswool platesplatesplatesplates

1 m1 mm10 µm

StatisticallyStatisticallyStatisticallyStatistically reconstructedreconstructedreconstructedreconstructed

microstructuresmicrostructuresmicrostructuresmicrostructures

TheTheTheThe fullfullfullfull resolutionresolutionresolutionresolution of of of of thethethethe microstructuremicrostructuremicrostructuremicrostructure in in in in thethethethe wholewholewholewhole macroscopicmacroscopicmacroscopicmacroscopic componentcomponentcomponentcomponent isisisis notnotnotnot possiblepossiblepossiblepossible....
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1. Introduction: Computational Homogenization

The (empirical) constitutive law for all points M is replaced byThe (empirical) constitutive law for all points M is replaced byThe (empirical) constitutive law for all points M is replaced byThe (empirical) constitutive law for all points M is replaced by the following approach:the following approach:the following approach:the following approach:

“MMMM” macroscopic quantity This technique does not require any This technique does not require any This technique does not require any This technique does not require any 
constitutive assumption on the constitutive assumption on the constitutive assumption on the constitutive assumption on the macrolevelmacrolevelmacrolevelmacrolevel....

Nonlinear CaseNonlinear CaseNonlinear CaseNonlinear Case

• Fully coupled system

• Computationally expensive

Linear CaseLinear CaseLinear CaseLinear Case

• Computation of micro b.v.p. for
all “basis functions” of discretized
macro fields in advance

Standard Standard Standard Standard HomogenizationHomogenizationHomogenizationHomogenization::::

global global global global periodicityperiodicityperiodicityperiodicity

CompCompCompComp. . . . HomogenizationHomogenizationHomogenizationHomogenization::::

moremoremoremore realisticrealisticrealisticrealistic locallocallocallocal periodicityperiodicityperiodicityperiodicity
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1. Introduction: Micromechanics -
First-order Homogenization and Localization in Linear Elasticity

Microscale Variables:

Stress

Strain
LocalizationLocalizationLocalizationLocalization

Macroscopic Variables:

Stress

Strain

HomogenizationHomogenizationHomogenizationHomogenization

Effective stiffness tensor:

Hooke
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1. Introduction: First-order Homogenization and 
Representative Volume Element (RVE)

A volume V which fulfills the following soA volume V which fulfills the following soA volume V which fulfills the following soA volume V which fulfills the following so----called Hill condition (under general boundary called Hill condition (under general boundary called Hill condition (under general boundary called Hill condition (under general boundary 
conditions) is called RVEconditions) is called RVEconditions) is called RVEconditions) is called RVE

Microscopic Microscopic Microscopic Microscopic StoredStoredStoredStored----StrainStrainStrainStrain EnergyEnergyEnergyEnergy WWWW =  Macroscopic=  Macroscopic=  Macroscopic=  Macroscopic StoredStoredStoredStored----StrainStrainStrainStrain EnergyEnergyEnergyEnergy

i.e.

ZeroZeroZeroZero----averaged averaged averaged averaged microstructuralmicrostructuralmicrostructuralmicrostructural fluctuationsfluctuationsfluctuationsfluctuations: 

The Hill condition is used to compute theThe Hill condition is used to compute theThe Hill condition is used to compute theThe Hill condition is used to compute the
effective material tensor.effective material tensor.effective material tensor.effective material tensor.
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1. Introduction: 
First-Order Homogenization in Heat Conductivity

Heat Flux

Temperature Gradient

HomogenizationHomogenizationHomogenizationHomogenization

Hill Condition:Hill Condition:Hill Condition:Hill Condition:

Macroscopic Variables:Macroscopic Variables:Macroscopic Variables:Macroscopic Variables:

The Hill condition is used to compute theThe Hill condition is used to compute theThe Hill condition is used to compute theThe Hill condition is used to compute the
effective material tensor.effective material tensor.effective material tensor.effective material tensor.

Effective heat conductivity tensor:Effective heat conductivity tensor:Effective heat conductivity tensor:Effective heat conductivity tensor:

Fourier Law



Application of DD Methods in Micromechanics
DD 17, Strobl, July 6, 2006

page 11

1. Introduction: 
RVEs from 3D images – “Real structure” models 

1. Selection of a sufficient large part of the 3D
image (CT image)

2. Application of image processing techniques

3. Computation of 6 standard mechanical load
cases (3 thermal load cases) to obtain 
the 4th order elastic stiffness tensor 
(the 2nd order heat conductivity tensor)

Repeat steps 1., 2., and 3. for further parts of the  3D image

Problems:Problems:Problems:Problems:
1. Errors in the 3D images lead to errors in the

computed material constants.

2. Decomposition of different materials.
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1. Introduction: Computer generated stochastic RVEs – Statistically 
reconstructed microstructures

1.1.1.1. Determination of geometrical and statisticalDetermination of geometrical and statisticalDetermination of geometrical and statisticalDetermination of geometrical and statistical
parameters of micro structureparameters of micro structureparameters of micro structureparameters of micro structure
(fiber diameter, fiber cross section, fiber (fiber diameter, fiber cross section, fiber (fiber diameter, fiber cross section, fiber (fiber diameter, fiber cross section, fiber 
distribution)distribution)distribution)distribution)

2.2.2.2. Generation of the RVE in the computer by takingGeneration of the RVE in the computer by takingGeneration of the RVE in the computer by takingGeneration of the RVE in the computer by taking
these parametersthese parametersthese parametersthese parameters

3. Computation of 6 standard mechanical load cases 
(3 thermal load cases) to obtain the 4th order 
elastic stiffness tensor (the 2nd order heat 
conductivity tensor)

Repeat steps 1., 2., and 3. for further computer
generated stochastic RVEs
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1. Introduction: Computer generated stochastic RVEs – Statistically 
reconstructed microstructures

1. Determination of geometrical and statistical
parameters of micro structure
(fiber diameter, fiber cross section, fiber 
distribution)

2. Generation of the RVE in the computer by taking
these parameters

3.3.3.3. Computation of 6 standard mechanical load cases Computation of 6 standard mechanical load cases Computation of 6 standard mechanical load cases Computation of 6 standard mechanical load cases 
(3 thermal load cases) to obtain the 4th order (3 thermal load cases) to obtain the 4th order (3 thermal load cases) to obtain the 4th order (3 thermal load cases) to obtain the 4th order 
elastic stiffness tensor (the 2nd order heat elastic stiffness tensor (the 2nd order heat elastic stiffness tensor (the 2nd order heat elastic stiffness tensor (the 2nd order heat 
conductivity tensor)conductivity tensor)conductivity tensor)conductivity tensor)

Repeat steps 1., 2., and 3. for further computer
generated stochastic RVEs

LoadLoadLoadLoad

StressStressStressStress

StochasticStochasticStochasticStochastic
MicrostructureMicrostructureMicrostructureMicrostructure



Application of DD Methods in Micromechanics
DD 17, Strobl, July 6, 2006

page 14

1. Introduction: FEM/FDM Approaches in Micromechanics 
for the Computation of the Load Cases

Discretization by standard
finite elements

Voxel discretization
(or also brick elements)

FEM is the most popular numerical scheme for evaluating discrete microgeometries.

H.J. Böhm: "A Short Introduction
to Continuum Micromechanics“(2004)
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2. Effective Thermal Conductivity

Transmission problem
with piecewise const.
coefficients
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2. Effective Thermal Conductivity
Variational Formulation

Hsiao, Schnack, Wendland
and
“Mixed Methods in Elasticity”

FE or FD discretization leads to:

Transmission problem
with piecewise const.
coefficients

Steklov-Poincaré operator (D-N map) 
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2. Effective Thermal Conductivity

• 1D case, first order FD approximation, equidistant mesh with par1D case, first order FD approximation, equidistant mesh with par1D case, first order FD approximation, equidistant mesh with par1D case, first order FD approximation, equidistant mesh with parameter hameter hameter hameter h

Discrete Discrete Discrete Discrete SteklovSteklovSteklovSteklov----PoincarPoincarPoincarPoincaréééé operator (Doperator (Doperator (Doperator (D----N map) N map) N map) N map) 
via extrapolationvia extrapolationvia extrapolationvia extrapolation

β:  piecewise constant FD scheme is equivalent to standard FD FD scheme is equivalent to standard FD FD scheme is equivalent to standard FD FD scheme is equivalent to standard FD 
scheme with harmonic averaging.scheme with harmonic averaging.scheme with harmonic averaging.scheme with harmonic averaging.

(transmission(transmission(transmission(transmission
condition)condition)condition)condition)
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2. Effective Thermal Conductivity:
EJIIM system for the computation of effective conductivity

This is an explicit jump (immersed interface method) system or EJIIM system in 
the case of periodic boundary conditions:

Periodic boundary conditions lead to the system: 
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2. Effective Thermal Conductivity:
Solution of EJIIM system, 3D Case, Voxel Mesh
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2. Effective Thermal Conductivity:
Numerical Results: Composite Material with Long Fibers

2.000.000 DOF2.000.000 DOF2.000.000 DOF2.000.000 DOF
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2. Effective Thermal Conductivity:
Numerical Results for Real Life Problem

TemperatureTemperatureTemperatureTemperature fieldfieldfieldfield in an in an in an in an 
industrialindustrialindustrialindustrial mediummediummediummedium

~ 34.000.000 grid points

~   2.600.000 jumps

3.5 GB memory

80 min CPU time

70 BiCGStab iterations
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EJIIM Solver for Linear Elasticity (Second Order)                                    

V. Rutka, PhD Thesis
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EJIIM Solver for Linear Elasticity (Second Order)                                   
V. Rutka, PhD Thesis



Application of DD Methods in Micromechanics
DD 17, Strobl, July 6, 2006

page 24

3. Effective Elastic Coefficients:
FEM solver DDFEM

DDFEM = DDDDomain DDDDecomposition

FFFFinite EEEElement MMMMethod

• Specialized parallel FEM code

• Hierarchical shape functions on
tetrahedrons (for a-posteriori
error estimation)

• Linear algebra routines from
PETSc

• A-priori geometrical DD or
use of METIS for a-posteriori
geometrical decomposition

• Variant of all-floating FETI 
algorithm

• Developed for benchmarking
parallel computers (IPACS)
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3. Effective Elastic Coefficients:
Numerical results and Computational Effort

5:067538.269.6803,54%96,46%600X600X600Foam_600

2:565022.199.6753,55%96,45%500X500X500Foam_500

1:463211.375.5903,55%96,45%400X400X400Foam_400

TimeCPUElementsSVFPorosityResolutionName

StatisticallyStatisticallyStatisticallyStatistically reconstructedreconstructedreconstructedreconstructed

closedclosedclosedclosed----cellcellcellcell foamfoamfoamfoam

DDFEM = DDDDomain DDDDecomposition
FFFFinite EEEElement MMMMethod

6 load cases6 load cases6 load cases6 load cases
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3. Effective Elastic Coefficients: Size of RVE

39,7040,0039,33-2,52%-2,50%-2,54%3,55%96,45%600X600X600Foam_600

40,2840,4239,55-2,48%-2,47%-2,53%3,55%96,45%500X500X500Foam_500

40,2740,1341,07-2,48%-2,49%-2,43%3,55%96,45%400X400X400Foam_400

in zin yin xin zin yin x

E [ MPa ]E [ MPa ]E [ MPa ]StrainStrainStrainSVFPorosityResolutionName

e
z

e
y

e
x

400
500

600

E in X

E in Y

E in Z

38,00

38,50

39,00

39,50

40,00

40,50

41,00

41,50

E
, 

M
P

a

E in X

E in Y

E in Z

RVEs with different size are considered:

If the differences between the results are
relatively small then the size is large 
enough.
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3. Effective Elastic Coefficients: Numerical Results for 
6 Realizations of the Stochastic Microstructure 

41,7542,3442,77-2,40%-2,36%-2,34%3,70%96,30%400X400X400

41,7539,9641,53-2,40%-2,50%-2,41%3,59%96,41%400X400X400

41,2339,2741,78-2,42%-2,55%-2,39%3,56%96,44%400X400X400

45,4338,3037,63-2,20%-2,61%-2,66%3,55%96,45%400X400X400

40,2740,1341,07-2,48%-2,49%-2,43%3,55%96,45%400X400X400

36,1137,1035,62-2,77%-2,70%-2,81%3,19%96,81%400X400X400

in zin yin xin zin yin x

E [ MPa ]E [ MPa ]E [ MPa ]StrainStrainStrainSVFPorosityResolution

e
z

e
y

e
x

400 X 400 X 400

0,00

5,00

10,00

15,00

20,00

25,00

30,00

35,00

40,00

45,00

50,00

3,19% 3,55% 3,55% 3,56% 3,59% 3,70%

SVF

E
, 

M
P

a E in X

E in Y

E in Z

• The foam is almost isotropic.

• The stiffness strongly depends on the porosity.
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Comparison  of Standard FEM and Voxel Discretization
Numerical Convergence of Effective Stiffness Tensor E*

0

2

4

6

8

10

12

14

16

E11 E22 E33 E44 E55 E66

Voxel Mesh

Tetrahedronal Mesh

Solid

0

2

4

6

8

10

12

14

16

E11 E22 E33 E44 E55 E66

Voxel Mesh

Tetrahedronal Mesh

Solid

Mesh 3Mesh 3Mesh 3Mesh 3

80 x 80 x 8080 x 80 x 8080 x 80 x 8080 x 80 x 80

Mesh 1Mesh 1Mesh 1Mesh 1

20 x 20 x 2020 x 20 x 2020 x 20 x 2020 x 20 x 20

MPa MPa

The effective stiffness tensor E* is 
almost transversely isotropic. 
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Summary

• Effective tensors are defined in micromechanics to describe
the macroscopic behavior of inhomogeneous materials.

• We study discrete microstructures to determine the effective material
behavior.

• The effective tensor E* belongs in general to the triclinic symmetry class,
but can be decomposed into a sum of orthogonal tensors belonging to 
different symmetry classes.

• One can compute E* and its decomposition together with the
symmetry Cartesian coordinate system (SCCS) by voxel discretization
(e.g. using GeoDict).


