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Introduction
INTRODUCTION.

» DDFV scheme (DISCRETE DUALITY FINITE VOLUME) for

—div (¢(z,Vue(2))) = f(z), inQ, )
ue =0, on 09,
e Q polygonal open set in R2.
e uw— —div(p(-, Vu)) is coercitive, monotonous (of Leray-Lions
type).
e ¢ presents discontinuities with respect to the space variable z
(Transmission problem).
Example :

= &

—div|VulP~2Vu = f —div (k(x)qu|”_2Vu) =f




Introduction
INTRODUCTION

With discontinuities the DDFV scheme converges but slowly :
In the linear case :
o 1D: —(\*fud) =f
o Arythmetic mean-value : order %
e Harmonic mean-value : order 1

16 mailles, avec lambda=1si x<0.5 et 10 sinon
0.045 T T T T

exact
—+— moyenne arithmétique
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Introduction
INTRODUCTION

With discontinuities, the DDFV scheme converges but slowly :
In the linear case :
e 2D : —div(A(z)Vue) = f
o DDFV scheme : order }
e Improved DDFV scheme (Hermeline, BH) : order 1

L°° error L2 error H' error
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Introduction
HYPOTHESES SUR ¢

o Letp €1, 00, p' = 527 and f € LF(Q). » p > 2 in this talk.
o ¢ :Q x R? — R?is a Caratheodory function such that :

(90(27 5)76) > Cgo (|€|p - 1) ) (H1)

p(z.) < C, (P +1). (H2)

(¢(2,€) ~ plz.).6 ) > o lé —nlP. ()
©

9(2,6) = oz, < Cp (14 1P 2+ 0P 2) lg —nl. (M)

e ¢ is piecewisely lipschitz in z = Assumption (Hs).
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The DDFV scheme
THE DDFV SCHEME

e The discrete unknowns :
u? = (U™, u™) where U™ = (U)ceon U™ = (Uer) e con-

e The discrete gradient : V7 u” is constant on diamond cells

1 u.—u Upgs — Ugx
VIiu" = — = ” v+ = vt vD.
sinap lo| lo|

Up Fupc*
Xic 2

u,c.-rlig'*
2




primal, dual and “diammond”.
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The DDFV scheme
THE DDFV SCHEME

Y ol eV, v) = / f(z)dz, Vi e,
D(,,J*ﬁlc;ﬁ(l) K

- Z |0*| (p(VAUT),vix) = / f(z) dz, Vk* € 9",
IC*

Da,a* ﬂ/C*?éw

with ’
eol€) = oo /D o(2,€) dz.

Discrete Duality formulation :

2y yD\(%(vguT),vgvT):/fvimdz+/ ™ dz, W7 e R
Q Q

DED




The DDFV scheme
KNOWN RESULTS

e Case p =2 : Domelevo & Omnes = Estimate in O(h) for a large
class of meshes.

e General case : Andreianov, Boyer & Hubert
= The scheme converges.

= If ue € W2P(Q) and

o Lip. on Q, with ‘g—i(z,g)‘ <c, (1 + |§|P—1) , VEER2 (Hs)

Then

. , 1
|ue—u™ || o+ ||ue— U™ || o+ ||VUue— VT u”||p < Csize(T)rT.




The DDFV scheme
ZOOM ON THE DIAMOND CELLS

e Diamond cells are supposed to be convex.
e Each diamond cell is cut into four triangles Q.




The DDFV scheme
Aims

If ¢ presents some discontinuities on a curve I
o Ue & W2P(Q).
e The numerical fluxes are no more consistent along I' .

We assume that on each 9, ¢ is Lip. and saitifies (Hs).
» We want to get the consistency of the fluxes on .
» We contruct a new approximation ¢ of the non linearity on the
diamond cell D.

= eV, ) = / f(2)dz. vk eom

Do‘,a* 0K7é® K

= ) ot (en(VouT),vee) = | f(2) dz, Vk* € MM
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The 1D problem
THE 1D PROBLEM

Q=1_171[’ @(X,')z{ g;(()):::))((ig’ )

Letx, =—-1<...<xy=0<... < xy,»w = 1 adiscretization of [-1,1].
The 1D FV scheme reads fori € {OLN+ M — 1} :

Xit1
Rt F= / (x) dx. @)
Xi

with

—

I I—

Fi=o(x, ViuT), Vu' = —2——2 Vi#N, (3)

u. 1 —U

2 2
X, 1 — X_1
*2 =2

QUESTION : how to define Fy ?



The 1D problem
THE NEW GRADIENT

We look for & such that

——— Uy,y — U U—uy
Ut =2

we have




The 1D problem
THE NEW GRADIENT

We look for & in the form
hy Uy,y + hﬁuN_%
hy + hj,

U=u+94, withu=

that is




The 1D problem
THE NEW GRADIENT

e Forallu” € RN, there exists a unique 5y(Vyu™) such that

ar T
Fu o <VNU + w(Vnt?) )) 0, (VNUT _ W(Vnt") )) )

hy hy

e The new scheme admits a unique solution.

1
e The flux Fy is consistent with an error in he=T7.




The 1D problem
EXAMPLE

For two p—laplacian fluxes
p (&) =k |6+ G P2+ G), and ¢,(§) = k¢ + G P2+ G,

where k_,k, € Rt and G_, G, € R2. We obtain

Fyn = (kﬁkfu(h” i hm) a ‘VNUT +G’p_2 (vNuT +é> ,

- I
hik?™" + hy kP~

where G is some arythmetic mean value of G_ and G. defined by

G hyG_ + h;G,
hy + b,
Warning : the fluxes are not explicit

in general !
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The 2D problem
THE NEW GRADIENT

» V¥ uT is constant on each quarter of diamond
VauT = > 1,VEu,

€0 p
vy U = 2 (UC’JC* _%(UIC+UIC*)V
R sin ap |0')c|
| o = (ue + U’C*)u*)
||

That is
VNUT = VZuT + Bod®, 67 € RY,

where 67 is to be determined
BQ}CIC* = (‘UIC‘V*vov ’UK*’VaO)
’ |ch,rc*\



The 2D problem
CONSISTENCY OF THE FLUX

We note

pol6) = / o(2.€) dpia(2).

and choose §? € R* such that

(SOQ,Q,C* (Vou™ + BQ}C,)C* 57),v* P, o (Vou™ + BQIC c* 57),v )
SOQE L* (VTU + BQ[, 5*6 )7 V*>
P (VHUT + Bog .07),v)

QOQE L* (VTUT + BQL L* 5D)a V)

(SOQL,)C* (VguT + BQg,)C* 5D)7 v

(@Q;c);c* (vguT + BQ)CJc* 5D)7 v
)

(@Qn,g* (V£UT + BQ)QL* 5D v

)=(
)= (
)=(
) = (

= For all u” € R7, and all diamond cell D, there exists a unique
~ 0P(VZuT) € R* that ensures such equalities.




The 2D problem
THE NEW SCHEME

1
sofg(v;u’f)zm D 1Qlpo(VEuUT + Bod®(VLu")),  (5)
o€ p

al6) = / o(2.€) dus(2).

FV FORMULATION

— S el (VR ) vi) = / f(2)dz, VK em
DO’,O‘*OK:#w K
(6)

- Z VU*|(<P%[(V5UT),VK*)=/ f(z) dz, Vk* € M*
Do,o.*ﬂlC*;é@ K




The 2D problem
THE NEW SCHEME

1
Py (VouT) = — > [Qea(Viu™ + Bod”(ViuT)),  (5)

|D| 2€0p

al6) = / o(2.€) duz(2).

DISCRETE DUALITY FORMULATION :

23 ol (X (VAUT), VEVT) =2 > Q] (po(VEUT), VEVT)
DED QeN

=/ fv”"dz+/ ™ dz, v e R7.
Q Q




The 2D problem
EXAMPLE

If ¢ is linear (p(z,&) = A(z)£) and constant on each primal cells, we
find Hermeline schemes for which the numerical fluxes can be

explicited.
e A(z) = M(2)1d, X constant on the primal cells, ap = 7

)\IC)‘C Ur — U

(op,v) =
) ox] oz
e a M T arasg e 1Kl + el

N *
Vv .
(QPD ) |0'IC*| 4 |UL*|

( |0K*| A |U£*| A ) Upx — U

e |+ Joee] 7 Jows| + o] °




The 2D problem
MAIN RESULT

THEOREM

We assume that  satisfies (Hs) on each diamond cell.
e The scheme (6), (5) admits a unique solution u”.
o More over if ue, € W?P(Q),VQ, we have

1
|ue — u™||1p + |[ue — U™ ||p + ||V Ue — VNUT || 1p < Csize(T )17,

e Ify is dicontinuous along some curve T in Q and if we use ¢} only
in a neighbourhood V of T and if uej, € W2P(P=17(Q),vQ C V,
we have

. 1
|ue — U™ ||1p + ||ue — U™ || 1p + || Ve — VMU ||1p < Csize(T)®-1.

v

RGN ESE D57 o RIS ISR R S S SO TR P S s o G et W a0 o
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A saddle-point algorithm
POTENTIAL CASE

If » derives from a potentiel ¢

0(2,8) = Ved(z,€), forall¢ eR? ae.z€Q,
®(z,0) = 0, ae.zeq.

PROPOSITION
The solution u”™ of the scheme (6) is the unique minimum of

JSWT) =D > 1Qloa(VevT)- Z];c]f,cv,c ch |fiex Vier, YVT € R

DED 0€Np
(6)

ol

with ®o(") = [ (2. )djuo(2)-




A saddle-point algorithm
POTENTIAL CASE

PROPOSITION

The couple (U™, (6" (Viu™))p) is the unique minimum of

JTAWT8) = Y |Qeo(VIVT + Bod?)

DED 0ENp
= Ielfevie = Y et |fevier, WWT €RT, V€ AL (7)
K K*




A saddle-point algorithm

SADDLE-POINT FORMULATION

We want to solve this non quadratic minimization problem with a
saddle-point formulation (See Glowinsky & al.)

L7, 5,9.0) = Y 1Qda(ge) + D 1Q(Ae, go — VEVT — Bod®)
oeN) o)

+5> 19 \gg R A Xl SR ST
K Kc*

e
w? e RT W6 € A, Vg, A € (R?)2.




A saddle-point algorithm
SADDLE-POINT FORMULATION

The lagragian L;[’A admits a unique saddle-point given by

©o(go) + Ao+ r(go — Vou” — Bod”) =0, VQ € 9Q,

r Z 1QI'Bo(Bod” + VLU — go) — Z |QBoAo =0, VD €D,
2€9Qp Q€D

gg_vg T_BQ(SD:O, VQEQ,

rY 1QUVEUT + Bad” = 9o, VEVT) = D _Ielfevie + 3 | fe vie
Q€N c o
+ ) 1QI(Ao, VEVT), YT e R
e




A saddle-point algorithm
DECOMPOSITION-COORDINATION ALGORITHM

Letr > 0.
e Step 1 :Find (u”",67) solution of

r Y |1QUVEUT" + Bodp — g5, VEVT)

€N
= Z| |f,Cv,C+Z];c*|f,c*v,c* + > 19\, V), T e R
€N
r > 1QBo(Bodh + Vou™" = gh ) = D |QIBoAY T =0, VD e D.
Q€D Q€D

e Step 2 : On each Q, find gJ solution de
©a(98) + A5 +r(gg — Vpu™" — Bodp) = 0.

e Step 3 :On each Q solve \], define by

AL = AT 4 (g — VIuT" — BodR).




A saddle-point algorithm
CONVERGENCE OF THE ALGORITHM

Remark : it works even in the non potential case.

vr > 0, the algorithm converges towards the unique solution of the
improved DDFV scheme.

Example = Converges in 25 iterations.

““““““““““
10 70
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Numerical results
EXEMPLE

Q =]0, 1[x]0, 1], triangular mesh, ue piecewise quadratic, p = 3
if 21 < 0.5, ¢(z,¢) = [¢[P7%¢,

it 2 > 0.5, (2.6 = (A.€)Z A€, with A= ( g g )

e DDFV (4) and improved DDFV (0)

AL

L®° error LP error WP error




Numerical results
EXAMPLE

Q =]0, 1[x]0, 1], triangular mesh, ue piecewise quadratic, p =5
if 21 < 0.5, ¢(2,6) = [¢P%,
if 21 > 0.5, o(z,¢) = (A¢, €)% A¢, with A= 101d.
e DDFV scheme (4) and improved DDFV scheme (¢)

A
N
\

L*° error LP error WP error




Numerical results
CONCLUDING REMARKS

Summary :
e The variational structure of the equation is preserved.
e The discontinuities are handled in a good way (order 1 for p = 2).
e The scheme can be solved by a efficient saddle-point algorithm.
Remarks :

e |t works in the same way if 1 < p < 2.

e We can couple nonlinearity whose order depends on the
subdomain. For example : Darcy / Darcy-Fochheimer.

e We plan to couple the iterative method with domain decomposition
method.
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