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Smoothing Splines

Given a set of attributes vectors x = (x1, X0, ,Xg) ", build a
predictive model

y = f(x).
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Smoothing Splines

Given a set of attributes vectors x = (x1, X0, ,Xg) ", build a
predictive model

y ~ f(x).

To estimate f by a 2nd-order smoothing spline minimise:

Ja(f):%Z(f( )y 2+ a/ > ( ) (DY f(x))2dx,

i=1 v|=2
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Smoothing Splines

Given a set of attributes vectors x = (x1, X0, ,Xg) ", build a
predictive model

y ~ f(x).

To estimate f by a 2nd-order smoothing spline minimise:

n

Ja(f):%Z(f(() +a/2(>D” x))2dx,

i=1 |v|=2

The first term penalises lack of fit, the second penalises roughness.
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Radial Basis Functions

The standard approach is to represent f as a linear combination of
radial basis functions

M n
f(x) = Z agk(x) + a Z w; U(x,x(),
k=1 i=1

where ¢, are monomials of order up to 1 and U are suitable radial
basis functions.
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Radial Basis Functions

The standard approach is to represent f as a linear combination of
radial basis functions

M n
f(x) = Z agk(x) + a Z w; U(x,x(),
k=1 i=1

where ¢, are monomials of order up to 1 and U are suitable radial
basis functions.
Favoured method as it gives an analytical solution.
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Radial Basis Functions

2D Eg:
N -1
U(x’x(’)) = 16—7Tr2ln(r)
Radal Basiaboul 0
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Thin Plate Splines

e Requires a solution of a dense system of matrices.
e System may be ill-conditioned.
e Size increases with the number of data points.
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Thin Plate Splines

e Requires a solution of a dense system of matrices.
e System may be ill-conditioned.
e Size increases with the number of data points.

Not practical for large data sets.
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Finite Element Approximation

Represent f as a linear combination of linear finite elements.
In vector notation f will be of the form

f(x) = b(x)Tc.
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Finite Element Approximation

Represent f as a linear combination of linear finite elements.
In vector notation f will be of the form

f(x) = b(x)Tc.
Minimise J, over all f of this form

NGE %Z(f(x(i)) —y + a / > (i)(D”f(x)fdx.

i=1 /Q |v|=2
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Finite Element Approximation

Represent f as a linear combination of linear finite elements.
In vector notation f will be of the form

f(x) = b(x)Tc.

Minimise J, over all f of this form

n

1 OO IS
D) =2 D) =y 40 [ S

i=1 [v|=2

(i) (D¥(x))2dx.
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Non-Conforming Finite elements

The smoothing term (derivatives) is not defined for piecewise
multi-linear functions.

Use non-conforming finite elements.
Represent the gradient of f by u = (bgy,...,b"gs) where

/Q V(x) - Vv(x) dx = /Q u(x) - Vv(x) dx,

for all piecewise multi-linear function v.
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Non-Conforming Finite elements

/Q Vf(x)-Vv(x) dx = /Q u(x) - Vv(x) dx,

is equivalent to
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Non-Conforming Finite elements

/Q Vf(x)-Vv(x) dx = /Q u(x) - Vv(x) dx,

is equivalent to

d
Lc = Z Gsgs,
s=1

where L is a discrete approximation to the negative Laplace
operator and (Gi, ..., Gy) is a discrete approximation to the
transpose of the gradient operator.
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Finite Element Approximation

2nd-order smoothing spline: minimise

Jo(F) = %Z(f( () 24 n/ > < ) (D¥f(x))?dx.

i=1 |v|=2
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Finite Element Approximation

2nd-order smoothing spline: minimise

1
— () ve 2
Jo(f) = nZ(f( 24 n/ Z < ) (D¥f dx.
i=1 |v|=2
Finite element approximation: minimise

n

d
1 . .
Joc(c7g17g27 e )gd) = E Z(f(x(l)) _.y(l))2 + aZgZ—Lg57
i=1 s=1

subject to

d
Le = z_:l Gsgs. 2 ANU

THE AUSTRALIAN NATIORAL UNNERSITY

Linda Stals, Steve Roberts



2D Formulation

2nd-order smoothing spline: minimise
R , ,
- = (Ny — ()2
By = S 50

+ [ (@A) +2(0002700) + (BBF()°) o,
Q
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2D Formulation

2nd-order smoothing spline: minimise
R , ,
- = (Ny — ()2
By = S 50

+ [ (@A) +2(0002700) + (BBF()°) o,
Q

1 < : :
Jole.g1.82) = > (b(x!")Tc—y)?
i=1

+ a/ Vb’ (x)g1.Vb' (x)g1 + Vb’ (x)g2.Vb' (x)g2 dx
* %/ ANU
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2D Formulation

Minimise:

Jolc,g1,82) =’ Ac—2d"c+ |ly||*/n+ o(g] Lg:1 + &] Lg2)

subject to
Lc = Gig1 + Gago.
Where .
A= — b(x(Mb(x(NT
PILCULCU
and
1 o
d==) b(x{N)yH
n; ")y % ANU
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Discrete System

A 0 0 L c d hy
0 aL 0 -G/ || |0 h,
0 0 aL —GJ| |g]|  |0] [|h3|’
L —Gl —GQ 0 w 0 h4
w is a Lagrange multiplier.
The vectors hy, - - -, hy store the boundary information.
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Conjugate Gradient

Eliminate all the variables except g1 and g» to give
([ o+ [&]emrte e 3] G- )

c=L" <Glg1 + Gogo — ﬂzx) :
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Conjugate Gradient

Eliminate all the variables except g1 and g» to give
([ e [&]ermiaa) o] - [erind- i)
adiag(L) + KTKg =d

c=L" <Glg1 + Gogo — ﬂzx) :
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Preconditioned Conjugate Gradient

Current preconditioner

e large a: works well
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Preconditioned Conjugate Gradient

Current preconditioner

e large a: works well

e small a: help.
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Lagrange Multiplier

Recall the discrete system

A O 0 L c d hy
0 al 0 —GlT g1 0 h2
0 0 oL —GJ||g| |0 [h3]’
L *Gl *GQ 0 w 0 h4

where w is a Lagrange multiplier.
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Lagrange Multiplier

Recall the discrete system

A O 0 L c d hy
0 al 0 — GlT g1 0 h2
0 0 aL -G/ |g 0| |hs|’
L — G1 — GQ 0 w 0 h4

where w is a Lagrange multiplier. We use Dirichlet boundary
conditions as L™ is unique, although Neumann is also possible.
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Lagrange Multiplier

Recall the discrete system

A O 0 L c d hy
0 al 0 — GlT g1 0 h2
0 0 aL -G/ |g 0| |hs|’
L — G1 — GQ 0 w 0 h4

where w is a Lagrange multiplier. We use Dirichlet boundary
conditions as L™ is unique, although Neumann is also possible.
What is the Dirichlet boundary value for w?
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Dirichlet Boundary Conditions

Use Karush-Kuhn-Tucker (KKT) condition with calculus of
variations to rewrite weak finite element equations into a system of

strong equations.
Then

n

AX(x) = %Z (709~ ) s(x—xM) in @
i=1

—alAu(x) = 01A(x) inQ,
—alAly(x) = BHA(X)  in Q,
Af(x) = V.u(x) inQ.
& ANU

f = minimiser, u = gradient, A = lagrange multiplier.
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Dirichlet Boundary Conditions

AX(x) = 1 3 (760 - y10) o(x — <),

i=1
—aAT(x) = 01 A(x),
—aATp(x) = A(x),

Af(x) = V.i(x).

A 0 0 L C d h;
0 aL 0 -G/| || |0 hs

0 0 aL -Gy |g]|  |0] [|hsl|’

L —G1 —G2 0 w 0 h4 &@éN\'U
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Dirichlet Boundary Conditions

Use Karush-Kuhn-Tucker (KKT) condition with calculus of
variations to rewrite weak finite element equations into a system of

strong equations.
Then
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Dirichlet Boundary Conditions

Use Karush-Kuhn-Tucker (KKT) condition with calculus of
variations to rewrite weak finite element equations into a system of

strong equations.
Then

AAF(x) = AV.U(x)

_ %1% s (70— y()) 8x —x0).
i=1
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Dirichlet Boundary Conditions

Use Karush-Kuhn-Tucker (KKT) condition with calculus of
variations to rewrite weak finite element equations into a system of

strong equations.
Then

AAF(x) = AV.U(x)

LS (7(x) - () o(x - x0
= —= X) — — .
) y(x x —x\")
i=1
Conclusion: Boundary conditions do not matter, always get
a minimiser. </ ANU
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Boundary Condition Examples

x(1) = (0.25,0.25), x® = (0.75,0.25), xB) = (0.25,0.75),
x4 = (0.75,0.75); yU =1, y@ =0, y®) =0 and y* =1

Boundary Condition Test 1 Boundary Condition Test 2
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Convergence on Smooth Problem

Y0 =

2

(x()) where V‘qi, =0.

F(x) = F,(x) =

< |
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Convergence on Smooth Problem

f(x) = ?;,(x) = cosh(27x1) sin(27x7)

L2 Error for Model Problem 4
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Further Model Problems - Exponential

exp (—30//0.65 — x||3) + exp (—30]/0.35 — x|3)

Finite element grid of size m = 4225 with different values of «.

Test Problem 5 with alpha= 0.0001 Test Problem 5 with alpha = 0.000001

1
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: "i‘:f.::f;::::::;tg'::: ; 08 2 ’::.';5:2-‘.’ 080
R 07 : FRRTT 07
e = 0.6 0.6

o ~ ~ ~ 7
Boundary conditions: hf = f,,, h, = Vf, and hy = —aAf,.
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Further Model Problems - Sin

sin(4mxy) sin(4mx2)

Finite element grid of size m = 4225 with different values of «.

Test Problem 6 with alpha= 0.0001
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Boundary conditions: hf = f,, h, = V£, and hy = —aAf,. =
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Interpolation Error

Finite element analysis shows that the interpolation error is given

by
2
W‘* @)l + R+ o7,
where
oyl =f(x')+€, E()=0,sd. o,
e his the grid size,
e k is spacing between data points, uniform spacing, no holes,
e d is the dimension,
e (C is a constant.
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Example Interpolation Error - No Noise

sin(4mxy) sin(47x2)

Interpolation Error for Model Problem 6 with 998001 Data Points

1
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Example Interpolation Error - No Noise

sin(4mxy) sin(47x2)

Co?

4 2 2m 2 I
K+ a1+ B+ S

Interpolation Error for Model Problem 6 with 998001 Data Points
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Example Interpolation Error - Noise

exp (—30/]0.65 — x||3) + exp (—30]/0.35 — x|3)

Interpolation Error

Interpolation Error for Model Problem 5 with Noise

0.001 T T T T T T T
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Smoothing Parameter
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Example Interpolation Error - Noise

exp (—30/]0.65 — x||3) + exp (—30]/0.35 — x|3)

'¢(k4+a)ufo\2 + h2m||£1? TR,
H? " n(yd/(zm)’

Interpolation Error for Model Problem 5 with Noise
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Sine Example with Holes

y(x,y) = sin(2nx) sin(27y), such that y(x,y) < 0.
n = 179401, m = 4229 with a = 107°

Hole Example with 8in Boundary Condition

Boundary: he(x) = y(x), hy, = Vhe(x), hy(x) = —alAhs. o



Sine Example with Holes

y(x,y) = sin(2nx) sin(27y), such that y(x,y) < 0.
n = 179401, m = 4229 with a = 107°

Hole Example with Radial Boundary Condition

-
Boundary: hf(x) = tps fit, h, = Vhg(x), hy(x) = —aAhs. e
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Sphere Example

Grid - 189 Nodes, o = 103,

Linda Stals, Steve Roberts
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Sphere Example
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Semi Sphere Example
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Two Sphere Example
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o Adaptive Refinement: Reduce number of times data has to be
read.

e Parallel Implementation: Grid v's data.
e Preconditioners for Small «:
e Higher Dimensions: Hierarchical, sparse grids.

e Finite Element Formulation: Linear operators, different
smoothers, different norms.

e Holes: Include a-prior information.
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