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1 Introduction

In this paper we report on a non-overlapping and an overlapping domain decom-
position method as preconditioners for the boundary element approximation of an
indefinite hypersingular integral equation on a surface. The equation arises from an
integral reformulation of the Neumann screen problem with the Helmholtz equation
in the exterior of a screen in R3.

It is well-known that the linear algebraic system arising from the boundary ele-
ment approximation to this integral equation is indefinite, and an iterative method
like GMRES can be used to solve the system. Preconditioners by domain decompo-
sition methods can be used to reduce the number of iterations. A non-overlapping
preconditioner for the hypersingular integral equation reformulation of the 2D prob-
lem is studied in [10]. In this paper we study both non-overlapping and overlapping
methods for the 3D problem. We prove that the convergence rate depends logarith-
mically on H/h for the non-overlapping method, and on H/§ for the overlapping
method, where H and h are respectively the size of the coarse mesh and fine mesh,
and ¢ is the overlap size. We note that domain decomposition methods with finite
element approximations for the Helmholtz equation have been studied by many
authors; see e.g. [2, 3, 5].

2 The Neumann Screen Problem and Boundary Integral
Equation

Let I" be a planar surface piece in R® with polygonal boundary. The problem to be
studied consists in finding U satisfying
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AU + K*U =0, in 2 :=R*—T,

U

9 on I, (1)
U

I kU =o(1/r), asr:=|z| — oo,

where k is a nonzero constant and g a given function. The condition at infinity is
the well-known radiation condition.
The solution U can be expressed as a double-layer potential

iklz—y|
U(x) 1/ (y) 9 e7dsy, x € Qr,
r

“an )Y ony |z —y|
where u = [U] is the jump of U across I'. It is shown in [9] that solving (1) is
equivalent to solving
Dru(x) = g(x), =z€l, (2)
where the operator Dy is defined as
1 9 0 e*lryl
Dyg(x) := o(y) vel. (3)

L 9 9 ¢ s
Ar Jp Ong Ony |z —y| YV

The Sobolev spaces HY?(I') and H'Y?(I') and their duals H~'/?(I') and
H~Y2(I') (respectively) are defined as usual; see [7]. It is shown in [9] that the
operator Dy defined as in (3) with k¥ = 0 is a continuous and surjective mapping
from H'/?(I") onto H~'/?(I"). Moreover, D}, can be written as

Dy, = Do + K, (4)
where K is a bounded operator from H/?(I") into L?(I"). Let
b(v,w) := (Dyv,w) Yo,w e H'*(I),

(where (Dyv,w) denotes the duality pairing which coincides with the Lo inner prod-
uct on I if Dyv,w € La(I")) then the bilinear form b(-,-) can be written as

b(v, w) = a(v, w) + (v, w),

where a(v,w) = (Dov,w) and c(v,w) = (Kv,w). The bilinear form a(-,-) is a
positive-definite and symmetric bilinear form on H'/?(I") satisfying

a(v,v) = ol HY2(0)" Vo e BYA(D), (5)
whereas b(-, ) is indefinite and satisfies
Re(b(v,v)) > y|lwll A1) = nllo| L(1)* ¥o € HY2(1),

for some v > 0 and 1 > 0 independent of v.
A weak form of (2) is the problem of finding

we HY*(I'): b(u,v) = (g,v) Yoe HY*(I). (6)

The problem (6) will be approximated by first constructing a finite-dimensional
subspace S C H/2(I'), and then finding

us €S:  blus,v) =(g,v) YveES. (7)
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3 Additive Schwarz Algorithm

3.1 General Framework

Additive Schwarz methods provide fast solutions to (7) by solving (at the same time)
problems of smaller size. Let S be decomposed as

S:SO+"'+SJ7 (8)

where S;, i = 0,...,J, are subspaces of S. Let Q); : S — S, be projections defined
by

bi(Qiv, w) =b(v,w) YveSVweS,, 9)
where the bilinear forms b;(-,-), « = 0,...,J, are to be defined later. Then the
additive Schwarz method for (7) consists in solving the equation

Qus = g,

where Q = Qo + -+ + Q is the additive Schwarz operator and § is given by g =
go + -+ -+ gs with g; € S; being solutions of

bl(ghw) = (g,w) VweSl

This equation is solved iteratively by the GMRES method. Starting with an initial
guess uo and the initial residual 7o = § — Quo, we compute the mth iterate u,, as
Um = U0+ 2Zm Where z,, is chosen to minimize the residual norm ||§g—Q (um—1+2)|a,
where ||v|ja = a(v,v). It is proved in [4] that

CIQ m/2
Iralla < (1= E5) " ol

where r,, = § — Qum and

Oy = inf Y09V g, _ g, UQ0QV) (10)
ves a(v,v) ves  a(v,v)
We now define two different subspace decomposition of the form (8) which re-
sult in two different preconditioners: a non-overlapping method and an overlapping
method.

3.2 Non-overlapping Algorithm
Boundary Element Space

We first define the finite-dimensional space S in (7) on a two-level grid.
The coarse grid. Assume that I" is partitioned into subdomains I5,¢=1,..., N,
where each subdomain I is the image of the reference square R = (-1, 1)? under

a smooth bijective mapping F; : R — I[3. Denoting by H the diameter of the
subdomains, we assume that

H‘]fiHLOO(R) = H and “in*lHLOO(R) = H_lv
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where Jr, denotes the Jacobian matrix of the transformation and the norm is a
matrix norm. The partition is assumed to be conforming in the sense that the non-
empty intersection of a pair of distinct subdomains is a single common vertex or
edge of both subdomains, and that each vertex of the domain I" coincides with at
least one subdomain vertex.

We define on this coarse grid the space Vg of continuous piecewise bilinear func-
tions, vanishing on the boundary of I'.

The fine grid. Each subdomain [ is further divided into disjoint quadrilateral
or triangular elements, giving a locally uniform mesh of element of size h; in I';. We
denote by h the maximum value of h;, i =1,..., N.

The finite-dimensional space S is defined as the space of continuous piecewise-
bilinear functions (in the case of quadrilateral elements) or piecewise-linear functions
(in the case of triangular elements) on the fine grid, vanishing on the boundary of
I'. We also define subspaces V; =S N H'/? (I) of functions in S supported in T';.

We denote by N' = {xi : k € I} the set of all vertices of elements in the
fine grid which are not on the boundary of I' (where Z is some index set), by
Ny = {x) € N : &) lies on a subdomain boundary} the wirebasket, and by ¢, € S
the nodal basis function at xy, i.e., ¢r(xi) = 0.

Subspace Decomposition
The non-overlapping method is defined by the subspace decomposition (8) where

So = IIrVo, (coarse space)
&1 = span{{}¢ : i € Nuw}, (wirebasket space)
Si=Vi-1 Vi=2,...,N+1, (interior spaces),
in which ITr is the interpolation operator which interpolates continuous functions
into functions in S. (Note that J = N +1.)
The bilinear forms b;(-,-) on S; (see (9)) are defined as follows:
bo(v,w) = b(Ilcv, [Icw) Yv,w € So,

N

b1 (v,w) = Z Z hjv(zr)w(xr), VYv,w € S,

j=1w,€dr;
bi(v,w) = a(v,w) Yv,we€ S i, i=2,...,J.

Here Ilc is the interpolation operator that interpolates continuous functions into
functions in V.

Algorithm

The preconditioning technique is in practice performed by computing the action of
the inverse of the preconditioner B on a residual r € § when GMRES is used to
solve (7) iteratively. This consists of the solution of independent problems on each
of the subspaces involved in the decomposition.

1. Coarse space correction:

uo € So: bo(uo,v) = (r,v) Yv € Sy
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2. Wirebasket space correction:
up €81 bi(ur,v) ={(r,v) Yo eSS
3. Interior space corrections:
u; €Si: bi(ui,v) =(r,v) YweES;,i=2,...,J.

4. Preconditioned residual:

J
B lr= ;
r= Uj.
j=0

Matrix Representation

Let ¥ be the set of nodal basis functions. We use the bilinear form a(-,-) (respec-
tively, b(+,-)) to compute the stiffness matrix A, (respectively, Ap). The coefficient
vector v of a function v € S is given as v = W7 v, where T denotes transpose. Let
@ be the vector composed of the nodal basis functions for the subspace Sp. Then
we denote by Ry the rectangular matrix that represents ®o in the basis ¥, i.e.,
Py = RoW. We also define R;, i =1,...,J, to be matrices of entries 0 and 1 such
that R;¥ forms the nodal bases for S;. If v = B~ 'r then v = Z;‘I:O RZTAflRiMr
where, noting the bilinear form used in each subspace,

Ao = RyA,RY, A, =RDRT, A,=RiA.R],i=2,...,J.

The size of A1 is large; however, the matrix D computed with the bilinear form
bi(+, ) is a diagonal matrix.

3.3 Overlapping Algorithm
Overlapping Subdomains

As in [11], we extend each subdomain I in the following way. First we define, for
some & > 0 called the overlap size,

V; = span{{}éx : @1, ¢ T;, dist(z, dI;) < 5},
and denote

Iy = supp{on : ¢ € S},
which is the shaded area in Figure 1. (Here the distance is defined with the max
norm ||| = max{|z1|,|z2|} where & = (z1,22).) The extended subdomain I is
then defined as I'j = I;u fj. We note that I need not be a quadrilateral domain.
Also, if § is chosen such that ¢ € (0, H], then

diam(T7Y) ~ H. (11)
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Fig. 1. e vertex at a distance 6 to I, fj: shaded region, F]( =1} Ufj: overlapping
subdomain.
Subspace Decomposition

The decomposition (8) is performed with subspaces S;, j = 0,...,J = N, defined
as

So = IIF Vo,
S;=V,UV; =SNHY>(I})) Yji=1,...,J.

The bilinear forms b;(,-) on S; (see (9)) are defined as follows:
bo(v,w) = b(Ilcv, Hcw) Vv, w € So,
bi(v,w) = alv,w) Yo,w e S;,i=1,...,J.
Algorithm

The overlapping preconditioner is performed in the same manner as the non-
overlapping version, with subspace corrections being

u; €Si o bi(ug,v) =(r,v) YweS;,i=0,...,J.

Matrix Representation

As in the case of non-overlapping method, the updated residual vector is given by
v = ;]:0 RTA;'R,Mr where

Ao = RoA,RY, A;=Ri1ARY,i=2,...,J
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3.4 Convergence

The preconditioned GMRES method using the non-overlapping and overlapping
preconditioners converges with constants C and C2 (see (10)) slightly dependent
on the mesh sizes H and h and the overlap size 4, as given in the following theorem.

Theorem 1.

e Bound for Ci: There exists Ho > 0 such that for all H € (0, Ho] and u € S
there hold

—1
(1 + log? %) a(u,u) = alu, Qu)

for the non-overlapping method, and

-1
(1 + log? %) a(u,u) < a(u, Qu)

for the overlapping method.
e Bound for Cs: There exists Hy > 0 such that for all H € (0, H1] and u € S
there holds, for both methods,

a(Qu, Qu) = a(u, u).

Proof. Sketch of the proof: First we note that

J J
a(Qu, Qu) ~ | QuIHY*(1)" 2 Y |Qu|HY*(1)" =Y a(Qiu, Quu).
i=0 =0

Using this result, the boundedness of Qo, and the definition of the projections Q;,
we can prove the bound for Cs.

The proof of the bound for C; is more complicated and involves the operator
P = Py + -+ P; where P; is defined as Q; but with the bilinear form a(-,-)
in the place of b(-,-). This operator P is in fact the additive Schwarz operator
for the positive definite operator Dg (see (4)). It is proved in [6] and [1] for the
nonoverlapping method that

7\
(1 + log? i) a(v,v) X a(Pv,v),

and in [11] for the overlapping method that

7\ !
(1 + log? ?) a(v,v) <X a(Pv,v).

The difference in P and @ is due to the bounded operator K in (4), and further
analysis to obtain similar estimates for () involves this operator. For a detailed proof,
see [8].
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4 Numerical Experiments

We solve equation (2) with & = 5 and g(z) = 1 on a uniform triangular mesh,
by using the non-overlapping and overlapping preconditioners. In Table 1 we re-
port on the number of iterations and CPU times (in seconds) when the equation
is solved without any preconditioner, and when the non-overlapping preconditioner
is used with various values of H/h. In Table 2 we report on the number of iter-
ations and CPU times when the overlapping preconditioner is used with various
values of H/J. Choosing a suitable mesh size ratio H/h, we observe that the non-
overlapping as well as the overlapping preconditioned method clearly outperform
the non-preconditioned method in iteration numbers and CPU times. Here we use
the GMRES without restart and stop if the relative residual is less than 1071°. The
local problems in computing the correction steps are solved by the GMRES or, if
appropriate, by CG.

Table 1. Number of iterations and CPU times (in parentheses). WP: without pre-
conditioner

DoF WPp Non-overlapping
H/h=2|H/h=4|H/h=8|H/h =16

9 |6 (0.01)|6 (0.01)

49 |17 (0.02) |17 (0.01) |17 (0.02)

225 |23 (0.02) |20 (0.03) |20 (0.02) |21 (0.04)

961 |31 (0.15) |21 (0.24) |21 (0.12) |23 (0.20) |23 (0.62)

3969 44 (3.02) |21 (4.39) |21 (1.62) |21 (1.75) |26 (4.16)

16129(63 (84.94)|21 (93.72)|21 (32.18)|21 (29.86)|24 (41.06)

Table 2. Number of iterations and CPU times (in parentheses) of overlapping
method

DoF d=h 6 =2h
H/h=2 |H/h=4|H/h=8 |H/h=16| H/h=2 | H/h=4 | H/h =8 |H/h =16
9 |6 (0.02) 6 (0.02)
49 |19 (0.01) |18 (0.02) 17 (0.03) |20 (0.02)
225 |28 (0.04) |24 (0.03) |22 (0.05) 22 (0.09) |26 (0.08) [26 (0.09)

(
(
961 (30 (0.39) |27 (0.23) |26 (0.34) [25 (0.86) |26 (0.65) |20 (0.48) |27 (0.57) [27 (1.17)
3969 (30 (6.53) |28 (2.50) |27 (2.84) [28 (6.12) [31 (8.34) |31 (3.92) |28 (4.13) [28 (7.99)
16129(30 (135.47)|28 (43.76)|27 (41.14) |29 (58.46)|35 (166.31)|31 (53.10)|29 (49.80)|29 (69.04)




Indefinite Hypersingular Integral Equation 655

References

[1] M. Ainsworth and B.Q. Guo. Analysis of iterative sub-structuring techniques
for boundary element approximation of the hypersingular operator in three
dimensions. Appl. Anal., 81:241-280, 2002.

[2] X.-C. Cai and O.B. Widlund. Domain decomposition algorithms for indefinite
elliptic problems. SIAM J. Sci. Stat. Comput., 13:243-258, 1992.

[3] M.A. Casarin and O.B. Widlund. Overlapping Schwarz methods for Helmholtz’s
equation. In C.-H. Lai, P.E. Bjgrstad, M. Cross, and O.B. Widlund, editors,
Proceedings of the Eleventh International Conference on Domain Decomposition
Methods, pages 178-189. DDM.org, 1999.

[4] S.C. Eisenstat, H.C. Elman, and M.H. Schultz. Variational iterative methods for
non-symmetric systems of linear equations. SIAM J. Numer. Anal., 20:345-357,
1983.

[5] C. Farhat, A. Macedo, and M. Lesoinne. A two-level domain decomposition
method for the iterative solution of high frequency exterior Helmholtz problems.
Numer. Math., 85:283-308, 2000.

[6] N. Heuer and E.P. Stephan. Iterative substructuring for hypersingular integral
equations in R3. SIAM J. Sci. Comput., 20:739-749, 1999.

[7] J.L. Lions and E. Magenes. Non-Homogeneous Boundary Value Problems and
Applications I. Springer-Verlag, New York, 1972.

[8] M. Maischak, E.P. Stephan, and T. Tran. Additive Schwarz methods for an
indefinite hypersingular integral equation in three dimensions. Technical report,
2007. In preparation.

[9] E.P. Stephan. Boundary integral equations for screen problems in R3. Integral
Equations Operator Theory, 10:236-257, 1987.

[10] E.P. Stephan and T. Tran. Domain decomposition algorithms for indefinite
hypersingular integral equations: the h and p versions. SIAM J. Sci. Comput.,
19:1139-1153, 1998.

[11] T. Tran and E.P. Stephan. An overlapping additive Schwarz preconditioner
for boundary element approximations to the Laplace screen and Lamé crack
problems. J. Numer. Math., 12:311-330, 2004.



