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Summary. In our earlier work [4], a dual iterative substructuring method for two dimensional
problems was proposed, which is a variant of the FETI-DP method. The proposed method
imposes continuity on the interface by not only the pointwise matching condition but also
uses a penalty term which measures the jump across the interface. For a large penalization
parameter, it was proven that the condition number of the resultant dual problem is bounded
by a constant independent of both the subdomain sizeH and the mesh size h. In this paper, we
extend the method to three dimensional problems. For this extension, we consider two things;
one is the construction of a penalty term in 3D to give the same convergence speed as in 2D
and the other is how to treat the ill-conditioning of the subdomain problems due to a large
penalization parameter. To resolve these two key issues, we need to be aware of the difference
between 2D and 3D in the geometric complexity of the interface. Based on the geometric
observation for the difference, we suggest a modified penalty term and a preconditioner aiming
at reducing couplings between functions on the interface.

1 Introduction

We consider the Poisson problem

−Δu = f in Ω,

u = 0 on ∂Ω,
(1)

where Ω is a bounded polyhedral domain in R3 and f ∈ L2(Ω).
In our previous work [4], for two dimensional problems, a dual iterative sub-

structuring method was proposed using the augmented Lagrangian method, which
is a variant of the FETI-DP method. To the Lagrangian functional of the standard
FETI-DP, a penalty term is added, which measures the jump across the interface
and includes a positive penalization parameter η. In the same way as in most dual
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substructuring approaches, the saddle-point problem related to the augmented La-
grangian functional is reduced to a dual problem with Lagrange multipliers as un-
knowns. Then it is solved by the conjugate gradient method. Differently from the
FETI-DP method, it was proven that the dual problem has a constant condition num-
ber independently of H and h even though it is not accompanied by any precondi-
tioner.

In this paper, we extend the method to the three dimensional case. For this exten-
sion, there are two things to be considered; one is to construct a strong penalty term
in 3D to guarantee the same convergence speed as in 2D and the other is how to treat
the ill-conditioning of the subdomain problems due to a large penalization parame-
ter. For both issues, we need to be aware of the difference between 2D and 3D in the
geometric complexity of an interface. An interface in 3D includes not only faces but
also edges which make all nodes on the interface coupled. First, it is noted that the
adoption of the same penalty as for two-dimensional problems gives an algorithm
which maintains the same performance with respect to the condition number of the
dual problem. However, the penalty term makes an unnecessary coupling between
functions on face nodes and edges nodes. Since such a coupling causes a consid-
erable decrease on practical efficiency, we suggest a modified penalty term for the
three dimensional problem aiming at reducing the coupling between functions on
the interface. Next, unlike the FETI-DP method, subdomain problems containing the
penalty term are solved iteratively, of which the condition number becomes large as
the penalization parameter η increases. The same type of preconditioner as in 2D
might be satisfactory for the ill-conditioned problem due to a large η. But, since the
preconditioner suggested in [4] contains a coupling among all nodes on the interface
in 3D, it is hardly practical in the implementation. Based on such an observation, a
more appropriate preconditioner for three-dimension problems is constructed, which
is not only optimal with respect to η but also more practical then the one used in 2D.

2 Dual Iterative Substructuring with a Penalty Term

Let Th denote a quasi-uniform triangulation onΩ, where the discretization parameter
h stands for the maximal mesh size of Th. For simplicity, we consider a triangulation
of hexahedra and the standard trilinear finite element approximate solution of ( 1):
find uh ∈ Xh such that

a(uh, vh) = (f, vh) ∀vh ∈ Xh, (2)

where

a(uh, vh) =
∫
Ω

∇uh · ∇vh dx, (f, vh) =
∫
Ω

fvh dx,

and Xh = {vh ∈ H1
0 (Ω) ∩ C0(Ω) | ∀τ ∈ Th, vh|τ ∈ Q1(τ)}.

We decompose Ω into N non-overlapping subdomains {Ωk}Nk=1, where a par-
tition {Ωk}Nk=1 of Ω is assumed to be shape-regular. On each subdomain, the tri-
angulation Thk

is quasi-uniform with matching grids on the boundaries of neigh-
boring subdomains across the interface Γ . Here the interface Γ is the union of the
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common interfaces among all subdomains, i.e., Γ =
⋃
k<l Γkl, where Γkl denotes

the common interface of two adjacent subdomains Ωk and Ωl. We define the finite-
dimensional subspaceX k on each subdomainΩk by

Xk =
{
vkh ∈ C0(Ωk)

∣∣ ∀τ ∈ Thk
, vkh|τ ∈ Q1(τ), vkh|∂Ω∩∂Ωk

= 0
}
.

By enforcing the continuity at the corner points, we assemble X k’s into Xc
h:

Xc
h =

{
v = (vkh)k ∈

N∏
k=1

Xk

∣∣∣∣∣ v is continuous at each corner

}
.

The interface Γ is composed of faces which are shared by two subdomains, edges
which are shared by more than two subdomains, and vertices. The geometrical ob-
jects on the interface are characterized in more details as

(i) Fkl denotes the common face of Ωk andΩl, which is regarded as an open set.
(ii) Em, where m is an index of an edge, is an edge shared by neighboring subdo-

mains, which does not include its end points, the vertices.

To enforce the continuity on the interface except vertices, a signed Boolean ma-
trix B is introduced in the same way as in FETI-DP (cf. [1, 2]). Note that we do not
allow any redundant continuity constraint on any edges, i.e., in the case where an
edge Em is shared by four subdomains, there are four different ways to choose three
pairs of adjacent subdomains to impose the continuity on the edge nodes.

The finite element problem (2) is reformulated as a minimization problem with
constraints imposed by the requirement of continuity across the interface Γ :

min
v∈Xc

h

(
1
2

N∑
k=1

∫
Ωk

|∇v|2 dx− (f, v)

)
subject to Bv = 0.

As in the constrained optimization, we introduce a vector μ of Lagrange multipliers
in RM and define a Lagrangian functional L : X c

h × RM → R as

L(v, μ) =
1
2

N∑
k=1

∫
Ωk

|∇v|2 dx− (f, v) + 〈Bv, μ〉,

where M represents the number of constraints used for the pointwise matching on
the interface and 〈·, ·〉 is the Euclidean inner product in RM . Then, we slightly change
the Lagrangian L by adding a penalty term. It is natural to adopt the same penalty
term as suggested for the two dimensional problem in [4]:

Jη(u, v) =
∑
k<l

η

h

∫
Γkl

(uk − ul)(vk − vl) ds, η > 0. (3)

To make the 3D algorithm efficient, we should minimize the coupling between the
functions associated with face nodes and edge nodes. But, the penalty term in ( 3)
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makes face nodes and edge nodes in each part Γkl of Γ coupled so that all nodes on
the interface are tied. By considering the interface as a union of two separate object,
faces and edges, we introduce a modified penalty term

Jη(u, v) = η(JF (u, v) + JE(u, v)), η > 0, (4)

where

JF(u, v) =
1
h

∑
k<l

∫
Fkl

(ukFkl
− ulFkl

)(vkFkl
− vlFkl

) dx

and

JE(u, v) =
∑
Em

∑
(i,j)∈IEm

∫
Em

(ui − uj)(vi − vj) ds.

Here, ukFkl
is a part of u, which is related to the contribution to uk on Fkl only from

the face nodal basis functions excluding the edge nodal basis functions. We define
an augmented Lagrangian Lη with the penalty term Jη

Lη(v, μ) = L(v, μ) +
1
2
Jη(v, v).

Given the augmented LagrangianLη , we consider the saddle-point problem:

Lη(uh, λh) = max
μh∈RM

min
vh∈Xc

h

Lη(vh, μh) = min
vh∈Xc

h

max
μh∈RM

Lη(vh, μh). (5)

It has been established that seeking the solution of (2) is equivalent to finding the
saddle-point of (5) (cf. [4]). The problem (5) is represented in the algebraic form[

Aη B
T

B 0

] [
u
λ

]
=

[
F
0

]
,

where

Aη =
[
AΠΠ AΠΔ
ATΠΔ AΔΔ + ηJ

]
, BT =

[
0
BTΔ

]
, u =

[
uΠ
uΔ

]
, F =

[
fΠ
fΔ

]
.

Here, Π indicates the degrees of freedom (dof) associated with both the interior
nodes and the subdomain corners, Δ those related to the face and edge nodes on
the interface, and λ the Lagrange multipliers for the continuity constraint across the
interface. Eliminating uΠ and uΔ successively, we have a dual system

Fηλ = dη (6)

where
Fη = BΔS

−1
η BTΔ, dη = BΔS

−1
η (fΔ −ATΠΔA−1

ΠΠfΠ)

with
Sη = S + ηJ = (AΔΔ −ATΠΔA−1

ΠΠAΠΔ) + ηJ.

Note that Fη is symmetric positive definite.
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3 Estimate of Condition Number

By letting the vector vΔ be partitioned into face and edge dof vΔ =
[
vf , ve

]T
, the

pointwise matching operator BΔ is represented as

BΔ =
[
Bf 0
0 Be

]
.

Let us denote by D(A) a block diagonal matrix such that D(A) = blockdiag(A).
Looking at the connection between the operator BΔ and the penalty term Jη from
their definitions, it is obvious that

J =
[
JF 0
0 JE

]
=

[
BTf D(JBf

)Bf 0
0 BTe D(JBe)Be

]
, (7)

where JBf
and JBe stand for the 2D mass matrix on each face weighted with 1/h

and the 1D mass matrix on each edge, respectively. We define by Λ the space of
vectors of dof associated with the Lagrange multipliers. To analyze the condition
number bound for Fη , based on Lemma 3.1 in [6], it is sufficient to specify a suitable
norm ‖ · ‖Λ on Λ and to estimate constants satisfying

c1‖λ‖2Λ′ ≤ 〈λ, Fηλ〉 ≤ c2‖λ‖2Λ′ ∀λ ∈ Λ,
c3‖μ‖2Λ ≤ 〈μ, μ〉 ≤ c4‖μ‖2Λ ∀μ ∈ Λ.

(8)

Taking the structural characteristic of J into consideration, we define the norm ‖ · ‖Λ
on Λ by

‖μ‖2Λ = μT
[
D(JBf

) 0
0 D(JBe)

]
μ, ∀μ ∈ Λ. (9)

The dual norm on Λ is defined by

‖λ‖Λ′ = max
μ ∈ Λ
μ 
= 0

|〈λ, μ〉|
‖μ‖Λ

, ∀λ ∈ Λ.

We list useful results in deriving bounds on the extreme eigenvalues of F η .

Proposition 1. For S = AΔΔ − ATΠΔA
−1
ΠΠAΠΔ, there exists a constant C =

λSmax/λ
J
min such that

vTΔSvΔ ≤ CvTΔJvΔ, ∀vΔ⊥Ker(BΔ),

where λSmax and λJmin are the maximum eigenvalue of S and the minimum nonzero
eigenvalue of J , respectively.

Lemma 1. Let λJmin be the minimum nonzero eigenvalue of J . Then, we have

λJmin ≥ Ch

where the constant C is independent of h andH .
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Thanks to Lemma 3.1 in [6], we have the following estimate of the condition
number κ(Fη).

Theorem 1. For any η > 0, we have

κ(Fη) ≤
(

1 +
C

η

)
C∗

where

C =
λSmax

λJmin

, C∗ =
max{λ

JBf
max, λ

JBe
max}

min{λ
JBf

min , λ
JBe

min}
.

Furthermore, the constants C and C ∗ are independent of the subdomain size H and
the mesh size h.

Corollary 1. For a sufficiently large η, we have

κ(Fη) ≤ C∗,

where C∗ is the constant estimated in Theorem 1.

Remark 1. The condition number estimate of the augmented FETI-DP (with edge
constraints) isC(1+log(H/h))2; see [3]. In our case, the vertex continuity is enough
to make our method have a constant bound for the condition number of the resultant
dual system.

4 Computational Issues

For the implementation of the proposed algorithm, we reorder the relevant dof in ( 6).
By rearranging u in order u = [ur, uc]T where ui, uf , and ue are assembled into ur,
we obtain a system in the following form

Kη
rrur +Krcuc +BTr λ = fr (10a)

KT
rcur +Kccuc = fc (10b)

Brur = 0 (10c)

Note that Kη
rr is non-singular and detailed as

Kη
rr = Krr + ηJ̃ =

[
Aii AiΔ
ATiΔ AΔΔ

]
+

[
0 0
0 ηJ

]
,

where

AΔΔ =
[
Aff Afe
ATfe Aee

]
, J =

[
JF 0
0 JE

]
.

By eliminating ur from (10a), we have
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Fcc −FTrc
Frc Frr

] [
uc
λ

]
=

[
dc
dr

]
(11)

where

Frr = Br(Kη
rr)

−1BTr , Frc = Br(Kη
rr)

−1Krc, Fcc = Kcc −KT
rc(K

η
rr)

−1Krc

and
dr = BTr (Kη

rr)
−1fr, dc = fc −KT

rc(K
η
rr)

−1fr.

Since Aη is invertible, so is Fcc. We can therefore eliminate uc in (11) to get

Fηλ = dη (12)

where
Fη = Frr + FrcF

−1
cc F

T
rc, dη = dr − FrcF−1

cc dc.

Note that the condition number of K η
rr grows linearly with η. Hence we need

to establish a preconditioner which reduces the effect of η. First, we introduce a
preconditionerM1 as

M1 =
[
Aii 0
0 AΔΔ

]
+

[
0 0
0 ηJ

]
.

Theorem 2. The condition number of the preconditioned system byM 1 grows asymp-
totically as

κ(M−1
1 Kη

rr) :=
λmax(M−1

1 Kη
rr)

λmin(M−1
1 Kη

rr)
�

(
H

h

)2

.

Next, we suggest a preconditionerM2 as

M2 =
[
Aii 0
0 ÃΔΔ

]
+

[
0 0
0 ηJ

]
with ÃΔΔ =

[
Aff 0
0 Aee

]
.

Theorem 3. Two preconditioners M1 and M2 are spectrally equivalent, i.e., there
are constants c and C independent of h and H such that

cvTr M2vr ≤ vTr M1vr ≤ CvTr M2vr, ∀vr .

Therefore, the condition number of the preconditioned system by M 2 grows asymp-
totically as

κ(M−1
2 Kη

rr) �
(
H

h

)2

.

Finally, by eliminating the coupling between all pairs of faces and edges, we
establish a preconditionerM3 as

M3 =
[
Aii 0
0 AΔΔ

]
+

[
0 0
0 ηJ

]
with AΔΔ =

[
Aff 0
0 Aee

]
.

Here, the matrices Aff and Aee are block diagonal with a block for each face and
for each edge, respectively. Also we rewrite Aff and Aee as block matrices of the
same structure as Aff and Aee.
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Theorem 4. Assume that on each subdomainΩk, a triangulation Thk
satisfies

V olume(Tc) ≤ min{V olume(T ac )},

where Tc ∈ Thk
is a hexahedron containing a subdomain corner as one of its ver-

tices and T ac is an adjacent hexahedron to Tc. Then, the condition number of the
preconditioned system by M3 grows asymptotically as

κ(M−1
3 Kη

rr) �
(
H

h

)2

.

Remark 2. The condition number of the subdomain problem in FETI-DP also de-
pends on the ratio H/h, more presisely, κ(Krr) ≤ C(H/h)3. In FETI-DP, the
subdomain problems are usually solved by direct methods. However, in the case
of subdomain problems of relatively large size, iterative solvers are used (cf. [ 5]).
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