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1 Introduction

Schwarz methods are nowadays known as parallel solversharelare many vari-
ants: alternating and parallel Schwarz methods at thermomtis level, additive and
multiplicative Schwarz methods at the discrete level, algb restricted variants,
which in the additive case build the important bridge betweiscrete and continu-
ous Schwarz methods, see [4]. But where did these methodsftom? Why were
they invented in the first place? We explain in this paper Hetmann Amandus
Schwarz invented the alternating Schwarz method in [18ldsecan important gap
in the proof of the Riemann mapping theorem, which was baseith® Dirichlet
principle. The Dirichlet principle itself addresses thepontant question of exis-
tence and uniqueness of solutions of Laplace’s equationbmuaded domain with
Dirichlet boundary conditions, and in the 19th centurys #muation appeared inde-
pendently in many different areas. It was therefore of funeiatal importance to put
the Dirichlet principle on firm mathematical grounds, anig ik one of the major
achievements of Schwarz.

2 Laplace's equation

In his Principia in 1687, Newton presented among many resu#o his famous
inverse square law for celestial bodies [15, end of proofropPXI] 1:

vis centripeta reciproce eftut L xSP q.id eft recipro-
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see also [20] for a comprehensive treatment of the influeh&&pler and Newton
on numerical analysis. In modern notation, if we denoté the force between two
celestial bodies, thefiis proportional to, wherer := \/(x— &)2+ (y— )2+ (z— {)?,
using the notation in Figure 1. Writing= (f1, f2, f3) component-wise, we obtain
for the components
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1 The centripetal force is inverse tox SP, it is inversely proportional to the squared distasée
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Fig. 1 The sun and our planet earth, for which Newton'’s inverse regiaav holds

This very elegant and simple law is at first only valid for gomasses. Laplace
then, from 1785 onwards, was wondering how these forces likekf the body
is not a point, but a three dimensional irregular object pgimg a domainv C
RR3. A clear exposition of his ideas only appeared in Migcanique @lestefrom
1799, see [9]. He imagined that the body is composed of m@scsee the original
reproduced in Figure 2. In that case, one would need to sumothteibutions of all
the infinitesimally small body parts (“molecules”) makingthe entire volume, and
would thus obtain for example for the first component of thedo

f1=/Vp<f,n,z>¥dsdndz, 1)

r

wherep denotes the density of the body. The key idea of Laplace wasammtro-
duce the potential function

u=[ [ [pte.n.0)7dgdndz. @

11. Soientw, ¥, £, les troi orifiées di point atiizé que Let X, y, z, be the coordinates of the at
nous désign j soit &1 une moléenle du sphésoide, tracted pointm; let dM be a molecule of
St <5 e * a spherical body with coordinates, y,
“' Z:ifwe call p the density, function of,

- Y, Z, independent o, y, z, we get

' The action ofdM on m, decomposed pat|
allel to thex-axis, and directed toward
its origin, is

- and hence it will be equal to

N

[

~ denoting byV the integral

~ extended to the entire mass of the spher-
~ ical body, we will have— ‘c‘j—\;), for the

total action of the spherical body on the
pointm, decomposed in parallel to tkxe
axis and directed towards their origin.

Fig. 2 Generalization of Laplace of the inverse square law of Navitothe case of a spherical
body, arguing with molecules. Copied from the 1799 pubiccabf Laplace’sMécanique Céleste
[9, page 136].
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Fig. 3 Laplace equation by Euler in 1752 (top left), by Laplace i®9 Ttop right), by Fourier in
1822 (bottom left), and by Kelvin in 1847 (bottom right)

Taking a derivative with respegf and using{f—x% = fr—f, we obtain by comparing
with (1), after a similar computation fgrandz,
Jdu du du
f=—(—,—,—|.
(dx’(?y’ (32) ®)

3 2
Differentiating once more, we obtajf} *% = "3(:‘% and therefore, perform-

ing the same steps fgrandz as well, that the potential function satisfies
d°u  d%u 9% ) :

Au= 2 s+ 355 Y2 + == 07 =0, Laplace’sequation! 4)
This equation appeared already in EuldPsncipia motus fluidoruni2] (E258,
written 1752, published 1756) see Figure 3, but Euler cowldraally use it. It
appeared again in the theory of heat transfer, publishedhyiér [3] in 1822, see
Figure 3. Fourier also argued with molecules, and Newt@wsdf cooling, in order
to derive the equation.

Laplace’s equation turned out to be absolutely fundamghtgbpeared again in
the theory of magnetism proposed by Gauss and Weber inn@étiiin 1839, in
the theory of electric fields put forward by W. Thomson (thedd.ord Kelvin, pub-
lished in the Liouville Journal from 1847 on pages 256 and &g onformal maps
(Gauss 1825), in the irrotational motion of fluids in two dims@®ns (Helmholtz
1858), and finally in complex analysis, in particular in R@m’s PhD Thesis in
1851, which is available in a modern typeset version in [17].

3 The Riemann Mapping Theorem

Riemann was a prodigy already in high-school, and his madiieai talent im-
pressed everybody:

“Ein Lehrer, der Rektor Schmalfuss, lieh ihm Legendres Zatileorie (Théorie des Nom-
bres), ein schwieriges Werk von 859 Quartformat-Seitekaivesie aber schon eine Woche
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; “Die von Herrn Riemann eingere

& A %’W O ”‘"7""7/‘;@7"///{/ *~ jchte Schrift legt ein biindiges Zeud-
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,,5,:.7 o (SR G i i g sencfoclle 4rfd, stthatigkeit. Der Vortrag ist umsichtig
ok Mff i Wwﬁvw,mfifinwy««%»%’w/fv, und concis, theilweise selbst elegant:
bffeilom 32 éa.“;»i? VAR e /«ez/, .»-'.///u’/f der grosste Theil der Leser mochte in-
a3, forInem g il e myn. dess wohl in einigen Theilen noch eine
B M%/MJ;(M,,»;yMM»%FMJ- grossere Durchsichtigkeit der Anordung
ZJ.J.;J».’W./M/IW i e, Dol oe Fridoylans wiinschen. Das Ganze ist eine gedieggn
Pl Y i a2, g eI [, erthvolle Arbeit, das Maass der Anf-
P £ et 53 Ufe, N30 e “7’7"77'“ Ja V=4 forderungen, welche man gewshnlich dn
Il 10 G et (el J Je Shrigneni) 4 proneschriften zur Erlangung der Dod-
Sut fgamewift et L f o Pife D oS ";,L% torwiirde stellt, nicht bloss erfillend

* sondern weit Uberragend .
Das Examen in der Mathematik werde ich ibernehmen. UnteWdmhentagen ist mir Sonnaben

oder Freitag am passendsten und, wenn eine Nachmittagksgewahlt werden soll, um 5 oder
1/2 Uhr. Ich wiirde aber auch nichts gegen die Vormittagsséullh zu erinnern haben. Ich setz
Uibrigens voraus, dass das Examen nicht vor der nachstem&\&iatt finden wird”.

oA =Y

Fig. 4 Handwritten Laudatio of Gauss on Riemann’s PhD thesis,etbfstom Remmert [16]

spater zuriick und fand, als er Riemann im Abitur Uiberatiéslerk weit iiber daSbliche
hinaus priifte, dass Riemann sich dieses Buch vollstand&igen gemacht hatte?”

Riemann’s PhD supervisor was Gauss, who rarely praiseddhie @f other mathe-
maticians. We show the laudatio on Riemann’s thesis in tiggnad handwriting of
Gauss in Figure 4. Riemann build in his thesis the foundation of analytic fimve

theory, and gave toward the end an example, which becameaiheus Riemann
Mapping theorem:

2 “A teacher, Professor Schmalfuss, lend him Legendre’s lwwokumber theory, a very difficult
work of 859 pages in quarto format, and he got it back alredity a week. When he tested Rie-
mann in his final high-school exam on this subject much maveotighly than usual, he realized
that Riemann had completely mastered the content of the’book

3 The manuscript submitted by Riemann is a testament of thedlb and deep studies by the
author in the area to which the treated subject belongs; adsmiring and truly mathematical
research spirit, and of a glorious, productive self-attivihe presentation is comprehensive and
concise, partly even elegant: the major part of the readetgdshowever in some parts still wish
for more transparency and better arrangement. As a whateaitlignified valuable work, which
does not only satisfy the requirement one usually imposesroanuscript to obtain a PhD degree,
but goes very far beyond.

The mathematics exam | will do myself. | prefer Sunday or &yjdnd in the afternoon at 5 or 5:30

pm. | would also be available in the morning at 11am. | assumaethe exam will not be before
next week.
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“Zwei gegebene einfach zusammenhangende Flachen ik@tets so aufeinander bezogen
werden, dass jedem Punkte der einen ein mit ihm stetigufckérider Punkt entspricht. 4;”

Riemann also gave a constructive proof of this theorem. ldemo notation, we
need to find an analytic functioh which mapsQ to the unit disk and one point
2 € Q into 0. We thus sef (2) := (z— 2)e9?, g = u+iv an analytic function to be
determined, in order to ensure ttegtis the only point mapped into zero. In order
to arrive from the boundargQ on the boundary of the disk with the mapping, we
must have for alz € 0Q that|f(z)| = 1, which implies that

1= [1(2)| = |(z—20)e" V| = |(z-w)|e* — u(@) = —loglz— 2], ¥z€ 9Q. (5)

Sinceg is analytic, the real pat of g satisfies Laplace’s equatiaku = 0 on Q,
with boundary values given in (5). It thus suffices to solveudpconstructy using
the Cauchy-Riemann equations, and then the constructibisofomplete.

Riemann’s PhD thesis was very well received by the matheadatorld of
that time, and widely studied. Among the first readers wese #leierstrass and
Helmholtz:

“Weierstrass hatte die Riemannsche Dissertation zum f&tidium mitgenommen und
klagte, dass ihm, dem Funktionentheoretiker, die RienarersMethoden schwer verstandlich
seien. Helmholtz bat sich die Schrift aus und sagte beirhstan Zusammentreffen, ihm
schienen die Riemannschen Gedankengange vollig natéggeund selbstverstandlich zu
sein.” (Funktionentheorie 1 von Reinhold Remmert, Geollgutacherf

Nevertheless, an important question remained: Riemanns$edithat a satisfying
Laplace’s equation on an arbitrary domain with given boupdanditions exists.
But was this really true ? When Riemann was challenged with fie replied

“Hierzu kann in vielen Fallen.. ein Princip dienen, welches Dirichlet zur Losung dieser
Aufgabe fur eine der Laplace’schen Differentialgleich@geniigende Functian. in seinen
Vorlesungen .. seit einer Reihe von Jahren zu geben pflegt.” (Riemann MBikep. 97§

The idea, which became known under the name of “Dirichletgpile”, is to choose
among all the functions defined on a given dom@imvith the prescribed boundary
values the one that minimizes the integral

J(u) = // %(u§+u§) dxdy which is always non-negative
o

But is the Dirichlet principle correct for an arbitrary, noegative functional?
Weierstrass gave in (1869, Werke 2, p. 49) a counter exarguléhe non-negative

4 Two simply connected surfaces can always be mapped one tihBe such that each point on
the former moves continuously with the point on the latter..

5 Weierstrass had taken Riemann’s PhD thesis as vacatioinggathd complained that for a

function theorist like him, the methods of Riemann were hardnderstand. Helmholtz then also
borrowed the thesis, and said on their next meeting, thatifor Riemann’s thoughts seemed to
be completely natural and self-evident.

6 To this end, one can often invoke a principle for finding a fiorcthat solves Laplace’s equation,
which Dirichlet has been using in his lectures over the pastyfears.
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functional L
/ (x-y)?dx—min y(—1)=a, y(1)=b,
-1

the functiony(x) must have a small derivative wheris large, to make the func-
tional small. Hence the derivative can only be large wkes close to zero, and
the minimum is achieved for the step function, which is néfiedéntiable at = 0.
Weierstrass concludes

“Die Dirichlet'sche Schlussweise filhrt also in dem beltaten Falle offenbar zu einem
falschen Resultat’””

But Riemann only answered “... meine Existenztheoreme sotddem richtig®
and Helmholtz commented “Fur uns Physiker bleibt das Dletsche Prinzip ein
Beweis®.

4 The Schwarz Alternating Method

The entire mathematical world stood now in front of a big &vaje, namely to
show rigorously that for an arbitrary domaép, Laplace’s equatiottu = 0 with
prescribed boundary conditions= g on dQ has a unique solution. For special do-
mains, the answer had been known for quite some time: Po{d8drb) had found
the solution formula for circular domains, and Fourier (ZBfbr rectangular do-
mains using Fourier series. But the existence of solutidhaplace’s equation on
arbitrary domains appeared hopeless !

Itis at this moment, where Schwarz invented the first everalnmecomposition
method [18]. His paper starts with the paragraph

"""Die unter dem Namen Dirichlet’sches Princip
bekannte Schlussweise, welche in "gewissem Sinne
als das Fundament des von Riemann entwickelten
Zweiges der Theorie der analylischen Funktionen an-
gesehen werden muss, unterliegt, wie jetzt wohl all-
gemein zugestanden wird, hinsichtlich der Strenge
sehr begriindeten Einwendungen, deren vollstindige
Entfernung, soviel ich weiss, den Anstrengungen der
Mathemaliker bisher nicht gelungen ist. - 10

Schwarz then invents the famous alternating Schwarz methaove existence and
uniqueness of the solution of Laplace’s equation on a domainposed of a disk
and a rectangle, as shown from the original publication guFe 5 on the left. His
alternating method is given by

7 Dirichlet’s reasoning apparently leads to an incorreatlids this case [8].
8 ... my existence theorems nevertheless hold [8].
9 For us physicists the Dirichlet principle remains a prodf [8

10 The method of conclusion, which became known under the nainh2t Principle, and which
in a certain sense has to be considered to be the foundatitve tieory of analytic functions de-
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Fig. 103. Jmweijticfelige Hahulufjtpumpe

Fig. 5 Original drawing of Schwarz from 1870 on the left to explais &lternating method, and
his physical interpretation of the method using a two lewauum pump on the right

AUl =0 inNTy, AU =0 inTy,
uj =g only, u3 =g onls, (6)
ul =u3t onlp, U =uf only.
Since the method only uses solutions of Laplace’s equatiothe disk and the
rectangle, for which the proof of the Dirichlet principlaldiot pose any difficulties,
the method is well defined. Schwarz then proved the convergefhis method
to a limit that satisfies Laplaces equation as well in the aogegd domain. Adding
other circles or rectangles Schwarz then proved recuystiael Dirichlet principle
for more and more complicated domains. This closed the gRpeimann’s proof.
Schwarz also gave an analogy of his alternating method withyaical device,
as indicated on the right in Figure 5: a vacuum pump with twlonders. In order to
create a vacuum in the inner chamber, one has to alternapughp with the two
cylinders, similar to the subdomain solves in the altentpthethod.

5 The Schwarz method as a computational tool

At the beginning of the 20th Century, Hilbert (see [6, 7]) fipananaged, after a
hard struggle, to establish a theory éirect methods of variational calculuahich
later led to the Ritz-Galerkin method (see e.g. [5]). Thev&fz method thus lost
completely its importance as a theoretical tool. Curioustyne other decades later,
its importance forpractical computationsvas discovered: in 1965, Miller states
[14]:

“Schwarz’'s method presents some intriguing possibilif@snumerical methods. Firstly,

quite simple explicit solutions by classical methods arerofknown for simple regions

such as rectangles or circles. Also, better numerical isolsit from the standpoint of the
computational work involved, are often known for certaipgg of regions than for others.
By Schwarz’s method, we may be able to extend these classmals and these computa-
tional advantages to more complicated regions.”

veloped by Riemann, is subject to, like it is generally atedithow, very well justified objections,
whose complete removal has eluded all efforts of mathemasdo the best of my knowledge.
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Fundamental early contributions to the theory were by Smbfil9], who gave a
variational convergence proof for the case of elasticitiki¥in [13], with a varia-
tional proof for convergence for general elliptic operat@nd then the sequence of
publications by Lions [10, 11, 12]. The complete breaktlgioas a computational
method came with the introduction of the two level additiéti®arz method [1].
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