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1 Introduction

For many applications in mechanics or fluid dynamics, one need to use different
discretizations in different regions of the computationaldomain to match with the
physical scales. Mortar methods [2] are domain decomposition techniques based on
a weak coupling between subdomains and enable the use of nonconforming grids.
On the other hand, optimized Schwarz methods [4, 11, 9, 7, 5],based on Robin
or Ventcel transmission conditions and motivated by the physics of the underlying
problem, greatly enhance the information exchange betweensubdomains and lead to
robust and fast algorithms. Moreover, the Ventcel conditions reduce dramatically the
convergence factor of the Schwarz algorithm compared to Robin conditions [7, 5].

In the finite element case, the NICEM method [6, 8], a new interface cement
using Robin conditions and corresponding to an equilibrated mortar approach (i.e.
there is no master and slave sides) has been developed for Schwarz type methods.

In this paper we extend this approach to Ventcel conditions.

We first consider the problem at the continuous level: findu such that

(Id −∆)u = f in Ω (1)

u = 0 on∂Ω , (2)

where Ω is a C 1,1 (or convex polygon in 2D or polyhedron in 3D) domain of
IRd , d = 2 or 3, andf is given inL2(Ω). We assume thatΩ is decomposed into

K non-overlapping subdomains:Ω = ∪K
k=1Ω k

. We suppose that the subdomains
Ω k, 1≤ k ≤ K are eitherC 1,1 or polygons in 2D or polyhedrons in 3D. Letnnnk be
the outward normal fromΩ k. We also assume that this decomposition is geomet-
rically conforming. We introduceΓ k,ℓ the interface of two adjacent subdomains,
Γ k,ℓ = ∂Ω k ∩∂Ω ℓ. An optimized Schwarz algorithm for problem (1)-(2) is

(Id −∆)un+1
k = f in Ω k

un+1
k = 0 on∂Ω k ∩∂Ω

Bk,ℓ(u
n+1
k ) = Bk,ℓ(un

ℓ) onΓ k,ℓ
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where(Bk,ℓ)1≤k,ℓ≤K,k 6=ℓ is the chosen transmission operator on the interface be-
tween subdomainsΩ k andΩ ℓ:

Robin case:Bk,ℓϕ = ∂nnnϕ +αϕ
Ventcel case:Bk,ℓϕ = ∂nnnϕ +αϕ −β∆τk,ℓϕ,

where∆τk,ℓ stands for the Laplace-Beltrami operator onΓ k,ℓ, andα,β > 0 are given.
In order to match Ventcel conditions in the non-conforming discrete case, we need
to introduce a new independent entity representing the normal derivative of the solu-
tion on the interface as in the NICEM method [6, 8]. We thus usea Petrov Galerkin
approach instead of Galerkin approximations as in standardmortar methods.

In Sect. 2 we recall the method at the continuous level. Then in Sect. 3, we present
the method in the non-conforming discrete case and the discrete algorithm with
Ventcel transmission conditions. We finally present in Sect. 4 simulations for two
and twenty-five subdomains. The numerical analysis will be done in future paper.

2 Definition of the problem

The variational statement of the problem (1)-(2) is: Findu ∈ H1
0(Ω) such that

∫

Ω
(∇u∇v+uv)dx =

∫

Ω
f vdx, ∀v ∈ H1

0(Ω). (3)

We introduce the spaceH1
∗ (Ω k) defined by

H1
∗ (Ω k) = {ϕ ∈ H1(Ω k), ϕ = 0 over∂Ω ∩∂Ω k}.

In order to glue non-conforming grids with Ventcel transmission conditions, denot-
ing by v theK-tuple(v1, ...,vK), we introduce the following constrained space,

V = {(v,q) ∈
(

K

∏
k=1

H1
∗ (Ω k)

)

×
(

K

∏
k=1

H−1/2(∂Ω k)

)

,

vk = vℓ andqk =−qℓ overΓ k,ℓ, ∀k, ℓ}. (4)

Then, problem (3) is equivalent to the following one [8]: Find (u, p) ∈ V such that

K

∑
k=1

∫

Ω k
(∇uk∇vk +ukvk)dx−

K

∑
k=1

H−1/2(∂Ω k) < pk,vk >H1/2(∂Ω k)

=
K

∑
k=1

∫

Ω k
fkvkdx, ∀v ∈

K

∏
k=1

H1
∗ (Ω k).

Being equivalent with (1)-(2), wherepk = ∂nnnk u over∂Ω k, this problem is well posed.
Let us describe the method in the non-conforming discrete case.
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3 Non-conforming discrete case with Ventcel conditions

3.1 Local problem

We introduce now the discrete spaces. EachΩ k is provided with its own meshT k
h ,

such thatΩ k
= ∪T∈T k

h
T, 1 ≤ k ≤ K. For T ∈ T k

h , let hT be the diameter ofT

and h the discretization parameter:h = max1≤k≤K hk with hk = maxT∈T k
h

hT . We

suppose thatT k
h is uniformly regular and that the sets belonging to the meshes

are of simplicial type (triangles or tetrahedra). LetPM(T ) denote the space of
all polynomials defined over T of total degree less than or equal to M. The finite
elements are of lagrangian type, of classC 0. We define over eachΩ k two con-

forming spacesY k
h andXk

h by : Y k
h = {vh,k ∈ C 0(Ω k

), vh,k |T ∈ PM(T ), ∀T ∈ T k
h },

Xk
h = {vh,k ∈ Y k

h , vh,k |∂Ω k∩∂Ω = 0}. The space of traces over eachΓ k,ℓ of elements

of Y k
h is a finite element space denoted byY

k,ℓ
h . With each interfaceΓ k,ℓ, we asso-

ciate a subspacẽW k,ℓ
h of Y

k,ℓ
h in the same spirit as in the mortar element method [2]

in 2D or [3, 1] for aP1-discretization in 3D.
More precisely, letT be the restriction toΓ k,ℓ of the triangulationT k

h . In 2D,

T has two end points that we denote asxk,ℓ
0 andxk,ℓ

n that belong to the set of vertices

of the corresponding triangulation ofΓ k,ℓ : xk,ℓ
0 ,xk,ℓ

1 , ...,xk,ℓ
n−1,x

k,ℓ
n . The spacẽW k,ℓ

h is

then the subspace of those elements ofY
k,ℓ

h that are polynomials of degree≤ M−1

over both[xk,ℓ
0 ,xk,ℓ

1 ] and[xk,ℓ
n−1,x

k,ℓ
n ].

In 3D, we suppose that all the vertices of the boundary ofΓ k,ℓ are connected to
zero, one, or two vertices in the interior ofΓ k,ℓ. Let V , V0, ∂V denote respectively
the set of all the vertices ofT , the vertices in the interior ofΓ k,ℓ, and the vertices
on the boundary ofΓ k,ℓ. Let S(T ) be the space of piecewise linear functions with
respect toT which are continuous onΓ k,ℓ and vanish on its boundary. We denote by
Φa, a∈V the finite element basis functions. Thus,S(T ) = span{Φa : a∈V0}. For
a ∈ V , let σa :=

⋃{T ∈T : a ∈ T}, Na := {b ∈ V0 : b ∈ σa}, andN :=∪a∈∂V Na.
Let Tc be the set of trianglesT ∈T which have all their vertices on the boundary of
Γ k,ℓ. ForT ∈Tc, we denote bycT the only vertex ofT that has no interior neighbor.
Let Nc denote the verticesaT of N which belong to a triangle adjacent to a triangle
T ∈ Tc. We introduceΦ̂a defined as follows:

Φ̂a :=



















Φa, a ∈ V0\N

Φa + ∑
b∈∂V ∩σa

Ab,aΦb, a ∈ N \Nc

ΦaT + ∑
b∈∂V ∩σaT

Ab,aT Φb +ΦcT , a = aT ∈ Nc

.

The weights are defined such that [3]:Ac,a + Ac,b = 1 and |T2,b|Ac,a = |T2,a|Ac,b,
for all boundary nodesc ∈ ∂V connected to two interior nodesa andb. HereT2,a

(resp.T2,b) denote the adjacent triangle toabc havinga (resp.b) as a vertex and its
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two others vertices on∂V . For all boundary nodesc ∈ ∂V connected to only one
interior nodea, the weights areAc,a = 1.

The spaceW̃ k,ℓ
h is then defined bỹW k,ℓ

h := span{Φ̂a, a ∈ V0}. ThenW̃ k
h is the

product space of thẽW k,ℓ
h over eachℓ such thatΓ k,ℓ 6= /0.

We introduce now the discrete problem. Let∇τk,ℓ be the gradient operator on

Γ k,ℓ. We define the discrete constrained space as follows:

Vh = {(uh, p
h
) ∈
(

K

∏
k=1

Xk
h

)

×
(

K

∏
k=1

W̃ k
h

)

,

∫

Γ k,ℓ
((ph,k +αuh,k)− (−ph,ℓ+αuh,ℓ))ψh,k,ℓ+

∫

Γ k,ℓ
β∇τk,ℓ(uh,k −uh,ℓ)∇τk,ℓψh,k,ℓ

−
∫

∂Γk,ℓ

β
(

∇τk,ℓuh,k −∇τk,ℓuh,ℓ
)

ψh,k,ℓ = 0, ∀ψh,k,ℓ ∈ W̃ k,ℓ
h }, (5)

and the discrete problem is the following one : Find(uh, p
h
) ∈ Vh such that

∀vh = (vh,1, ...vh,K) ∈ ∏K
k=1 Xk

h ,

K

∑
k=1

∫

Ω k

(

∇uh,k∇vh,k +uh,kvh,k
)

dx−
K

∑
k=1

∫

∂Ω k
ph,kvh,kds =

K

∑
k=1

∫

Ω k
fkvh,kdx. (6)

Let us describe the algorithm in the discrete case.

3.2 Iterative algorithm

We restrict ourselves to the presentation of the algorithm in 2D.
The recommended approach to find the solution of the previousdiscrete problem

is a GMRES acceleration [12] of the iterative Schwarz algorithm. For the sake of
clarity, let us present the plain Jacobi algorithm applied to the discrete Schwarz
algorithm : let(un

h,k, pn
h,k) ∈ Xk

h ×W̃ k
h be a discrete approximation of(u, p) in Ω k at

stepn. Then,(un+1
h,k , pn+1

h,k ) is the solution inXk
h ×W̃ k

h of

∫

Ω k

(

∇un+1
h,k ∇vh,k +un+1

h,k vh,k

)

dx−
∫

∂Ω k
pn+1

h,k vh,kds =
∫

Ω k
fkvh,kdx, ∀vh,k ∈ Xk

h , (7)
∫

Γ k,ℓ

(

(pn+1
h,k +αun+1

h,k )ψh,k,ℓ+β∇τk,ℓu
n+1
k ∇τk,ℓψh,k,ℓ

)

−
∫

∂Γk,ℓ

β∇τk,ℓu
n+1
h,k ψh,k,ℓ

=
∫

Γ k,ℓ

(

(−pn
h,ℓ+αun

h,ℓ)ψh,k,ℓ+β∇τk,ℓu
n
ℓ∇τk,ℓψh,k,ℓ

)

−
∫

∂Γk,ℓ

β∇τk,ℓu
n
h,ℓψh,k,ℓ, ∀ψh,k,ℓ ∈ W̃ k,ℓ

h . (8)
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An initial guess(gk,ℓ) is given on each interfaceΓk,ℓ, and by convention for the first
iterate, the right-hand side in (8) is given bygk,ℓ.

4 Numerical results

In this part, we consider aP1 finite element approximation. Problem (6) is a square
linear system, invertible in the various numerical tests weperformed, the results pre-
sented below being some of them. We study the numerical erroranalysis for problem
(6), as well as the convergence of the algorithm (7)-(8) withVentcel compared to
Robin (i.e.β = 0) transmissions conditions.

We consider the initial problem with exact solutionu(x,y) = x3y2+ sin(xy). The
domain is the unit squareΩ = (0,1)× (0,1).

We decomposeΩ into non-overlapping subdomains with meshes generated in an
independent manner. On Fig. 1, we consider the case of 2 non-conforming meshes
(on the left), and the case of 25 non-conforming meshes (on the right). In the sequel,
for the error curves versush, the computed solution is the solution at convergence of
the discrete algorithm (7)-(8), with a stopping criterion on theL2 norm of the jumps
of the interface conditions that must be smaller than 10−14.

4.1 Choice of the Ventcel parametersα,β

In our numerical results, the Ventcel parameters are obtained by minimizing the
convergence factor (depending on the mesh size in that case). In the conforming two
subdomains case, with constant mesh sizeh and an interface of lengthL, the optimal
theoretical values of the Ventcel parametersα,β which minimize the convergence

Fig. 1 Nonconforming domain decomposition in 2 domains (left), and 25 domains (right)
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factor at the continuous level are [5]:

α∗ =
k2

max

√
k2

min+1−k2
min

√
k2

max+1
√

2(k2
max−k2

min)
((√

k2
max+1−

√
k2

min+1
)(

(k2
max+1)

√
k2

min+1−(k2
min+1)

√
k2

max+1)
)

1
4

β ∗ =

√
k2

max+1−
√

k2
min+1)

3
4

√
2(k2

max−k2
min)
(

(k2
max+1)

√
k2

min+1−(k2
min+1)

√
k2

max+1
)

1
4
,

(9)

wherekmin andkmax are respectively the minimum and maximum frequencies which
can be represented on a grid with mesh sizeh, given bykmin =

1
L andkmax =

π
h . In

the non-conforming case, the mesh size is different for eachside of the interface.
Thus, we consider the parameters given by (9) withh = hm denoted by(αm,β m), or
with h = hM denoted by(αM,β M), wherehm andhM are respectively the smallest
and highest step size on the interface. We consider also the Robin case with the

optimal theoretical value given by [5]:α∗
R =

(

(π
L )

2+1)
(

( π
hM

)2+1)
)

1
4 .

4.2 Two subdomains case

In this part we consider the 2 non-conforming meshes on the left of Fig. 1. As the
problem (6) depends onα,β , we consider two cases:(α,β ) = (αm,βm) (case (m))
and(α,β )= (αM,βM) (case (M)). In order to observe the error versush, a computed
solution (solution of (6)) corresponds to the solution at convergence of (7)-(8). The
solution with(α,β ) = (αm,βm) is different from the one with(α,β ) = (αM,βM).
We represent on Fig. 2 (left), for both cases, the relativeH1 error (defined as in [8]),
and the relativeL2 error versus the mesh sizeh, in logarithmic scale. We start from
the 2 non-conforming meshes and then refine successively each mesh by dividing
the mesh size by two. We observe similar results for both cases. The results show
that the relativeH1 error tends to zero at the same rate as the mesh sizeh. We also
observe that the relativeL2 error tends to zero at the same rate ash2. We represent
on Fig. 2 (right) the asymptotic performance with optimizedVentcel (i.e.α = αM,
β = βM) or Robin (i.e.α = α∗

R, β = 0) conditions, for the Schwarz algorithm (7)-(8)
and for the GMRES algorithm. We simulate directly the error equations,f = 0, and
use a random initial guess so that all the frequency components are present. We plot
the numbern∗ of iterations (taken to reduce the error by a factor 10−6) versush on
a log-log plot. The numerical results show the asymptotic behavior predicted by the
analysis given in [5]:
• n∗ = O(h

1
2 ) for Robin (i.e.α = α∗

R, β = 0) with Schwarz as an iterative solver,

• n∗ = O(h
1
4 ) for Robin with GMRES (i.e. Schwarz used as a preconditioner),

• n∗ =O(h
1
4 ) for Ventcel (i.e.α =αM, β = βM) with Schwarz as an iterative solver,

• n∗ = O(h
1
8 ) for Ventcel with GMRES.

We also observe that using Krylov acceleration (GMRES) improves the asymp-
totic performance by a square root.
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4.3 Twenty-five subdomains case

We now consider the 25 non-conforming meshes on the right of Fig. 1.
In order to observe theH1 error, each computed solution corresponds to the so-

lution at convergence of (7)-(8). We represent on Fig. 3 (left) the relativeH1 error
versus the mesh sizeh in logarithmic scale. We start from the 25 non-conforming
meshes and then refine successively each mesh by dividing themesh size by two.
The results show that the relativeH1 error tends to zero at the same rate as the mesh
sizeh. On Fig. 3 (right), we study the performance of the algorithm(7)-(8) with
Ventcel and Robin transmission conditions. We simulate directly the error equa-
tions, f = 0, and use a random initial guess on the interfaces. We plot the H1 and
L∞ errors versus the number of iterations. We observe that the number of iterations
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Fig. 2 Decomposition in 2 subdomains: error analysis versush (left), and asymptotic number of
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10
−3

10
−2

10
−1

10
−3

10
−2

10
−1

h

E
rr

or

 

 

H1 relative error
h

0 20 40 60 80 100 120 140
10

−10

10
−8

10
−6

10
−4

10
−2

10
0

number of iterations

E
rr

or

 

 

Ventcel (L∞−norm)

Ventcel (H1−norm)

Robin (L∞−norm)

Robin (H1−norm)

Fig. 3 Decomposition in 25 subdomains:H1 error versush (left), and error versus iterations (in
theH1 andL∞ norms) with optimized Robin or Ventcel conditions



8 Caroline Japhet, Yvon Maday, and Fréd́eric Nataf

to obtain an error smaller than 10−6 is by a factor 4 higher with optimized Robin
conditions compared to optimized Ventcel conditions. The results are similar for the
H1 andL∞ errors.
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