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1 Introduction

Contact problems of elasticity are used in many fields of science and engineering,
especialy in structural mechanics, geology and biomecanics. Many numerical pro-
cedures solving contact problems have been proposed in the engineering literature.
They are based on standard discretization techniques for partial differential equa-
tionsin combination with a special implementation of non-linear contact conditions
(eg.,see[3,5, 6, 8]).

The use of domain decomposition methods turns out to be one of the most ef-
ficient approaches. Recently, Dirichlet-Neumann and FETI type algorithms have
been proposed and studied for solving multibody contact problems with Coulomb
friction (see for example[7, 1, 2]).

In this paper, the Neumann-Neumann algorithm is extended to two-body con-
tact problems with Coulomb friction. The main difficulty is due to the boundary
conditions at the contact interface. They are highly non-linear, both in the normal
direction (unilateral contact conditions) and in the tangential one (Coulomb’s law).
A fixed point procedureisintroduced to ensure the continuity of the contact stresses.
Numerical resultsillustrate that an optimal relaxation parameter exists and its value
is nearly independent of the friction coefficient and the mesh size.

2 Setting of the problem

L et us consider two plane elastic bodies, occupying bounded domains Q *, oo =1, 2.
Theboundary I'* := 9 Q% is assumed to be piecewise continuous, and it is split into
three non empty disjoint parts I;*, I'y* and I* such that I;* N I;* = 0. Each body
Q% isfixedon I'* and subject to surfacetractions ¢ * € (LZ(FpO‘))2 onI*. Thebody
forcesare denoted by f* € (L?(2%))?. Intheinitial configuration, both bodies have
acommon contact portion I := It = I;2. In other words, we consider the case when
the contact zone cannot grow during the deformation process and there is no gap
between Q1 and Q2. Unilateral contact conditionswith local Coulomb’sfriction are
prescribed on I';. The problem consistsin finding the displacement field u = (u?, u?)
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(the notation u® stands for u| «) and the stress tensor field o = (o/(ut), o(u?)) such
that:

divo(u*)+ f* = inQ%,
o(u*)n* =¢% only, Q)
u =0 onI}/

o =1,2. Theelastic constitutive law, is given by Hooke's law for homogeneousand
isotropic material:

011 (U%) = Afjpn(u), e(u®) = 3 (Vu+ (Vu)T), @

where A% = (Afjn)1<i,j kh<2 € (L= (Q%))38 isthe fourth-order elasticity tensor sat-
isfying the usual symmetry and ellipticity conditions and e(u?) is the respective
strain tensor. The summation convention is adopted.

Further the normal and tangential components of the displacement u and the
stress vector on I are defined by
U = ueng, uf = - ugn?, 3

oy = oij(u)nn, ot = oij(u*)nf — oynf,

where n® denotes the outward normal unit vector to the boundary. On the interface
I, the unilateral contact law conditions are prescribed:

1 2 1 2
ON = Oj = Oy, Or := o7 = OT, (4

[un] <0, on <0, on[un] =0, %)

where[vy] = vt-nt++v2.n? isthejump acrosstheinterface I'; of afunction v defined
on 21U Q2. Coulomb'slaw of local friction reads as follows

loT| < Zon|,
lot| < Flon| = [ur] =0, ©)
|GT|:§|GN|:>3v20 [uT]:_VGT,

where # € L= (I¢), % > 0on I isthe coefficient of friction and [uT] stands for the
jump of the tangential displacements.

Weak solutions of the contact problem obeying Coulomb’slaw of friction can be
defined as afixed point of themapping @ : A — A, where A = {u € H ~Y/2(I%), u >
0} and @(g) = —on(u) with u € K being the unique solution of the variational
inequality:

u:=u(g) eK: a(u,v—u)+ (Z#g,|[vr]| — |[ur]|) > L(v—u), WeK. (£)
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Here

K={veV||w]<0onlz}, V=vixv?
V= {v* e (HY(Q")? |V =0 on[}'}, =12

The bilinear and linear form a(-, ), L(-) represent the inner energy of the system,
and the work of applied forces, respectively:

a(v,w) =al(vthwt) +a2(v>w?),  L(v) =LYV +L2(V?), vweV,
where
a% (v, W) :/m A% 8 (V)r (W) dx,
Leve) = [ %o dxt [ 0% veds,
v = /

o = 1,2. The symbol (-,-) stands for the duality pairing between H ~*/2(I%) and
HY/2(I) or for the scalar product in L2(I¢), if g € L3(I3).

3 Domain decomposition algorithm for contact problemswith
given friction

We present the continuous version of the domain decomposition algorithm for solv-
ing (7). The mathematical justification of all results presented below can be found
in [4]. We introduce the following notation: by = : (HY/3(I3))? — V* we denote
the extension mapping defined for A € (HY/2(I3))? by

ToA € V¥ a*(m*A,v*) =0 W* e VT, @
%A =21 on Ig,
where
V¢ = {v* e (HY{(Q%))?|v* =00n I[P ULL}. (8)

Further for ¢ € L?(I%) given, we define:
K?(p) = {V? e V?|V?.n’ < —pon Ty}
and the frictiona term j : V— R by
W)= i(vive) = [ glvrllds v= () €V,

The algorithm is based on the following result.
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Proposition 1. A pair u = (u,u?) € V isa solution of (%) if and only if u' € V2,
u? € V2 solve the following problems:

Find u! € V! such that )
at(ut,vl) = L1(V1) — a?(u?, m2vt) + L2 (r2vt) Wl e vt
and
Find u? € K2(ut- v1) such that 10
a?(u?, V2 —u?) + j(ut,v2) — j(utu?) > L2(V? —u?) W2 € K?(ut-vh),

respectively.

Supposethat A € (HY/2(I3))? is given and ul, u? are the solutions of the follow-
ing decoupled problems:

Find u! := u*(1) € V! such that
al(ut,vh) =L1(vl) wteVv} (21(M))
ul=1 onl;

and
Find u? := u?(1) € K?(2 - n!) such that

&2 (W, V2 —U?) + j(A,VP) — j(A,1%) > LA(V — 1P (Z2(2))
W2 € K2( -nt).

If A € (HY/?(I%))? was chosen in such away that o = o and o1 = o2 on I, then
the couple u = (u*,u?) € K would be a solution of (£2). To find such A ensuring
continuity of the normal and tangential contact stress across I'c, we shall use the
following auxiliary Neumann problems defined in Q * and Q2

Find w! € V1 such that
at(wh,vh) = (—al(ut,v}) + LY(v}) —a2(u?, m2vt) + L2 (m2vh)) (23(A))
Wl e vt
and
Find w? € V2 such that
a?(W2,v?) = 3(a®(u?,v?) — L2(v?) +al(ul, #1v2) — LY(7v?)) (24(1))
W2 € V2,

whereu® := ul(1), u? := u?(1) arethesolutions of (#21(1)), and (Z,(1)), respec-
tively. The algorithm consists of the following five steps:
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ALGORITHM (DD) Let Ag € (HY/3(I3))? and 6 > 0 be given. For k > 1 integer,
defineu?, wy, oo = 1,2 and A by:

Sepl. ul e V! solves (21 (M 1))

Sep 2. u2 € K?(Ak_1-nt) solves (P(Ak-1));
Sep3. wi € V! solves (P3( A
Sep 4. w2 € V2 solves (P4 ( Ak
Sep 5. Ak = Ak_1+ 6 (Wi —w?2) on I,

1))
1)
The convergence property of this algorithm follows from the next theorem.

Theorem 1. Thereexist: 0 < 6* < 4 and functions A € (HY/2(I3))?, u® w® € V&,
o = 1,2 suchthat for any 6 € (0,0*) it holds:

A — Ay in (Hl/z(l“c))z,
uy —uf
W — we

K — oo (11)
} in (HY(Q%)?, a=1,2,

where the sequence { (uZ, Wy, A) } is generated by ALGORITHM (DD). In addition,
the couple (u,u?) solves ().

A discrete version of algorithmis obtained by a finite element approximation of
Seps 1-4. In[4] we used piecewise linear functions on triangulations of Q * and Q2.
These triangulations are supposed to be compatible on the contact part I';. Using a
similar technique as in Theorem 1, one can prove the convergence property of the
discrete version with 6* independent of the mesh norm.

4 Numerical experiments

In this section, we shall test the performance of variants of ALGORITHM (DD) for
solving contact problems with Coulomb friction. For this reason, we combine AL-
GORITHM (DD) with the method of succesive approximations that enables us to
compute fixed points of the mapping @. To get an efficient algorithm, we perform
only one iteration of ALGORITHM (DD) in each step of the method of succesive
approximations. In other words, we update the dlip bound g in each Step 2 using
the result of the previousiteration, i.e., g = —oN(uE_l) (andg=0, if k= 1). This
algorithm will be called ALGORITHM | in this numerical part.

Notethat Sep 2in ALGORITHM | treats simultaneously both, the non-penetration
and the friction conditions. A natural idea occurs, namely to split these conditions
between Steps 1 and 2. This modification of ALGORITHM (DD) will be called AL-
GORITHM 1.
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Inboth, ALGORITHM | and 1, one can perform splitting of the Gauss-Seidel type
so that computatios of the normal and tangential contact stresses are decoupled by
performing one Gauss-Seidel iteration; see [4] for more details. In the respective
columns of the tables bel ow we show the results without (column without) and with
the Gauss-Seidel splitting in Step 1, 2, and in both these steps.

Example 1. Let us consider two plane elastic bodies
Q'=(0,3)x(1,2) and Q2=(0,3)x(0,1)

made of an isotropic, homogeneous material characterized by the Young modulus
2.1 x 10™ and the Poisson ratio 0.277 (steel). The decompositionsof 0Q %, oc = 1,2
areasfollows:

It = {0} x (1,2), It = (0,3) x {1}, I} = 0Q\ [FUTE,
2= {0} x (0,1), I? = (0,3) x {1}, [;}? = 9Q?\ [2UIZ.

Thevolumeforces f* =0in Q%, a = 1,2 while the following surface tractions of
density ¢* = (¢1,¢3) act on I

q)]:!-(s? 2) = Ov ¢%(Sa 2) = ¢%,L + d)%,RS? Se (Oa 3)7
01(3,9) = 9ip(2—9) +¢iy (- 1), se(L,2),
95(3,9) = $38(2—9) + ¢34 (- 1), s€(L,2),

where ¢§L = —6x107, ¢21R =-1/3x 107, ¢iB =2x 107, ¢iu =2x 107, ¢§B =
4% 107, and 93, = 2 x 10”. The coefficient of frictionis.# = 0.3.

We comparé performance of ALGORITHMS | and Il with different splittings of
Gauss-Seidel type for various values of 6 and degrees of freedom n (twice the num-
ber of nodes) and m (the number of the contact nodes). In the tables we report
the computational time in seconds, the number #iter of the (outer) iterations, and
the total number of actions na of the inverses to the stiffness matrices. Further we
quote the total efficiency of the method assessed by the ratio eff := na /(2m) which
gives a comparison of our algorithms with the realization of "similar linear prob-
lems’ by the standard conjugate gradient method. It is well-known that the number
of conjugate gradient iterations, i.e. the number of matrix-vector multiplications,
is bounded by the size of the problem. Therefore, one can say that our algorithms
exhibit the complexity comparable with the conjugate gradient method when eff is
less than two. All computations are performed in Matlab 8.2 on Intel (R)Core(TM)2
Duo CPU, 2 GHz with 3 GB RAM. We set the relative terminating precision on the
computed contact stresses to tol = 10~4. The inner problemsin Step 1 and 2 are
solved by optimization algorithms based on the conjugate gradient method with the
adaptive precision control respecting the accuracy achieved in the outer loop; see [4]
for more details.
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Table1 Characteristics of ALGORITHM | without and with splitting.

njm without inStep 1 inStep2  inSep 1+2
#iter|na #Hiter |na #iter|na #Hiter |na
[time| eff | [time| eff] [time| eff] [time| eff]

504/18 60|667 61/1075 59|742 60|1146

(0.80]18.53] [0.98/29.86] [0.6720.61] [0.70/31.83]

607266 611044 611492 61/824 60/1236
(8.19)7.91] [8.35/11.30] [4.636.24] [6.91|9.36]

17784/114 62|1313  63/1816 61|855 63|1365
(31.735.76] [43.71|7.96] [33.24/3.75] [32.89/5.99]

35640162 61|1839 621819 61/892 62|1377
[126.94|5.68] [133.30|5.61] [59.59/2.75] [91.82|4.25]

59640210 60[1583  61]2336 61/876 61/1377
[238.32|3.77) [341.33|5.56] [127.42(2.09] [196.11/3.28]

89784|1258 601627  59|2333 60/864 61/1421
[405.31/3.15] [585.25|4.52] [216.09|1.67] [359.08]2.75)]

Table 2 Characteristics of ALGORITHM |1 without and with splitting.

njm without inStep 1 inStep2  inSep 1+2
#iter|na #Hiter |na #iter|na #Hiter |na
[time eff] [time| eff] [time| eff] [time| eff]
504/18 37530 36|520 37714 38|770
[0.19]14.72] [0.16]14.44] [0.19|19.83] [0.19]21.39]
6072|66 36|987 37/586 37/964 38/829

5.76/7.48] [3.29]4.44] [5.35/7.30] [4.59/6.28]

17784114  36|1417 38/626 37|1347 35|794
(34.32/6.21] [15.16/2.75] [32.81/5.91] [19.00]3.48]

35640162  37|1864 36/608 36/1399 36863
[119.50[5.75] [38.74/1.88] [89.794.32] [54.83|2.66]

59640210  37|2132 37|624 37/1401 35851
[290.71/5.08] [93.40|1.49] [191.30/3.34] [115.64|2.03]

89784258  37|2532 37/619 37/1806 36/877
(631.80|4.91] [154.52]1.20] [451.65/3.50] [225.59|1.70]

Figure 1 illustrates the sensitivity of the different variants of our algorithmswith
respect to 6. From these results one may conclude at least two facts. (i) ALGo-
RITHM |l without splitting is more stable than ALGORITHM | in sense that it con-
verges for larger values of 0; (ii) splitting used Step 2 of ALGORITHM |1 leads to

the convergent process for al 6 € (0, 1].
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Fig. 1 For each 6 we display the number of iterations #iter satisfying the terminating precision
as above (n = 1872, m= 36).
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