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Motivation

Main assumption

Motivation

Complex problems with multiscale physics

Streaming region

Boltzmann region

thanks to Liebendorfer

Too costly to solve exactly | = Need approximations

Different asymptotic in different regions

]

(]

@ = Heterogeneous DD methods
@ Validity domain of the asymptotic not a priori known !
("]

Need of new solutions and new algorithms !
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Comoving Boltzmann equation in spherical symmetry

Radiative Transfer

Boltzmann O(v/c) equation for distribution function f(t, r, 4, w) in
comoving frame

1df of of of
il Ureling Fu(u)(‘?ﬂ + Fw(“)% =

cdt ' "or Jj(u) = K(u)f +C(f,u)

with
Fu=|n(%B2+2) + 2] @—p2) and F, = |2 (52 + %) - £]w.

@ 4 : cosine of the angle between radius and direction of neutrino
propagation, r : radius, t : time, w : neutrino energy,

d _ @ d Aoy o T
@ - = 5; t vy, Lagrangian time derivative

@ c: speed of light, p : the fluid density, v : the fluid velocity,

@ j(r,t,pu,w,u) : emissivity, X(r, t, 1, w,u) : absorptivity, u : the fluid
state vector

@ C(f,u) : isoenergetic scattering collision integral.




Motivation
Main assumption

IDSA Equations

Notation: () := %f}l du

IDSA equations

Under some appropriate assumptions, the dynamic of (f) can be
approximated by (f) = (f*) + (f*) given by the following IDSA

system
d(ft) 1dlnp o(ff) . . .
it T3ea Y aw XY

o (PE() = () T T,

L = min{max [ L 9 A + X(F%), O] . j},

r2or 3  Or
where X is the mean free path and g(t, r,w) is a geometrical factor.
[Liebenddrfer et al. 2009], [Berninger et al. 2012, 2013]
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Motivation

Main assumption

On the assumption v =y +

For a generic partial differential equation of the form
L(u)=g  onQ, (1)
where L is a linear differential operator,

Assumption (u = uy + wp)

We assume that the solution u of (1) can be written as a sum,

u = uy + up, and that one can derive a coupled system for the new
unknowns uy and up. The derivation of the coupled system might
then use relevant approximations for one or both components.

@ Neutrino radiative transfer in core-collapse supernovae.
[Liebendorfer et al. 2009], [Berninger et al. 2012, 2013]
@ Coupling of the kinetic equation and approximation of it.

[Degond et al. 2005, 2007, 2010], [Degond and Jin 2005]
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Fuzzy sets
Fuzzy Domain Decomposition Methods Fuzzy Domain Decomposition
eFDDM on a model problem

Fuzzy sets

Let X be a set in the classical sense of generic elements x, such
that X = {x}.

Definition (Fuzzy Set)

A fuzzy set A of X is characterized by a membership function
ha(x) that associates to every point of X a real number in [0, 1].
The value of ha(x) represents the grade of membership of x in A.
The support Supp(A) of a fuzzy set A is the classical subset of X
defined by Supp(A) = {x € X|ha(x) # 0}.

RENEILS

If the membership function is a characteristic function, then we
recover the classical notion of sets.
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Properties of fuzzy sets |

Definition (Complementary set)

The complementary set A€ of a fuzzy set A is defined by its
membership function hac =1 — hp.

Definition (Union of fuzzy sets)

The union of two fuzzy sets A and B of membership function
ha(x) and hg(x) is the fuzzy set C, denoted by C = AU B. It is
characterized by its membership function hc(x) linked with those
of A and B by hc(x) = max(ha(x), hg(x)), Vx € X.

The union of a fuzzy set with its complementary set is not equal to
the initial set, unless the membership functions are characteristic
functions: AU A® & X.
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Properties of fuzzy sets Il

Definition (Algebraic sum of fuzzy sets)

The algebraic sum of A and B is denoted by A+ B and is defined
by the membership function ha.g = ha + hg. This definition has
a meaning only if ha(x) + hg(x) <1, Vx € X.

Note that the algebraic sum has the property that A + A® = X.
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Fuzzy Domain Decomposition

We decompose the domain Q
(a set of points) into an
algebraic sum of fuzzy
domains (fuzzy sets of points)
1 ; Q1,...,Q, with membership

‘ functions hy,..., h,.

0 Qs

08 ef
06 . / , | 0 Q= +---+Q,.
A , o 3" hi(x)=1,VxeQ
02 f We say that the family
5 {Q;}7_; is a Fuzzy Domain

x Decomposition (FDD) of Q.
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Fuzzy Domain Decomposition Methods

Definition (FDDM, eFDDM, iFDDM)

A FDD method (FDDM) is a numerical method to solve L(u) = g
on  based on an FDD of Q2. We will say that an FDDM is explicit
(eFDDM) if the membership functions h; are explicitly known, and
implicit otherwise (iIFDDM).

Ingredients for a heterogeneous DD method

@ Coupling methodology between the approximations

@ Criterion to decide which approximation to use where. (Domain of validity of
the different approximations)

Advantages of an eFDDM

@ The membership functions h; are used both for implementing the coupling and
the criterion.

@ The membership functions h; may be time dependent. (Adaptive
decomposition)

@ Ease of change of the criterion used.
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Assumption

Assumption (eFDDM)

Let u be a function from Q to R, let {Q;}7_; be a FDD of Q and
let u; :== h;u be the restriction of u to Q;. Then

n

n
uzg ui and u’:E u'.
i=1

i=1
And for h; sufficiently smooth
up = h,-u,
ui = hu+ hid,
ul = hu+ 200 + hid" i =1,2.
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eFDDM on a model problem

Let £ be a linear differential operator and {;}i=1, an FDD
defined through {h;};=12. Let {£;}i=1 be two approximations
associated with this FDD. With the eFDDM assumption we have

Derivation of an eFDDM Advection dominated diffusion

LU= L = v0x + adx and g := 0,
& ML(u")+ hL(u") =g,
~ o i Ly(u) + haLo(u) = g, V>0".?> 0.
Approximated operators:
{ h1L1(u) = Mg on Q, L1:=L and L5:=ab,
h2Lo(u) = hag on €, Approximated problem:

(u
{ 1(1n) = g + L12(12) on Supp(), | s i 4 2w’ = 0,
2) = hog + Lo1(u1) on Supp(2
(N ) ( ) ( ) L7 = V(h/II + 2h/1(9x) + ah’l,
with £; = £; — L3, i=1,2. L1 = ahy,




Advection dominated diffusion
Approximation quality
An example

Advection dominated diffusion |

We consider for v,a > 0 the 1D advection diffusion equation

Ly(n) = hig + L12(t2) on Supp(),
Lo(u2) = hog + L21(u1) on Supp(£22),

with £1 = L, Lo = a0y, L12 := V(h’ll + 2h/16X) + ahf, Lo = ah’2
and E,’ = [,,' — £i73—i-

RENEILS

The boundary conditions of an eFDDM can be easily defined by
transferring the boundary conditions on u to u; using a similar procedure.
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Advection dominated diffusion Il

@ The closed form solution of our model problem
L) =vu" +au* =0 on(0,1), wv*(0)=0, u*(1)=1,
is given by )
e—ax/v _ 1
u*(x) = a1
@ The analytical solution of our approximation equivalent to
hvu” +ad =0 on (0,1), u(0)=0, u(l)=1,

is given by
| (e ey gy
0

u(x) = / (e I ﬁdz) dy
Supp(Q1)

1, otherwise.
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Definition of h;

In the following, we will use a ; ‘ ‘ ‘ ‘
membership function of the form
0.8 , ]
1, if 0 <x<c, ot
hi(x):=<¢ h(x), if g <x< ey, '
0, if oo <x<1. 04 , ]
We also define 02 ' ]
% 02 04 06 08 1

0= C — (.
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Theorem (Approximation Quality )

For the choice of hy given above, the relative L2-error
”u_U*HLZ(o 1

errapp(%) = Wmu) satisfies when ¥ — 0 the estimates:
a=ct, |a=r(5)"" | a=sfh(?) [ a=s%
S=cst. | §=r'(%)"° §=K'% 5=kt

errapp(%) | O (e7%> o) (e—n(%)s) 0 (In(i)o (%)n+0.5) 1) ((%)0.5)

Here, k > 0, k' > 0 are constants, and 0 < ¢ < 1.

Sketch of the proof
@ Construct v; and v» such that vy < u < v, using the fact that
0<h<1
@ Estimate e := || 4“2
errapp(%) < max; e;.
© Conclude by studying the different cases.

HL2 (0,1)- T his implies
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This theorem shows that the approximation quality of the method
is similar to the best known coupling methods for this kind of
problem, namely the one based on the factorization of the
operator. [Gander, Martin 2012]

——Ermy k=1
— )OS
1077 Ermr, k=2
- - i 1y08y28
1074 | ——Err, k=3
)RS
- ErrA k=4

)08y

Rel. L, error
Rel. L2 error

10|

10° 107

10

(a) Case 2: ¢ = k%'7°, 6 =%""° (b) Case 3: c = k%In(2), 6 = ¥
witha=1,e=05band k=1,152. witha=1and k=1,2,3,4.

Figure: Results for the cases 2 and 3 of the Theorem where we refined
the grid keeping nv constant. We see that the curves follow the
theoretical predictions.

Jérdme Michaud Fuzzy Domain Decomposition Methods



Advection dominated diffusion
Approximation quality

An example

Conclusions

@ We have motivated and presented the new class of Fuzzy
Domain Decomposition Methods.

@ We have shown on an example that the method works well
and that the approximation quality is very good both
theoretically and experimentally.

@ Generalize the former results to more complicated 1D system

@ Generalize the method to higher dimensional problems
@ Add time dependency in the problem and in the FDD
°

Develop good criterion for the domain of validity of the
relevant approximations

Develop an eFDDM for radiative transfer of neutrinos in
core-collapse supernovae
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Thank you
for your attention
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e With h; as in the theorem, we can express the function u as

ax

l—e v .
= <x<
1—e™ (1,§ 2 2l h*l(z)dzdy) ) if0<x<a,
wp) = e T (e P
lfef% (1,% jccl2 e’% fcyl h_l(z)dzdy) ’ ITa <x<a,
1, ifo<x<1.
@ Using the fact that 0 < h(z) < 1, we have for ¢c; < x < ¢, the
estimate
2 _aa a X _a gy p-t _ax
l—e v <l-—e V(lff/e"fclh (Z)dzdy <l—-ev.
vV /e
@ Using this estimate, we define v;, i = 1,2 as
fo<x<a, 1=t e ¥ f0<x<a,
lfeig 1—e” 7
fa<x<c, =z (7 vi(x) < u(x) < wo(x) == ety ifa<x<o,
l1—e v l—e v
ifoo<x<1, 1 1 ifop <x<1.

Jérdme Michaud Fuzzy Domain Decomposition Methods



Adv

ion dominated diffusion
Approximation quality
An example

We now compute the relative L?-errors for v;, i = 1,2. With
e = |45+ 1), we have

= 11(1,2)+I2+I3 and

= 11(2, 1) + 1k,
where the different terms are integrals of the form [

Vi _ 1)\2
(U ].) dX,
Cqif1-e ? 1—e % 2 L 2a5(2)
© nip= [T 1) e=a (1) = ’
C N1 @ 1—e o
ac _a 2 _a
® b [® L(“e;),l <
Jo |1 E

v )(1—e

v 72351(5)
=o(aDe v ),
a
1(1 B : 1| ki
— v
] I3::/ (%—1) dx:/ |: 5
Jo \l—e v V2 k=

_Baly)
—e v .
a
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Estimation of /;

@ Ase v <lande ¥ <1, wecan use geometric series to
obtain estimates of the different integrals.

e Taking only the leading term gives the result for /1(i, ;) and I.
@ For I3, the leading term under the integration is e_%, because
x < 1.

@ For /, we also used the monotonicity of the exponential to
obtain the bound and then, use once again a geometric series
to conclude.

@ In the order notation, we have specified the possible
dependence of ¢; and d on the parameter %
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We now need to distinguish the different cases in order to
complete the proof. Using the estimates for /1(/,j), I and &5, we
can compute the results shown in the following table.

I—-¢

a1 = cst., a=r(%) ", a=~r%In(2), | a=rY
§ = cst. §=r(9)° §=r'Y §=r'Y
Zac: AYERY
h(1,2) | O(e= %) | 0 (=107 | o(in(2)(£)*) | 0(%)
Zac a\e
h(21) | O ) [ o(e ™) | o)™ | o)
Zac a\e
Lo )| ofe™tr) o((£ ) o(%)
2ac. \(a\e
b | oe ™) | o(e ) [ o2yt o(%)
Zac a)e a v K v
¢ |oe )| o) o) | o)
Zac 2)€ a\(v\2k v
g |oe )| o(e@) [om) | o)
Table: Table of the order of the different integrals /;.
Finally, we conclude with erra,, < maxj—12 €. L]
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