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AIM OF THE TALK

FRAMEWORK
@ An anisotropic diffusion problem:
—div(A(z)Vu) + nu = f in Q = U;Qy,
u =0 on 9N
with A(z) = A € M2(R) for z € Q;.
o The Schwarz algorithms with Ventcell BC at interface I';; = o N ﬁj

—div(AiVuf) +nuf = f on Q,
u¥ =0 on 8Q N AN,
AVul @i + Auf) = fAJTu,f*] -1 + A\(uj“*') on I';;

with
A(d)) =po — (Iay(Ayuabe)

GOAL
o Develop a discrete Schwarz algorithm with Ventcell BC at interface.
@ Use the Discrete Duality Finite Volume (DDFV) discretisation.

Hermeline 00’, Domelevo, Omneés 05’, Andreianov, Boyer, Hubert 04’
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WHY DDFV SCHEME?

APPROXIMATION OF THE PROBLEM
—div(A(z)Vu) = f
THE FINITE VOLUME STRATEGY:
o Consider 7 = Uk a partition of €.

Associate a point xx and an unknown ux to each x € T.
o Integrate on any control volume x the equation:

/ div(A(z)Vu) d Z / (z)Vu - H*/f

ogedk

o Approximate the normal fluxes [ A(z)Vu -l in a consistant and
conservative way.

o In the classical case A = Id, Vu - il can
be approximated by a VF4/TPFA
scheme (Two Point Flux Approximation)

For o = k|c V- i~ e
d(I;C,IIJ[,)

for “admissible” meshes (zxz. / i).
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WuY DDFV SCHEME?

APPROXIMATION OF THE PROBLEM
—div(A(z)Vu) =

THE FINITE VOLUME STRATEGY:
o Consider 7 = Uk a partition of Q.

Associate a point xx and an unknown ux to each k € T.
o Integrate on any control volume x the equation:

—/Kdiv(A( p)Vu)de =— /

ogedk

z)Vu - n—/f

o Approximate the normal fluxes [ A(z)Vu -f in a consistant and

conservative way.

o For general anisotropy, it is impossible
to construct (zx) such that A A//x .
= New unknowns have to be added
to reconstruct a whole discrete
gradient.
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OUTLINE

Description of the DDFV scheme
@ Properties of the scheme
@ The associated Schwarz algorithm

o Convergence of the Schwarz algorithm

Numerical experimentations
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THE DDFV STRATEGY : THE MESHES
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(Hermeline ’00), (Domelevo-Omneés ’05), (Andreianov-Boyer-Hubert ’07)
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DISCRETE OPERATORS

DISCRETE GRADIENT FOR A VECTOR IN R”

V2 :RT — (R?)®

VDUT.(CUL — l‘)c) = Ug — Uk,
where
Vour.(Tex — Tix) = Upr — U

1 — —k
Vour = 7((ug—u;c)mgn—i-(uﬁ*—u,c*)mo*n ) S
2mp Diamond
DISCRETE DIVERGENCE DIV’ : (Rg)33 — R7
By mimicking the following continuous equality :
/ divé = Z
cCoK Y9
keM, divie® = — Z meé" .
1 o‘CB}C
K €M UM, divi'e® = > mee£” A"
MK Cor

STOKES FORMULA (Discrete Duality) —/ div™ (6°)ur = / £° - Vour
Q Q
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THE DDFV STRATEGY : THE UNKNOWNS

Primal unknowns Dual unknowns

© © [
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uK
b O o D
| |
ol oo
b o —
ol oo
o ol o AL
o Vi € M, ux o Vicr € M* up~
o Ve € 0Mp,ur o Vi* € OMp, upc*

» One equation per unknowns

Stella Krell

Interface unknowns on I'
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e Vr € 8imp, Ur
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e Vk* € 893?191 Prc*
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THE DDFV STRATEGY : THE DISCRETISATION

» The DDFV scheme with mixed Dirichlet/Ventcell BC.

(1) —div(A-Vu)+nu=f, inQ,
(2) u=0, ondQ\T,
(3) AVu-fi+ A(u) =g, on T

o On the primal mesh :

o Integrate the equation (1) on interior primal cell £ € 9,
= —divF (A V?ur) + ncux = fx
o Impose the Dirichlet boundary condition (2) on K € 9Mp,

= ux =0

Stella Krell
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THE DDFV STRATEGY : THE DISCRETISATION

» The DDFV scheme with mixed Dirichlet/Ventcell BC.

(1) —div(A-Vu)+nu=f, inQ,
(2) u=0, ondQ\T,
(3) AVu-fi+ A(u) =g, on T

o On the primal mesh :

. . . . SIIT7 ERRA

o Integrate the equation (1) on interior primal cell K € M, AR, Porrs
SIS //9///

WK (ADUD I

= —div* (A V®ur) + ncuc = f 5550550800500%

o Impose the Dirichlet boundary condition (2) on K € 9Mp, ffféfff G204

22/9777
7

277374780
27700004797409,
= ux =0 2772222802230

@ On the dual mesh :
o Integrate the equation (1) on interior dual cell £* € IM*,

= —div®" (A®VPur) + st = fior

o Impose the Dirichlet boundary condition (2) on £* € OM7,,

= u*x =0

Particular treatment for the interface
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VENTCELL BOUNDARY CONDITIONS

»On cs € 0Mr,s=1,---,N,
UKR+?

ApVopur -1+ Az, (uomy) = ge,

with
_ q ULy — UL, ULy, — UL, 4
Az, (uamy) = puc, —Ayy - o|lm
Moy ma]c* mg)c* ON—1
s+1 s
UK§I an
PU,,
U,C;l QD;C;
)u[,l
UKI.
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VENTCELL BOUNDARY CONDITIONS

»On cs € 0Mr,s=1,---,N,

ApVopur -0+ Az, (usomy) = ge., U’Cf\url.

with

q UL,y
Az, (womy) = puc,—Ayy .
Moy ma’c*+1 moK*
s

»On k; €My, s=2,---,N
pxz + Axcz (uomz) = grs Up-m
2

with

_ _ Uicm
q ('UJIC;‘Jrl urKx UK uKx ) 1

Az (uamz) = pux: —Ayy
Mo, _

Mo
» Integrate (1) on boundary dual cell k* € 9Mf

Mo . Mo s

_ E ApVopur - — E K2 i e ticx = fiox
M+ M+

e Dorke

Stella Krell
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DDFV WITH MIXED BOUNDARY CONDITIONS

» DDFV scheme

7777777¥7777777
27772777777 7777
AR s
A AAA A
VAR R s
AR s
VAR s
2222227,
2177777 X 6 X
277727779297
AR 222 Y
11/9777
YA g vy
2277777909,
z72427287 27022

uc =0, VxedMp, U= 0, V k* € OMp,
—div® (A°VZur) + neux= fr, V€M,
7diVK* (ABVBUT) —+ Mic* U = f)C*? VY k* S E):n*,
o* —ak Mo« .
- Zm ApVopur " — Z E—rex +1cruce= fiex, ¥V k* € 0Ny,

DeD Ded . TUE*
€D o e
DNL#D

ApVopur -+ Az (uomp )= gz, YV £ € OMir,
o + A (uamy )= g, V K* € OMr.

Compact way

(4) ﬁg,r(u77§077fT7gT) =0.

» The scheme (4) possesses a unique solution U7 = (ur, ¢+) € R” x ®F.

Stella Krell
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PROOF OF WELL-POSEDNESS 1/2

ENERGY ESTIMATE

» By linearity, it is suffisant to prove
[,S’F(UT, (,07*,0, O) =0=—= uyr = O, o7 = 0

» Multiplying by w7, suming and using discrete Stokes formula lead to

2 Z mDADvDUT . VDUTf Z TTLO-E ADVD'LLT . ﬁuL
~——

DED Leom
T —Az(ugonp)
2 2 _
- Mo« Prc* Upc* + MxNKUc+ Myc* Mic* U =
K* €om, v Kem K* €M* UOMS

—Ax (ug *
c* (Wommx)

» Ventcell boundary conditions

2 Z mDADVDuT . VDUT + (Adml (U,@gmr), 71,5931F)
DED

om;: 2 2
+ (AT (uaonz ), uoomz ) + E MK Uk + E My T U= = 0
Kem K+ €M UM,
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PROOF OF WELL-POSEDNESS 2/2

We have obtained

M
2 E mpApVpur - Vour + (A7 (uamy ), womy)
DED

M7, 2 2
+ (AT (ugmny ), vz )+ > Mg+ > My Myt = 0
Kem £ EM* UM,
o
o The operators A°”'r and A?™' are symmetric positive definite.

h Aasmpfl Aazml*rl . .. fini
o The operators and are symmetric positive definite
and induce a norm.

Since A is symmetric positive definite and n bounded by below, we get
IVurlls = 0 and furll2 =0

We deduce
Ur = 0

Ventcell boundary condition implies

QOTZO.

Stella Krell 12/22



ITERATIVE DOMAIN DECOMPOSITION SOLVER

DDFV SCHWARZ ALGORITHM
@ Choose gg—i AN
oVn>0

o Calculate

T 1 1 o
Lol p(urtt o8t fr 07 ) =0

o Calculate g”'*'1 by
VKredMy, giir=—olie 4 A (urt)

VeeoMr, gif'= —ADvDugf i+ As(ult)

CONVERGENCE OF THE ALGORITHM

The solution of the DDF'V Schwarz algorithm converges when n — oo to
the solution of the classical DDF'V scheme on 2.
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PROOF OF CONVERGENCE

1/3

STEP 1: DEFINE THE ERROS
» Construct (u5,, ¢5,;) from the solution us of the DDFV scheme on ) s. t.
or r (U, 07, fris 95,) = 0.
» Observe that the errors e’}':l = u’}j‘l —uy,, @’}j‘l = 4,07}':1 — ¢F, satisfy
L3t (€, 571,0,G1) = 0,
with
V k€ OM,  Gjxr = =Bk + Ag=(e7,)
VeedMr, Gj.= —ADVDe% -1+ Ag(e?—j)
STEP 2: ENERGY ESTIMATE

» Multiplying by e?—jl, suming and using discrete Stokes formula lead to

n+1 n+1 3 n+l = n+1
22 mDADVDeTi -Voper] 75 m%ADVDcT’ -ie; ,

DED, LEOM; T
n+1l n-+1 n+1\2 n+1\2 _
- E Moy« q)i,)c*eiAic*""_E m’CnK(ei,)c ) + E My M+ (ei,)c*) =0
K*€oM* 1 rem; K*eMF UMy 1
Stella Krell
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PROOF OF CONVERGENCE 2/3

STEP 3: ADAPT THE LIONS’S TRICK AT THE DISCRETE LEVEL

» Use the scalar product defined by (A%¥r)=!:

- n+1 i n-4 1 DD n+1 — OMp /1 _n+1
Z Mo, ApVper - ile; (A \V4 n, A (eag,m1,))(/\8%”_1
LEOM; 1
1 2 2
» Use the formula —ab = i ((@a—b)* = (a+b)7):
, A v n+l — nt+l _ 1 ADVD n+1 — AHEIRF n+1 2
_ Z Mo, ApVoper, - Hej = 4 T+ (o, 1) e
LEOM; 1
2
D n+1 — OMp n+1
— || ATV e E AT e ) oo

— n
Gj,asmj,p

» Use the Ventcell BC:

2
= Z mUCADVD(“""'l ﬁcz’ 11 4H—A®V© g +A6£mp(en+1 )

oM,
LEOM;

(A9 —1

1 .
- ZH_ADVQF/%'I_{ + AT (egmtj,r)

2
‘(Aasmp)_1
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PROOF OF CONVERGENCE By

STEP 4: CONCLUSION

» Summing over n =0, - ,Nmaez — 1 and ¢ = 1,2, we get
Qnmi Z Z mDADVDeT -Vop e
n=0 1i=1,29€9;
+Z§;Dw~“§iz > meene (€2
n=0 i=1,2KeEM; n=0 i=1,2K* esﬁ*u@ﬂﬁ*

1 AP YR hmaz Ad‘mr( Nmax ) 2
ZL - er T M+ €M, 1

(A{/). IF)—1
2
rn@s A OIS Mmaz
+ § 1 H—CI)] + I( 8‘72" )

i=1,2

1 D D
_ Z ’ HfAﬁVfweo +Aamp( gmLI )H

(AP -1
2
(AP —1

1 2
+ 3 5[5+ A% eBony )

i=1,2

(A[)WJI

T )71
» This shows that the total energy stays bounded as the iteration n — +oo,
and hence the algorithm converges.
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NUMERICAL EXAMPLES

(0,0)

Ue(z,y) = sin(rz) sin(ny) sin(7(z+y)),

1.5 0.5
M%m:(0515)

n(z,y) =1
> p=25 > ¢=3.10"2

Stella Krell

Convergence E; =

llun® — "+l
[lw+ ]2

10 15 20 25 30
Number of iterations
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NUMERICAL EXAMPLES

(0,0)

ue(x,y) = cos(2.5mx) cos(2.57y),

15 05
Ale,y) = (0.5 1.5) :

77(:137 y) =1

> p=25 » ¢g=310"2

Stella Krell

Convergence F; =

llun® —u” |2

|72

10

20 30 40
Number of iterations
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NUMERICAL EXAMPLES

Ti _ 2 T4
Convergence Fq = lun® = w7l

0, 05 1l

= ventcell

W —+—FRobin
(0,0) 1wl
ue(z,y) = sin(nz) sin(ry) sin(r(z+y)), | - v
= .

10
2 0 TU!
A((E, y) = (O 2) n(myy) =1 W'l
3 " 70 5‘ T‘D 1'5 Z‘D ZIE 30" 3'5 4‘0 4‘5 E‘D
q= C()Pi (A~ 77)h 4 Number of iterations

I
%
3
N
s 3
=
[N Pl'—‘

q=0
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EXPRESSION OF OPTIMAL PARAMETERS

» Available when using cartesian grids

e A=ID
L CVDER 2

ot V21
23/8

qopt ™~ 2(7r2 _1_7])1/8

B3/4

e A DIAGONAL

Popt ~ 23/8(Ayy7r2 +1)
23/8
Qopt ™~ 5 A 5 . \i/8
2(Ayym? + 1)

3/8 Az — abh71/4
a ’

ch3/4,

where a, b, ¢ depend only on the diagonal coefficient of A.
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PERPECTIVES

o Comparison numerical/theoritical optimized parameters for Laplace
equation.

o Comparison with Robin condition.

Optimized parameters for anisotropic operator.

Optimization of the Ventcell parameters.
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Thank you for your attention!
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