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Aim of the talk

Framework

An anisotropic diffusion problem:

−div(A(x)∇u) + ηu = f in Ω = ∪iΩi,
u = 0 on ∂Ω

with A(x) = Ai ∈M2(R) for x ∈ Ωi.

The Schwarz algorithms with Ventcell BC at interface Γij = ∂Ωi ∩ Ωj

−div(Ai∇uki ) + ηuki = f on Ωi,

uki = 0 on ∂Ω ∩ ∂Ωi,

Ai∇uki · ~nij + Λ(uki ) = −Aj∇uk−1
j · ~nji + Λ(uk−1

j ) on Γij

with
Λ(φ) = pφ− q∂y(Ayy∂yφ)

Goal

Develop a discrete Schwarz algorithm with Ventcell BC at interface.

Use the Discrete Duality Finite Volume (DDFV) discretisation.
Hermeline 00’, Domelevo, Omnès 05’, Andreianov, Boyer, Hubert 04’
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Why DDFV scheme?

Approximation of the problem

−div(A(x)∇u) = f

The finite volume strategy:

Consider T = ∪K a partition of Ω.
Associate a point xK and an unknown uK to each K ∈ T .

Integrate on any control volume K the equation:

−
∫
K

div(A(x)∇u) dx = −
∑
σ∈∂K

∫
σ

A(x)∇u · ~n =

∫
K
f(x) dx

Approximate the normal fluxes
∫
σ
A(x)∇u · ~n in a consistant and

conservative way.

In the classical case A = Id, ∇u · ~n can
be approximated by a VF4/TPFA
scheme (Two Point Flux Approximation)

For σ = K|L ∇u · ~n ∼ uL − uK
d(xK, xL)

for “admissible” meshes (xKxL � ~n).
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Integrate on any control volume K the equation:

−
∫
K

div(A(x)∇u) dx = −
∑
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∫
σ

A(x)∇u · ~n =

∫
K
f(x) dx

Approximate the normal fluxes
∫
σ
A(x)∇u · ~n in a consistant and

conservative way.

For general anisotropy, it is impossible
to construct (xK) such that ~ntA// ~xKxL
⇒ New unknowns have to be added
to reconstruct a whole discrete
gradient.
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Outline

Description of the DDFV scheme

Properties of the scheme

The associated Schwarz algorithm

Convergence of the Schwarz algorithm

Numerical experimentations
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the DDFV strategy : the meshes

xL∗

xK∗

K∗

L∗

K

xL
xK

L

Primal mesh M Dual mesh M∗ Diamond mesh D

Primal cells Dual cells Diamonds
(K, xK)K∈M (K∗, xK∗)K∗∈M∗ (D, xD)D∈D

 uM = (uK)K∈M uM∗ = (uK∗)K∗∈M∗ ∇DuT discrete gradient

 uT = (uM, uM∗),

(Hermeline ’00), (Domelevo-Omnès ’05), (Andreianov-Boyer-Hubert ’07)
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Discrete operators

Discrete gradient for a vector in RT

∇D : RT −→
(
R2)D

where

{
∇DuT .(xL − xK) = uL − uK,
∇DuT .(xL∗ − xK∗) = uL∗ − uK∗ .

∇DuT =
1

2mD

(
(uL−uK)mσ~n+(uL∗−uK∗)mσ∗~n

∗
)
.

xK

xL

xK∗

xL∗

αD

σ = K|L

σ∗ = K∗|L∗

~n

~n∗

Diamond

Discrete divergence divT :
(
R2
)D −→ RT

By mimicking the following continuous equality :∫
K

divξ =
∑
σ⊂∂K

∫
σ

ξ · ~n.

K ∈M, divKξD =
1

mK

∑
σ⊂∂K

mσξ
D.~n.

K∗ ∈M∗ ∪ ∂M∗, divK
∗
ξD =

1

mK∗

∑
σ∗⊂∂K∗

mσ∗ξ
D.~n∗.

Stokes formula (Discrete Duality) −
∫

Ω

divT (ξD)uT =

∫
Ω

ξD · ∇DuT
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The DDFV strategy : the unknowns

Primal unknowns

uK
uL

∀K ∈M, uK

∀L ∈ ∂MD, uL

Dual unknowns

uK∗

uK∗

∀K∗ ∈M∗, uK∗

∀K∗ ∈ ∂M∗D, uK∗

Interface unknowns on Γ

uK∗N+1

uL1

uL2

uLN

ϕK∗3

ϕK∗N

uK∗3

uK∗2

uK∗1

ϕK∗2

∀L ∈ ∂MΓ, uL

∀K∗ ∈ ∂M∗Γ, uK∗
∀K∗ ∈ ∂M∗Γ, ϕK∗

IOne equation per unknowns
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The DDFV strategy : the discretisation

IThe DDFV scheme with mixed Dirichlet/Ventcell BC.

−div(A · ∇u) + ηu = f, in Ω,(1)

u = 0, on ∂Ω \ Γ,(2)

A∇u · ~n + Λ(u) = g, on Γ.(3)

On the primal mesh :

Integrate the equation (1) on interior primal cell K ∈M,

=⇒ −divK (AD∇DuT ) + ηKuK = fK

Impose the Dirichlet boundary condition (2) on K ∈ ∂MD,

=⇒ uK = 0

On the dual mesh :
Integrate the equation (1) on interior dual cell K∗ ∈M∗,

=⇒ −divK
∗

(AD∇DuT ) + ηK∗uK∗ = fK∗

Impose the Dirichlet boundary condition (2) on K∗ ∈ ∂M∗D,

=⇒ uK∗ = 0

Particular treatment for the interface
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Ventcell boundary conditions

IOn Ls ∈ ∂MΓ, s = 1, · · · , N ,

AD∇DuT · ~n + ΛLs(u∂MΓ) = gLs

with

ΛLs(u∂MΓ) = puLs−Ayy
q

mσs

(
uLs+1 − uLs
mσK∗

s+1

−
uLs − uLs−1

mσK∗s

)

IOn K∗s ∈ ∂M∗Γ, s = 2, · · · , N

ϕK∗s + ΛK∗s (u∂M∗Γ) = gK∗s

with

ΛK∗s (u∂M∗Γ) = puK∗s−Ayy
q

mσK∗s

(
uK∗s+1

− uK∗s
mσs

−
uK∗s − uK∗s−1

mσs−1

)

uK∗N+1

uL1

uL2

uLN

ϕK∗2

ϕK∗3

ϕK∗N

uK∗3

uK∗2

uK∗1

mσK∗
N

mσN−1

I Integrate (1) on boundary dual cell K∗ ∈ ∂M∗Γ

−
∑
D∈DK∗

mσ∗

mK∗
AD∇DuT · ~n∗ −

∑
D∈DK∗
D∩Γ6=∅

mσK∗

mK∗
ϕK∗+ηK∗uK∗ = fK∗
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DDFV with mixed boundary conditions

IDDFV scheme



uK = 0, ∀ K ∈ ∂MD, uK∗= 0, ∀ K∗ ∈ ∂M∗D,
−divK

(
AD∇DuT

)
+ ηKuK= fK, ∀ K ∈M,

−divK
∗ (
AD∇DuT

)
+ ηK∗uK∗= fK∗ , ∀ K∗ ∈M∗,

−
∑
D∈DK∗

mσ∗

mK∗
AD∇DuT · ~n∗ −

∑
D∈DK∗
D∩Γ6=∅

mσK∗

mK∗
ϕK∗ + ηK∗uK∗= fK∗ , ∀ K∗ ∈ ∂M∗Γ,

AD∇DuT · ~n + ΛL(u∂MΓ)= gL, ∀ L ∈ ∂MΓ,

ϕK∗ + ΛK∗(u∂M∗Γ)= gK∗ , ∀ K∗ ∈ ∂M∗Γ.

Compact way

(4) LTΩ,Γ(uT , ϕT , f
T , gT ) = 0.

I The scheme (4) possesses a unique solution UT = (uT , ϕT ) ∈ RT × ΦTΓ .
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Proof of well-posedness 1/2

Energy estimate

IBy linearity, it is suffisant to prove

LTΩ,Γ(uT , ϕT , 0, 0) = 0 =⇒ uT = 0, ϕT = 0

IMultiplying by uT , suming and using discrete Stokes formula lead to

2
∑
D∈D

mDAD∇DuT · ∇DuT−
∑
L∈∂MΓ

mσL AD∇DuT · ~n︸ ︷︷ ︸
−ΛL(u∂MΓ

)

uL

−
∑

K∗∈∂M∗Γ

mσK∗ ϕK∗︸︷︷︸
−ΛK∗ (u∂M∗

Γ
)

uK∗+
∑
K∈M

mKηKu
2
K+

∑
K∗∈M∗∪∂M∗Γ

mK∗ηK∗u
2
K∗ = 0

IVentcell boundary conditions

2
∑
D∈D

mDAD∇DuT · ∇DuT + (Λ∂MΓ(u∂MΓ), u∂MΓ)

+(Λ∂M
∗
Γ(u∂M∗Γ), u∂M∗Γ)+

∑
K∈M

mKηKu
2
K+

∑
K∗∈M∗∪∂M∗Γ

mK∗ηK∗u
2
K∗ = 0
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Proof of well-posedness 2/2

We have obtained

2
∑
D∈D

mDAD∇DuT · ∇DuT + (Λ∂MΓ(u∂MΓ), u∂MΓ)

+(Λ∂M
∗
Γ(u∂M∗Γ), u∂M∗Γ)+

∑
K∈M

mKηKu
2
K+

∑
K∗∈M∗∪∂M∗Γ

mK∗ηK∗u
2
K∗ = 0

The operators Λ∂MΓ and Λ∂M
∗
Γ are symmetric positive definite.

The operators Λ∂MΓ
−1

and Λ∂M
∗
Γ
−1

are symmetric positive definite
and induce a norm.

Since A is symmetric positive definite and η bounded by below, we get

‖∇DuT ‖2 = 0 and ‖uT ‖2 = 0

We deduce
uT = 0

Ventcell boundary condition implies

ϕT = 0.
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Iterative domain decomposition solver

DDFV Schwarz algorithm

Choose g0
T i ∈ ΦT iΓ .

∀ n ≥ 0

Calculate

LT iΩi,Γ
(un+1
T i , ϕn+1

T i , fT i , g
n
T j ) = 0.

Calculate gn+1
T i by

∀ K∗ ∈ ∂M∗Γ, gn+1
i,K∗ = −ϕn+1

i,K∗ + ΛK∗ (un+1
T i )

∀ L ∈ ∂MΓ, gn+1
i,L = −AD∇Dun+1

T i · ~n + ΛL(un+1
T i )

Convergence of the algorithm

Theorem

The solution of the DDFV Schwarz algorithm converges when n→∞ to
the solution of the classical DDFV scheme on Ω.
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Proof of convergence 1/3

Step 1: Define the erros

IConstruct (u∞T i , ϕ
∞
T i) from the solution uT of the DDFV scheme on Ω s. t.

LT iΩi,Γ
(u∞T i , ϕ

∞
T i , fT i , g

∞
T j ) = 0.

IObserve that the errors en+1
T i = un+1

T i − u
∞
T i , Φn+1

T i = ϕn+1
T i − ϕ

∞
T i satisfy

LT iΩi,Γ
(en+1
T i ,Φn+1

T i , 0, GnT j ) = 0.

with
∀ K∗ ∈ ∂M∗Γ, Gnj,K∗ = −Φni,K∗ + ΛK∗(e

n
T j )

∀ L ∈ ∂MΓ, Gnj,L = −AD∇DenT j · ~n + ΛL(enT j )

Step 2: Energy estimate

IMultiplying by en+1
T j , suming and using discrete Stokes formula lead to

2
∑
D∈Di

mDAD∇Den+1
T i · ∇De

n+1
T i −

∑
L∈∂Mi,Γ

mσLAD∇De
n+1
T i · ~ne

n+1
i,L

−
∑

K∗∈∂M∗i,Γ

mσK∗Φn+1
i,K∗e

n+1
i,K∗+

∑
K∈Mi

mKηK(en+1
i,K )2+

∑
K∗∈M∗i ∪∂M

∗
i,Γ

mK∗ηK∗(e
n+1
i,K∗)

2 = 0
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Proof of convergence 2/3

Step 3: Adapt the Lions’s trick at the discrete level

IUse the scalar product defined by (Λ∂MΓ)−1:

−
∑

L∈∂Mi,Γ

mσLAD∇De
n+1
Ti · ~ne

n+1
i,L =

(
AD∇Den+1

Ti · ~n,Λ
∂MΓ(en+1

∂Mi,Γ
)
)

(Λ∂MΓ )−1

IUse the formula −ab =
1

4

(
(a− b)2 − (a+ b)2):

−
∑

L∈∂Mi,Γ

mσLAD∇De
n+1
Ti · ~ne

n+1
i,L =

1

4

∥∥∥−AD∇Den+1
Ti ·~n+Λ∂MΓ(en+1

∂Mi,Γ
)
∥∥∥2

(Λ∂MΓ)−1

− 1

4

∥∥∥AD∇Den+1
Ti ·~n+Λ∂MΓ(en+1

∂Mi,Γ
)︸ ︷︷ ︸

=Gn
j,∂Mj,Γ

∥∥∥2

(Λ∂MΓ)−1

IUse the Ventcell BC:

−
∑

L∈∂Mi,Γ

mσLAD∇De
n+1
Ti · ~ne

n+1
i,L =

1

4

∥∥∥−AD∇Den+1
Ti ·~n + Λ∂MΓ(en+1

∂Mi,Γ
)
∥∥∥2

(Λ∂MΓ)−1

− 1

4

∥∥∥−AD∇DenTj·~n + Λ∂MΓ(en∂Mj,Γ
)
∥∥∥2

(Λ∂MΓ)−1
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Proof of convergence 3/3

Step 4: Conclusion

I Summing over n = 0, · · · , nmax − 1 and i = 1, 2, we get

2

nmax−1∑
n=0

∑
i=1,2

∑
D∈Di

mDAD∇Den+1
Ti · ∇De

n+1
Ti

+

nmax−1∑
n=0

∑
i=1,2

∑
K∈Mi

mKηK(en+1
i,K )2 +

nmax−1∑
n=0

∑
i=1,2

∑
K∗∈M∗i ∪∂M

∗
i,Γ

mK∗ηK∗(e
n+1
i,K∗)

2

+
1

4

∑
i=1,2

∥∥∥−AD∇DenmaxTi · ~n + Λ∂MΓ(enmax∂Mi,Γ
)
∥∥∥2

(Λ∂MΓ )−1

+
∑
i=1,2

1

4

∥∥∥−ΦnmaxTi + Λ∂M
∗
Γ(enmax∂M∗i,Γ

)
∥∥∥2

(Λ
∂M∗

Γ )−1

=
∑
i=1,2

1

4

∥∥∥−AD∇De0
Ti · ~n + Λ∂MΓ(e0

∂Mi,Γ
)
∥∥∥2

(Λ∂MΓ )−1

+
∑
i=1,2

1

4

∥∥∥−Φ0
Ti + Λ∂M

∗
Γ(e0

∂M∗i,Γ
)
∥∥∥2

(Λ
∂M∗

Γ )−1
.

IThis shows that the total energy stays bounded as the iteration n→ +∞,
and hence the algorithm converges.
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Numerical examples

(0,0)

Γ

Ω2Ω1

ue(x, y) = sin(πx) sin(πy) sin(π(x+y)),

A(x, y) =

(
1.5 0.5
0.5 1.5

)
.

η(x, y) = 1

I p = 2.5 I q = 3.10−2

Convergence E1 =
||uT in − uT i ||2
||uT i ||2
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Numerical examples

(0,0)

Γ

Ω2Ω1

ue(x, y) = cos(2.5πx) cos(2.5πy),

A(x, y) =

(
1.5 0.5
0.5 1.5

)
.

η(x, y) = 1

I p = 2.5 I q = 3.10−2

Convergence E1 =
||uT in − uT i ||2
||uT i ||2

Stella Krell 18/22



Numerical examples

(0,0)

Γ

Ω2Ω1

ue(x, y) = sin(πx) sin(πy) sin(π(x+y)),

A(x, y) =

(
2 0
0 2

)
η(x, y) = 1

I p = Copt(A, η)h−
1
4 q = Copt(A, η)h

3
4

I p = C̃opt(A, η)h−
1
2 q = 0

Convergence E1 =
||uT in − uT i ||2
||uT i ||2
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Expression of optimal parameters

IAvailable when using cartesian grids

• A =Id

popt ∼
(2−

√
2)(2π2 + 2η)3/8

√
2− 1

h−1/4

qopt ∼
23/8

2(π2 + η)1/8
h3/4

• A diagonal

popt ∼ 23/8(Ayyπ
2 + η)3/8Axx − a

a
bh−1/4,

qopt ∼
23/8

2(Ayyπ2 + η)1/8
ch3/4,

where a, b, c depend only on the diagonal coefficient of A.
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Perpectives

Comparison numerical/theoritical optimized parameters for Laplace
equation.

Comparison with Robin condition.

Optimized parameters for anisotropic operator.

Optimization of the Ventcell parameters.
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Thank you for your attention!
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