






























Schwarz Waveform Relaxation and the
Unmapped Tent-Pitching Method in 3D

Alberto Artoni[0009−0002−9373−1744] , Gabriele Ciaramella[0000−0002−5877−4426] ,
Martin J. Gander[0000−0001−8450−9223] , and Ilario Mazzieri[0000−0003−4121−8092]

1 Introduction

Schwarz Waveform Relaxation (SWR) [6, 5], Mapped Tent Pitching (MTP) [8], and
Unmapped Tent Pitching (UTP) [2] are highly efficient algorithms for the space-time
parallel solution of hyperbolic problems. Such problems are difficult to solve with
other popular Parallel-in-Time (PinT) methods of multilevel type like Parareal and
MGRIT, see [7] for a general introduction to PinT methods.

We prove here a new, general equivalence result between MTP and SWR leading
to UTP, and present and study UTP for the first time in 3D, applied to a second order
wave equation. We prove convergence, and characterize in detail the resulting 4D
tent structure. While we present our results for a specific equation, geometry and
decomposition, our results also hold in much more general situations.

We consider the wave equation in an open bounded domain Ω ⊂ R3, having
regular boundary 𝜕Ω,

𝜕𝑡𝑡𝑢(x, 𝑡) = 𝑐2Δ𝑢(x, 𝑡) for (x, 𝑡) ∈ Ω × (0, 𝑇), 𝑇 > 0,
(𝑢, 𝜕𝑡𝑢) (x, 0) = (𝑔0, 𝑔1) (x) for x ∈ Ω,

𝑢(x, 𝑡) = 0 for 𝑡 ∈ (0, 𝑇) and x ∈ 𝜕Ω,

(1)

where 𝑔0 and 𝑔1 are known functions, and 𝑐 > 0 is the constant wave speed. In what
follows, we adhere to the following notation: bold letters denote vectors; vectors in
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Fig. 1 Left: Huygens principle in 3D: the solution at 𝑃 = (x, Δ𝑇 ) is obtained by the data at 𝑡 = 0
on the closed ball B𝑐Δ𝑡 (x) of radius 𝑐Δ𝑇 and centered in x. Right: The dots on the x-axis are the
vertices of the 1D grid. The blue line is a computed front F. The magenta line is the tent pitched
at 𝑃 (𝑃 is moved along 𝑡 into 𝑃′). The point 𝑚 is the middle point of the interval/subdomain
Ω3 = (𝑥2, 𝑥4 ) . The red dashed line is the volume of computed exact solution by a solve on Ω3.

R3 have components denoted by 𝑥, 𝑦, and 𝑧: x = (𝑥, 𝑦, 𝑧); calligraphic letters are used
for sets: if A is a set, then 𝜕A denotes its boundary; finally, B𝑟 (x) ⊂ R3 denotes the
ball of radius 𝑟 and center x.

2 MTP and SWR

MTP builds a space-time mesh iteratively by pitching one group of tents after
another1 while solving (1) within the new pitched tents [8]. Since tents generally
have complicated geometries, one maps them into space-time cylinders where space
and time directions can be separated to apply classical time-stepping schemes. The
MTP process begins by assuming that Ω is discretized by a mesh Ω𝐻 , and the
iterations are characterized by a so-called advancing front: a piecewise-linear and
continuous surface, with the same vertices of Ω𝐻 , that bounds in time the volume
of the exact or numerically approximated solution. New tents are pitched at each
iteration, and (1) is solved within them. The computed solution is hence added to
the advancing front, spanning a larger space-time volume. More precisely, the MTP
process is obtained by the following steps (see also Fig. 1, right):

1. Consider an already computed front F . At the first iteration F = 0 (a flat surface
at 𝑡 = 0).

2. Select a vertex of the mesh Ω𝐻 and the corresponding vertex 𝑃 on the front F
such that a new tent can be pitched on it.

3. A new point 𝑃′ is computed by moving 𝑃 in direction 𝑡 as long as the exact solution
can be computed in 𝑃′ using the front data on the elements of Ω𝐻 adjacent to 𝑃.

4. The new tent T is defined as the polytope obtained by taking the convex hull of
𝑃, 𝑃′, and the vertices of F directly connected to 𝑃.

5. Solve (1) within T by a mapping procedure [8].
6. Update the front by adding T to F .
7. If all vertexes of F are located at 𝑡 = 𝑇 stop, otherwise go to 2.

1 In classical tent pitching [10], a tent is a space-time finite element, but in MTP it is a generic
space-time domain to be discretized, or in which one could solve exactly.
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Notice that step 3 is usually performed using CFL-type conditions based on a
finite-difference approximation of the wave-speed coefficient [8]. However, these
conditions can be reformulated for constant wave speed as in step 3 above.

SWR is based on an overlapping space decomposition Ω =
⋃

𝑗 Ω 𝑗 . The SWR
process is then obtained by iteratively solving subproblems of the form

𝜕𝑡𝑡𝑢
𝑛
𝑗
(x, 𝑡) = 𝑐2Δ𝑢𝑛

𝑗
(x, 𝑡) for (x, 𝑡) ∈ 𝑄 𝑗 := Ω 𝑗 × (0, 𝑇),

(𝑢𝑛
𝑗
, 𝜕𝑡𝑢

𝑛
𝑗
) (x, 0) = (𝑔0, 𝑔1) (x) for x ∈ Ω 𝑗 ,

𝑢𝑛
𝑗
(x, 𝑡) = 0 for 𝑡 ∈ (0, 𝑇) and x ∈ 𝜕Ω ∩ 𝜕Ω 𝑗 ,

𝑢𝑛
𝑗
(x, 𝑡) = 𝜒 𝑗 ,ℓ (x)𝑢𝑛−1

ℓ
(x, 𝑡) for 𝑡 ∈ (0, 𝑇), x ∈ 𝜕Ω 𝑗 ∩ 𝜕Ωℓ , and ℓ ∈ N𝑗 ,

(2)

for 𝑗 ∈ K𝑛. Here, 𝑛 is the iteration count, N𝑗 is the set of indices of the subdomains
Ωℓ intersecting Ω 𝑗 , and 𝜒 𝑗 ,ℓ are partition of unity functions, 𝜒 𝑗 ,ℓ (x) ≥ 0, with∑

ℓ 𝜒 𝑗 ,ℓ (x) = 1. Moreover, K𝑛 is the set of indices of the subproblems solved at the
𝑛-th iteration. For the parallel SWR the set K𝑛 contains all subdomain indices.

To draw a general relation between MTP and SWR, we assume that A) the union of
the elements adjacent to each vertex of Ω𝐻 is a convex set, and B) each subdomain
Ω 𝑗 is associated with a vertex 𝑃 𝑗 of Ω𝐻 and is obtained as the union of all the
elements of Ω𝐻 adjacent to 𝑃 𝑗 . Thus, Ω 𝑗 is a convex set, and each vertex 𝑃 𝑗 is
contained in the interior of only one subdomain of the decomposition.

To prove the relations between MTP and SWR, we need a general result. The
solution to the wave equation can be obtained by Huygens’ principle [3] (Kirchhoff’s
formula in 3D [4]): the solution at a point 𝑃 = (x, 𝑡 = Δ𝑇) depends only on the initial
data on the closed ball B𝑐Δ𝑇 (x) of radius 𝑐Δ𝑇 and center x that is intersected by a
cone drawn backward from 𝑃 (Fig. 1, left). Lemma 1 follows from this principle.

Lemma 1 Consider the three-dimensional wave equation 𝜕𝑡𝑡𝑢(x, 𝑡) = 𝑐2Δ𝑢(x, 𝑡) in
Ω = R3. Assume that the initial data 𝑢(x, 0) = 𝑔0 (x) and 𝜕𝑡𝑢(x, 0) = 𝑔1 (x) are equal
to 0 for all x in a convex polytope P ⊂ R3, and 1 outside P. Then, 𝑢(x, 𝑡) = 0 for
all (x, 𝑡) in a 4-dimensional polytope Q containing P. The vertices of Q are located
at 𝑡 = 0 (the ones of P), at 𝑡 = 𝑅/(2𝑐), where 𝑅 is the radius of the largest ball
contained in P, and possibly at other points 𝑡 ∈ (0, 𝑅/(2𝑐)).

Proof. Consider a space-time point (y, 𝑡). By Hyugens’ principle (Kirchoff formula),
𝑢(y, 𝑡) = 0 if and only if 𝑢(x, 0) = 0 and 𝜕𝑡𝑢(x, 0) = 0 for all x on B𝑐𝑡 (y). Thus, Q
can be constructed by rolling balls of different radii within P and applying Hyugens’
principle. In particular, by rolling B𝑐𝑡 (y) within P, we can obtain all y ∈ Ω at time
𝑡 such that 𝑢(y, 𝑡) = 0. Moreover, rolling B𝑐𝑡 (y) near 𝜕P, meaning that B𝑐𝑡 (x)
touches 𝜕P without penetrating it, the trajectory drawn by the center y provides the
boundary of a polytope similar to P, and these points are all boundary points of Q.
The result follows by repeating the argument for all 𝑡 ∈ (0, 𝑅/(2𝑐)]. ⊓⊔

We can now prove precise relations between MTP and SWR.

Lemma 2 Given a continuous and piecewise linear front F as the upper bound
in time of a computed exact solution with vertices corresponding to the vertices of
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Fig. 2 Examples of applications of Lemma 1. Left: P is a cube of size 2𝑅. Rolling a sphere of
radius 𝑅/2 one gets a smaller cube concentric with the initial one. When the sphere of radius 𝑅

is considered, one gets only the barycenter of the initial cube. Thus, Q is a cube that shrinks to a
point as 𝑡 increases. Right: P is a rectangular parallelepiped. Rolling balls of increasing radii one
gets rectangular parallelepipeds similar to the initial one and shrinking to a segment. Rolling balls
of increasing radii one gets rectangular parallelepipeds similar to the initial one. The polytope Q
shrinks to a segment as 𝑡 increases.

Ω𝐻 . Consider a point 𝑃 𝑗 on F on which a new tent can be pitched. Then the tent T
pitched in 𝑃 𝑗 is contained in the new portion of volumeV of exact solution computed
by a subdomain solve performed on the subdomain 𝑄 𝑗 = Ω 𝑗 × (0, 𝑇). In particular,
the vertex 𝑃′

𝑗
of T lies on the boundary of V, and assuming that the area influence2

of Ω 𝑗 is convex, then V is also a polytope. If the mesh is regular and 𝑃 𝑗 coincides
with the barycenter of Ω 𝑗 , then T = V.

Proof. MTP pitches a new tent T (a convex polytope) by moving 𝑃 𝑗 along 𝑡 till 𝑃′
𝑗
.

Since we consider the wave equation with constant 𝑐, the new volume V of exact
solution obtained by SWR on 𝑄 𝑗 is a convex polytope by Lemma 1. Since V is not
restricted to having a vertex corresponding to 𝑃 𝑗 , the subdomain solve can compute
a volume V greater than T (and thus T ⊆ V). Hence, the result follows. ⊓⊔

Remark 1 The above assumptions and Lemma 1 say that for each vertex in Ω𝐻 ,
where a tent is pitched, there is a subdomain problem capable of producing that tent.

Remark 2 Notice that the previous result states that a subdomain solve can compute
a volume of the exact solution larger than the one of MTP. As an example consider
Ω 𝑗 to be a 1D interval. Now, if 𝑃 𝑗 is the mid-point of Ω 𝑗 , then T = V. However, if
𝑃 𝑗 is different from the middle point, then V is larger than T . See Fig. 1, right.

After this observation, one could think that SWR can advance faster than MTP, but
this is not true. SWR exchanges information on the boundaries of the subdomains.
Thus, if a larger volume of the exact solution is computed, a portion is not necessarily
transmitted to the neighboring subdomains.

Theorem 1 Assume that at the 𝑛-th iteration the MTP process pitches tents at the
nodes whose indices are contained in K𝑛. In other words, assume that the order
used by MTP to select nodes where new tents are pitched is the same used by SWR to

2 The area of influence of a subdomain Ω 𝑗 is the set of all points in R𝑑 , where one needs to roll the
Huygens sphere in order to build the volume corresponding to 𝑢𝑛

𝑗
(x, 𝑡 ) = 𝑢(x, 𝑡 ) .
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Fig. 3 Left: subdomains ⟨000⟩ (red) and ⟨111⟩ (black). Middle: subdomains ⟨100⟩ (green), ⟨010⟩
(blue), and ⟨001⟩ (yellow). Right: subdomains ⟨110⟩ (magenta), ⟨011⟩ (orange), and ⟨101⟩ (cyan).

define the sequence of subdomain solves. Then MTP and SWR generate advancing
fronts that are equal on the vertices of Ω𝐻 .

Proof. The proof works by induction starting from the zero initial front and using
Lemma 2 (and Remark 2) at each induction step. ⊓⊔

3 UTP: MTP by SWR in a 3D cube

We consider the space domain Ω = (0, 1)3, and decompose it into overlapping
subdomainsΩ 𝑗 ,Ω = ∪ 𝑗Ω 𝑗 . To build them, we begin by a reference (non-overlapping)
decomposition. First, we decompose the unit interval (0, 1) into 𝑁 subintervals of
length 𝐻: (𝑥𝑘−1, 𝑥𝑘), for 𝑘 = 1, . . . , 𝑁 , with 𝑥 𝑗 = 𝑗𝐻. Then, the 𝑁3 reference
subdomains are defined as (𝑥𝑘−1, 𝑥𝑘)×(𝑥ℓ−1, 𝑥ℓ)×(𝑥𝑚−1, 𝑥𝑚), for 𝑘, ℓ, 𝑚 = 1, . . . , 𝑁 .
We denote by ⟨000⟩ the set of all indices corresponding to these 𝑁3 subdomains, cf.
Fig. 3, left. Starting from this reference set, we build

• three sets of 𝑁2 (𝑁 − 1) subdomains, whose indices form the sets ⟨100⟩, ⟨010⟩,
and ⟨001⟩, and which are obtained shifting the reference subdomains by 𝐻/2 in
the direction 𝑥, 𝑦, and 𝑧, respectively (removing the last slice), see Fig. 3, middle;

• three sets of 𝑁 (𝑁 − 1)2 subdomains, whose indices form the sets ⟨110⟩, ⟨011⟩,
and ⟨101⟩, and which are obtained shifting the reference subdomains by 𝐻/2 in
the direction 𝑥𝑦, 𝑦𝑧, and 𝑥𝑧, respectively (and removing the last slices), see Fig. 3,
right;

• a set of (𝑁 − 1)3 subdomains, whose indices form the set ⟨111⟩, and which is
obtained shifting the reference subdomains by 𝐻/2 in the direction 𝑥𝑦𝑧 (and
removing the last slices), see Fig. 3, left.

The whole decomposition is the union of all these subdomain sets. All subdomains
are cubes with edges of length 𝐻. Notice that the binary notation is used to easily
identify a set: 0 means “as in the reference set”, while 1 means “shifted”, and the
position indicates the direction. Notice also that we associate a different color to each
subdomain set: ⟨000⟩ is red, ⟨111⟩ is black, ⟨100⟩ is green, ⟨010⟩ is blue, ⟨001⟩ is
yellow, ⟨110⟩ is magenta, ⟨011⟩ is orange, and ⟨101⟩ is cyan; see Fig. 3.
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Algorithm 1 Staggered Unmapped Tent Pitching by SWR
Require: An initial guess function 𝑢0 defined on Ω𝐻 × [0, 𝑇 ].
1: Set 𝑛 = 1 and 𝑣0

𝑗
= 0 for 𝑗 = 1, . . . , 𝑀 (all vertices of the mesh Ω𝐻 ).

2: while ∃ 𝑗 ∈ {1, . . . , 𝑀 } : 𝑣𝑛−1
𝑗

≠ 𝑇 do

3: Set K𝑛 =


⟨000⟩ if mod (𝑛, 4) = 0,
⟨001⟩ ∪ ⟨010⟩ ∪ ⟨100⟩ if mod (𝑛, 4) = 1,
⟨011⟩ ∪ ⟨110⟩ ∪ ⟨101⟩ if mod (𝑛, 4) = 2,
⟨111⟩ if mod (𝑛, 4) = 3.

4: Compute the heights 𝑣𝑛
𝑗
= 𝐻

2𝑐 + 𝑣𝑛−1
𝑗

for all 𝑗 ∈ K𝑛, and set 𝑣𝑛
𝑗
= 𝑣𝑛−1

𝑗
for 𝑗 ∉ K𝑛.

5: For each 𝑗 ∈ K𝑛 pitch a subdomain T𝑗 := Ω 𝑗 × (𝑣𝑛−1
𝑗

, 𝑣𝑛
𝑗
) .

6: Solve the SWR subproblems (2) in T𝑗 , for all 𝑗 ∈ K𝑛, to get 𝑢𝑛+1
𝑗

in T𝑗 .
7: Update 𝑢0 |T𝑗 = 𝑢𝑛+1

𝑗
and 𝑛 = 𝑛 + 1.

8: end while

The above decomposition induces naturally a mesh Ω𝐻 discretizing Ω: This
mesh is characterized by 𝑀 = (2𝑁 −1)3 vertices corresponding to all vertices of the
subdomains and forming a uniform three-dimensional grid of size 𝐻/2. Essentially,
the subdomains correspond to cubic elements. Each of these elements has exactly
one grid point in the interior (in its barycenter) where tents are pitched. Hence, this
is a natural setting to study in detail the relation between MTP and SWR. A first
observation is that the hypotheses of Section 2 are satisfied. Thus, assuming that the
solution order condition of Theorem 1 holds, then MTP working on Ω𝐻 is clearly
equivalent to SWR. Now, our goal is to introduce an unmapped tent pitching method
(UTP), and then accurately characterize the tents that the equivalent MTP would
produce. To do so, we follow the approach of [2], where the space subdomains in
1D have been split into red (odd) and black (even) groups. This gives the solution
order: starting from the red subdomains, the iterations consider alternatingly red and
black subdomains. For our three-dimensional case, we consider a cycle of four steps:
first, all ⟨000⟩ (red) subdomains are treated in parallel; second, all ⟨100⟩ (green),
⟨010⟩ (blue), and ⟨001⟩ (yellow) subdomains are treated in parallel; third, all ⟨110⟩
(magenta), ⟨011⟩ (orange), and ⟨101⟩ (cyan) subdomains are treated in parallel;
fourth, all ⟨111⟩ (black) subdomains are treated in parallel. Differently from [2],
and for ease of notation, we assume that on the subdomains one pitches rectangular
tents with tent heights equal to 𝐻/(2𝑐). This corresponds to a so-called.staggered
approach3 The approach considered in [2] allows one to have different heights for
the different colors, but requires more details for its definition and treatment. For
this reason, we do not consider it in this short paper, and we defer its discussion to
future work [1]. Our UTP scheme is formulated in Algorithm 1. In the same spirit of
the UTP defined in [2], Alg. 1 computes the values 𝑣𝑛

𝑗
that correspond to the height

of the advancing front at the 𝑛-th iteration on the (interior) vertices of Ω𝐻 .
In a discrete setting, Alg. 1 is a space-time Restricted Additive Schwarz (XT-

RAS) method, where at the 𝑛-th iteration only the subdomains whose indices are in

3 The term staggered comes from the work [9], focusing on the construction of space-time meshes.
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K𝑛 are solved. Notice also that Alg. 1 is a special case of UTP in a three-dimensional
setting. One could generalize it using the usual MTP rules to define the sets K𝑛

and the heights of the tent. Nevertheless, one can still code it in an XT-RAS form.
However, this discussion is deferred to future work [1].

At this point, two simple questions arise: A) why and how does UTP Alg. 1 work?
B) what kind of tents does it produce? To answer them, it is sufficient to study the first
single cycle (the first four iterations of Alg. 1) running over the four cases defining
the set K𝑛 in Step 3. We will show that these four iterations compute the exact
solution in Ω × [0, 𝐻/(2𝑐)], and thus repeating them one solves (1) in Ω × [0, 𝑇].

Using the linearity of the problem, we can work on the error equations and set the
data 𝑔0 and 𝑔1 in (1) to zero. Now, the idea is to compute for each subdomain group
(red, green, blue, yellow, magenta, orange, cyan, and black) the space-time volume
where zero initial data are propagated. This is obtained by applying Lemma 1 to a
polytope that needs to be identified with care. Let us begin with a red subdomain
⟨000⟩. Here, only the initial data are zero, while the boundary data are not. Thus, we
can apply Lemma 1 directly to the red subdomain, namely P is a cube corresponding
to the red subdomain. It then follows that the space-time polytope where the zero
data are propagated is a cube shrinking to a point at the barycenter of the cube.
In particular, one can see that at time 𝑡 the volume of zero data is again a cube
with the same barycenter of the subdomain and edges of length 𝐻 − 2𝑐𝑡. Moreover,
for 𝑡 = 𝐻/(2𝑐) one gets the ball of maximal radius that can be contained in the
subdomain. Thus, at 𝑡 = 𝐻/(2𝑐) the error is zero only at the barycenter of the cube.
Denoting by x𝑅

𝑏
the barycenter of the considered red cube for 𝑡 = 0, the space-time

polytope we obtain is

R𝑏 = x𝑅
𝑏 +

{
(𝑡, x) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2
− 𝑐𝑡, |𝑦 | ≤ 𝐻

2
− 𝑐𝑡, |𝑧 | ≤ 𝐻

2
− 𝑐𝑡

}
,

and is shown in Fig. 4, upper-left panel, where we clearly see a cube shrinking to
a point. Here, the transparency of the red color indicates the time direction: the
darker the color, the larger the value of 𝑡. Let us now consider a green subdomain
⟨100⟩. Since the corresponding subdomain problem takes zero values from the two
neighboring red subdomains, we can apply Lemma 1 to the polytope P obtained as
the union of the two neighboring red subdomains (see Fig. 5, left), and then restricting
the result to the original green cube. In particular, the space-time polytope Q obtained
from Lemma 1 applied to the union of the two red subdomains is exactly the one
shown in Fig. 2 (right). However, this needs to be restricted only to points (x, 𝑡)
being the vertices of Huygens’ cones whose balls at 𝑡 = 0 are centered at points x in
the green cube. If x𝐺

𝑏
is the barycenter of the green cube, we get

G𝑏 = x𝐺𝑏 +
{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2
, |𝑦 | ≤ 𝐻

2
− 𝑐𝑡, |𝑧 | ≤ 𝐻

2
− 𝑐𝑡

}
,

which is shown in Fig. 4, middle-left panel. In this case, the cube shrinks to a
segment parallel to the 𝑥-axis and of length 𝐻/(2𝑐). Blue ⟨010⟩ and yellow ⟨001⟩
subdomains can be treated similarly. If x𝐵

𝑏
and x𝑌

𝑏
denote their barycenters, we get
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Fig. 4 Volumes (space-time polytopes) of exact solution computed on the different subdomains.

z
y

x

Fig. 5 Left: The black dashed line represents the union of the two red subdomains neighboring a
green one. Right: The black dashed line is the polytope (the yellow cube) where Lemma 1 must be
applied for the magenta subdomain.

B𝑏 = x𝐵
𝑏 +

{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2
− 𝑐𝑡, |𝑦 | ≤ 𝐻

2
, |𝑧 | ≤ 𝐻

2
− 𝑐𝑡

}
,

Y𝑏 = x𝑌𝑏 +
{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2
− 𝑐𝑡, |𝑦 | ≤ 𝐻

2
− 𝑐𝑡, |𝑧 | ≤ 𝐻

2

}
,

which are shown in Fig. 4, middle-middle and middle-right panel, respectively. Let us
now consider a more subtle case: the magenta subdomain ⟨110⟩. The corresponding
subproblem takes zero values from green, blue, and yellow subdomains. However,
we cannot take the union of all neighboring green, blue, and yellow subdomains,
because the boundary values on the vertical faces of the yellow subdomains (aligned
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with the red ones) are not correct, and thus cannot be penetrated by the rolling
spheres. The trick is to split the magenta cube into eight smaller cubes of size 𝐻/2
and treat them separately. For each of these smaller cubes the actual volume where
the balls can be rolled is the union of the yellow subdomain and portions of blue
and green subdomains, as shown in Fig. 5 (right). This coincides with the yellow
cube. Thus, we can apply Lemma 1 to P being the yellow cube (giving again a cube
shrinking to a point as in Fig. 2) and then restrict the result to Huygens’ cones of balls
at 𝑡 = 0 with centers lying in the small magenta cubes. In this way, the center of the
shrinking cube (namely, the barycenter of the yellow cube) coincides with the corner
of the small magenta cube. Therefore, denoting by x𝑀

𝑏
the barycenter of the magenta

cube, and assuming that we are looking at the small magenta cube corresponding to
x𝑀
𝑏

+ [−𝐻/2, 0]3, the obtained polytope is

M−−−
𝑏 =x𝑀

𝑏 +
{
(x,𝑡) : 𝑡∈

[
0,

𝐻

2𝑐

]
,x∈

[
−𝐻

2
,0
]3
, 𝑥−𝑧≤𝐻

2
−𝑐𝑡, 𝑦−𝑧≤𝐻

2
−𝑐𝑡

}
.

If we repeat the same argument for all the other seven cubes and use the notation
I+ := [0, 𝐻/2] and I− := [−𝐻/2, 0], we obtain, for example,

M−+−
𝑏 =x𝑀

𝑏 +
{
(x,𝑡) : 𝑡∈

[
0,

𝐻

2𝑐

]
,x∈I−×I+×I− , 𝑥−𝑧≤𝐻

2
−𝑐𝑡,−𝑦−𝑧≤𝐻

2
−𝑐𝑡

}
,

M+++
𝑏 =x𝑀

𝑏 +
{
(x,𝑡) : 𝑡∈

[
0,

𝐻

2𝑐

]
,x∈I+×I+×I+ ,−𝑥+𝑧≤𝐻

2
−𝑐𝑡,−𝑦+𝑧≤𝐻

2
−𝑐𝑡

}
,

and we omit the others for brevity. Thus, we obtain

M𝑏 = M−−−
𝑏 ∪M+−−

𝑏 ∪M−+−
𝑏 ∪M−−+

𝑏 ∪M++−
𝑏 ∪M−++

𝑏 ∪M+−+
𝑏 ∪M+++

𝑏 .

This volume is shown in Fig. 4 (bottom right). The orange ⟨101⟩ and cyan ⟨011⟩
subdomains can be treated similarly. They are shown in Fig. 4 (bottom left and
bottom middle). Finally, consider a black subdomain ⟨111⟩. In this case, the corre-
sponding subproblem gets correct zero data on all the boundaries. Thus, the volume
of propagated zero error coincides with the considered cube at every time 𝑡. Hence,
denoting by x𝐵

𝑏
the barycenter of the black cube, we have (see Fig. 4, top right)

B𝑏 = x𝐵
𝑏 +

{
(x, 𝑡) : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, x ∈

[
−𝐻

2
,
𝐻

2

]}
.

This means that all black subdomains are resolved exactly for all times in [0, 𝐻/(2𝑐)].
Thus, the UTP Alg. 1 solved exactly (1) for 𝑡 ∈ [0, 𝐻/(2𝑐)] with the first four it-
erations.4 Performing four more iterations and repeating exactly the same above
arguments, one can solve the problem for all times 𝑡 ∈ [𝐻/(2𝑐), 2𝐻/(2𝑐)]. Contin-
uing in this way, Alg. 1 can solve the problem for all times 𝑡 ∈ [0, 𝑇].

4 Notice that we did not discuss the behavior near the boundary of Ω = (0, 1)3. Here, the other
colors compute the exact solution before the final black iteration, as we will show in [1].
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Fig. 6 Elements (space-time polytopes) computed by UTP on the subdomains and corresponding
to those of MTP.

So far, we focused on the behavior of the UTP Alg. 1 and its convergence. Now,
we focus on its relations to MTP and build precisely the elements that MTP would
construct. To do so, we can use Theorem 1, which implies that the elements of MTP
can be obtained by removing from the volumes of computed exact solution in each
subdomain, the volume of exact solution computed at the previous iterations in the
neighboring subdomains. We begin with the red subdomains. Here, since there
is nothing to remove, the MTP elements R𝐸

𝑏
coincide with the volumes of exact

solution: R𝐸
𝑏

= R𝑏. This element is shown in the top-left panel of Fig. 6. Let us
now consider the green subdomains. We need to remove from the interior of G𝑏 the
portions of the interior of R𝑏 corresponding to the two red subdomains neighboring
the green one, and take the closure of the set obtained. This process is shown in
Fig. 7. At 𝑡 = 0, subtracting the two open red cubes from the green open cube, one
gets a square parallel to the yz plane and lying between the two red cubes. This
square becomes a segment when projected onto the xy plane (see the left panel of
Fig. 7). When 𝑡 increases the two red cubes shrink toward a point, leaving room
for the green element. Here, only the two intersections of the shrank red cubes with
the green volume must be removed (see the middle panel of Fig. 7). Finally, at time
𝑡 = 𝐻/(2𝑐), the two red cubes become two points and the green segment (parallel to
the x axis) remains unchanged. The process we just described corresponds to adding
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x

y

t = 0 t = H
4c t = H

2c

Fig. 7 Space-time elements of a green subdomain and of the two neighboring red subdomains.

the constraint |𝑥 | ≤ 𝑡 for 𝑡 ∈
[
0, 𝐻

2𝑐
]

to the ones characterizing the set G𝑏. Hence,
the green element G𝐸

𝑏
is

G𝐸
𝑏 = x𝐺𝑏 +

{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝑐𝑡, |𝑦 | ≤ 𝐻

2
− 𝑐𝑡, |𝑧 | ≤ 𝐻

2
− 𝑐𝑡

}
.

Thus, the green element evolves in time starting from a plane to a segment; see the
middle-left panel of Fig. 6. One can treat blue and yellow subdomains in a similar
manner, the corresponding MTP elements are

B𝐸
𝑏 = x𝐵

𝑏 +
{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2𝑐
− 𝑡, |𝑦 | ≤ 𝑐𝑡, |𝑧 | ≤ 𝐻

2
− 𝑐𝑡

}
,

Y𝐸
𝑏 = x𝑌𝑏 +

{
(x, 𝑡) ∈ R4 : 𝑡 ∈

[
0,

𝐻

2𝑐

]
, |𝑥 | ≤ 𝐻

2
− 𝑐𝑡, |𝑦 | ≤ 𝐻

2
− 𝑐𝑡𝑡, |𝑧 | ≤ 𝑐𝑡

}
,

see the middle-middle and middle-right panels of Fig. 6. Let us now focus on the
magenta subdomain: to obtain the magenta element M𝐸

𝑏
, we must remove from the

magenta volume M𝑏 the intersections of M𝑏 with the neighboring green, blue and
yellow volume. This process is shown in Fig. 8. At 𝑡 = 0, removing the interior of
the green, blue and yellow volumes from the magenta one leads to a segment parallel
to the 𝑧 axis. When 𝑡 increases, the green, blue and yellow volume shrink toward
segments and leave room to the magenta element, that at 𝑡 = 𝐻

4𝑐 is a cube and evolves
toward a square parallel to the xy plane. This is also shown in Fig. 6 (bottom-right
panel) and corresponds to adding the constraints |𝑥 | ≤ 𝑡 and |𝑦 | ≤ 𝑡 to the ones used
to define M𝑏. A direct inspection reveals that the element M𝐸

𝑏
has the form

M𝐸
𝑏 =x𝑀

𝑏 +
{
(x,𝑡) : 𝑡∈

[
0,

𝐻

2𝑐

]
,x∈

[
−𝐻

2
,
𝐻

2

]3
, |𝑥 | ≤𝑐𝑡, |𝑦 | ≤𝑐𝑡, |𝑧 | ≤𝐻

2
−𝑐𝑡

}
,

as shown in Fig. 6 (bottom-right panel). All other elements on orange, cyan, and
black subdomains can be obtained in the same way. Notice that the black element
works in the opposite manner of the red one: it evolves from a point to a cube. All
these elements are shown in Fig. 6, but we defer their algebraic forms to a future and
more extensive work [1] for the sake of brevity.

To conclude, we explored for the first time in 3D the relations between SWR,
MTP and UTP (in their staggered versions) and proved their equivalence in terms
of advancing fronts. This analysis allowed us to precisely characterize the tents that
MTP would compute on a simple uniform mesh of cubic elements discretizing the
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x

y

t = 0 t = H
4c t = H

2c

x

z

t = 0 t = H
4c t = H

2c

Fig. 8 Space-time magenta elements and volumes of the neighboring green, blue, and yellow
subdomains.

unit cube. Even in this very simple 3D geometric setting, the tents are complicated 4D
polytopes, and the advantage of UPT becomes evident, where the “tents” considered
are simply cubes.
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10. Alper Üngör and Alla Sheffer. Pitching tents in space-time: Mesh generation for discontinuous

Galerkin method. International Journal of Foundations of Computer Science, 13(02):201–221,
2002.



















































Elimination Strategies for Nonlinear
Preconditioning of Incompressible Navier-Stokes

Jinfeng Zhang[0009−0000−7968−6225] , Lulu Liu[0000−0002−0357−1322] , and
David Keyes[0000−0002−4052−7224]

1 Introduction

Many nonlinear preconditioning techniques—additive and multiplicative, overlap-
ping and nonoverlapping, and left- and right-sided—have been demonstrated and
undergirded theoretically [1, 4, 23]. Common to all, and so far without theoretical
guidance, is the challenge of identifying the degrees of freedom and corresponding
equations that impede the progress of Newton’s method applied to the global system.
Heuristic approaches based on residual magnitudes, on degrees of nonlinearity in the
equations, on solution features (e.g., shocks, fronts, etc.), and on principal compo-
nent analysis have been successful in different contexts. We present a hybrid of two
strategies that have proved successful for incompressible Navier-Stokes: field-based
and pointwise residual-based. We evaluate it on the classic problem of steady laminar
flow behind a backward-facing step, using the right-preconditioned inexact Newton
method with backtracking based on nonlinear elimination (INB-NE) method and
show its advantages of robustness and convergence over either strategy alone.

Newton’s method and its variants are widely employed for solving large-scale
nonlinear systems arising from the discretization of partial differential equations,
such as incompressible Navier-Stokes. When the system is provided with a suffi-
ciently accurate initial guess lying within a roughly hyperspherical domain around
the root, these methods typically demonstrate superlinear or quadratic convergence
rates. However, they may be frustrated by “nonlinear stiffness” arising from highly
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distorted residual landscapes, which results in stagnation of residual norms or even
failure of Newton’s method.

To address the challenge of such unbalanced nonlinearities and enhance global
convergence, various continuation techniques have been developed to obtain suit-
able initial iterates. These include parameter continuation [19], which gradually
adjusts physical parameters (e.g., loadings or boundary conditions); mesh sequenc-
ing [32], where solutions are first computed on coarser grids before refinement;
and pseudo-time-stepping [8], which introduces an artificial temporal evolution with
small timesteps to approach steady-state solutions. These methods systematically
solve a sequence of modified problems—whether through relaxed physical condi-
tions, simplified discretizations, or controlled temporal integration—to progressively
guide the solver toward the desired solution of the original nonlinear system. Non-
linear preconditioning provides an alternative approach to enhance the robustness
of Newton-type methods by reducing their sensitivity to initial guesses and funda-
mentally improving the nonlinear conditioning of the system. When necessary, this
strategy can be effectively combined with other globalization techniques, such as
those previously discussed, to further strengthen convergence behavior.

In analogy to linear preconditioning, nonlinear preconditioning techniques han-
dle unbalanced nonlinearities through either left- or right-side nonlinear transforma-
tions. Classical left nonlinear preconditioners reformulate the original system into
an equivalent modified system that preserves the solution while exhibiting improved
nonlinear convergence properties. This preconditioned system is then solved using
an outer Jacobian-free Newton method [19]. Examples include the additive and mul-
tiplicative Schwarz preconditioned inexact Newton methods, ASPIN [1, 3, 4, 15, 31]
and two-level ASPIN [5, 28], MSPIN [25] and its multiple variants [21, 23, 33],
as well as the restricted nonlinear Schwarz preconditioners RASPEN [9, 13] and
SRASPEN [7].

In contrast, right nonlinear preconditioners recast the basis for the solution space
by a nonlinear transformation and find the solution in the transformed space rather
than in the original space. The right nonlinear preconditioners are often associ-
ated with a nonlinear elimination (NE) [20] procedure. Nonlinear elimination (NE)
[20] handles nonlinear “imbalance” by strategically eliminating strongly nonlinear
variables before the global Newton solve. The nonlinear elimination preconditioned
inexact Newton methods [12, 14, 34] have been applied effectively to such challeng-
ing problems as incompressible Navier-Stokes equations at high Reynolds numbers
[26], blood flow in branching arteries [27], and two-phase flow in porous media
[35]. There is also growing interest in nonlinear FETI (finite element tearing and
interconnecting) [29], nonlinear FETI-DP (FETI-dual primal) and nonlinear BDDC
(balancing domain decomposition by constraints) [16, 17, 18], further expanding the
family of right nonlinear preconditioners.

The computational efficiency of the nonlinear elimination preconditioned inexact
Newton methods—including the INB-NE approach—are highly dependent on the
selection of eliminated variables (the so-called “bad” components). Herein, we
implement a right-preconditioning approach, INB-NE, for resolving flow over a
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backward-facing step, and compare the effects of three variable elimination strategies
on the method’s convergence.

2 Backward-facing Step Flow

We consider the backward-facing step flow [10, 11] within a channel defined on
Ω = (0, 30) × (−0.5, 0.5) with three unknowns: the velocity fields (𝑢, 𝑣) in the (𝑥, 𝑦)
directions and the vorticity𝜔. The governing equations consist of the nondimensional
steady-state Navier-Stokes equations in vorticity-velocity form

−Δ𝑢 − 𝜕𝜔
𝜕𝑦

= 0,

−Δ𝑣 + 𝜕𝜔
𝜕𝑥

= 0,

− 1
𝑅𝑒

Δ𝜔 + 𝑢 𝜕𝜔
𝜕𝑥

+ 𝑣 𝜕𝜔
𝜕𝑦

= 0,

(1)

where 𝑅𝑒 denotes the Reynolds number. We close the system by imposing the
following boundary conditions:

- Along the left boundary Γleft,
𝑢 = 24𝑦(0.5 − 𝑦), 𝑣 = 0, 𝑦 ∈ [0, 0.5],

𝑢 = 0, 𝑣 = 0, 𝑦 ∈ [−0.5, 0),
𝜔(𝑥, 𝑦) = −𝜕𝑢

𝜕𝑦
+ 𝜕𝑣

𝜕𝑥
.

- Along the top boundary Γtop,

𝑢 = 0, 𝑣 = 0, 𝜔(𝑥, 𝑦) = −𝜕𝑢

𝜕𝑦
+ 𝜕𝑣

𝜕𝑥
.

- Along the bottom boundary Γbottom,

𝑢 = 0, 𝑣 = 0, 𝜔(𝑥, 𝑦) = −𝜕𝑢

𝜕𝑦
+ 𝜕𝑣

𝜕𝑥
.

- Along the right boundary Γright,

𝑢𝑥 = 0, 𝑣𝑥 = 0, 𝜔𝑥 = 0.

The computational domain Ω is discretized using a structured uniform grid of
rectangular cells. We employ second-order central finite difference schemes to ap-
proximate both the Laplacian operators and first-order partial derivatives in equation
(1). The vorticity 𝜔 is determined by its definition across all boundaries, with the
exception of the outlet boundary Γright where we impose 𝜔𝑥 = 0. For the left, top
and bottom boundaries, we implement the vorticity boundary conditions using a
second-order finite difference approximation that employs only immediately adja-
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cent grid points, following the numerical treatment described in [30]. For the right
boundary condition, a second-order backward finite difference scheme is employed
to approximate the first-order derivatives 𝑢𝑥 , 𝑣𝑥 and 𝜔𝑥 .

Let 𝑁 denote the total number of mesh points in the computational domain Ω.
The unknown variables are arranged in a point-wise block ordering as

𝑋 = [𝑢0, 𝑣0, 𝜔0, 𝑢1, 𝑣1, 𝜔1, . . . , 𝑢𝑁−1, 𝑣𝑁−1, 𝜔𝑁−1]𝑇 ,

and the corresponding nonlinear system is structured in the same order:

𝐹 (𝑋) = [𝐹𝑢
0 , 𝐹

𝑣
0 , 𝐹

𝜔
0 , 𝐹𝑢

1 , 𝐹
𝑣
1 , 𝐹

𝜔
1 , . . . , 𝐹𝑢

𝑁−1, 𝐹
𝑣
𝑁−1, 𝐹

𝜔
𝑁−1]

𝑇 = 0,

where each component 𝐹∗
𝑖
= 𝐹∗

𝑖
(𝑋), for ∗ = 𝑢, 𝑣 or 𝜔, 𝑖 = 0, 1, . . . , 𝑁 − 1.

3 The INB-NE Algorithm

We consider a nonlinear system of algebraic equations 𝐹 : 𝐷 ⊂ 𝑅𝑛 → 𝑅𝑛, where
we seek a vector 𝑌 ∗ ∈ 𝑅𝑛 such that

𝐹 (𝑌 ∗) = 0.

In contrast to left nonlinear preconditioning, which operates on the residual, right
nonlinear preconditioning modifies the coordinates of the solution:

𝐹 (𝐺 (𝑋)) = 0, 𝑌 = 𝐺 (𝑋). (2)

The operator 𝐺 is typically defined implicitly through a nonlinear elimination pro-
cess. First, we partition the index set 𝑆 = {1, 2, . . . , 𝑛} into two disjoint subsets

𝑆 = 𝑆𝑏

⋃
𝑆𝑔, 𝑆𝑏

⋂
𝑆𝑔 = ∅,

and let 𝑛1 and 𝑛2 represent the dimensions of 𝑆𝑏 and 𝑆𝑔, respectively, where 𝑛1+𝑛2 =

𝑛. Based on the partition, we define the subspaces of bad components and good
components as

𝑉𝑏 = {𝑣 |𝑣 = [𝑣1, . . . , 𝑣𝑛]𝑇 ∈ 𝑅𝑛, 𝑣𝑖 = 0 if 𝑖 ∉ 𝑆𝑏},

𝑉𝑔 = {𝑣 |𝑣 = [𝑣1, . . . , 𝑣𝑛]𝑇 ∈ 𝑅𝑛, 𝑣𝑖 = 0 if 𝑖 ∉ 𝑆𝑔}.

The corresponding restriction matrices 𝑅𝑏 ∈ 𝑅𝑛1×𝑛 and 𝑅𝑔 ∈ 𝑅𝑛2×𝑛 are defined
accordingly. We then consider the following nonlinear system

F (𝑌 ) = 𝑅𝑏𝐹 (𝑌 ) + 𝑅𝑔 (𝑌 − 𝑋) = 0, (3)
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which we solve using the classical inexact Newton with backtracking (INB) algo-
rithm. Denoting the solution by 𝑋̃ , we define the solution operator 𝐺 through the
relation 𝑋̃ = 𝐺 (𝑋).

Algorithm 1 describes right-preconditioned inexact Newton algorithm with back-
tracking based on nonlinear elimination (INB-NE), as outlined in [24, 27].

Algorithm 1 Inexact Newton algorithm with backtracking based on nonlinear elim-
ination (INB-NE)

Specify the initial guess 𝑋 (0) and 𝑘 = 0.
Initialize the partition: 𝑆 (0)

𝑏
and 𝑆

(0)
𝑔 .

while ∥𝐹 (𝑋 (𝑘) ) ∥ > 𝜖global-nonlinear-rtol ∥𝐹 (𝑋 (0) ) ∥ and ∥𝐹 (𝑋 (𝑘) ) ∥ > 𝜖global-nonlinear-atol do
1. Compute a shifted starting point 𝑋̃ (𝑘) = 𝐺 (𝑋 (𝑘) ) .
2. Find the inexact Newton direction 𝑑 (𝑘) such that

𝐹′ (𝑋̃ (𝑘) )𝑑 (𝑘) = −𝐹 (𝑋̃ (𝑘) ) . (4)

3. Update𝑋 (𝑘+1) = 𝑋̃ (𝑘)+𝜆(𝑘) 𝑑 (𝑘) , where𝜆(𝑘) ∈ (0, 1] is the damping parameter determined by a backtracking
line search along 𝑑 (𝑘) such that

∥𝐹 (𝑋̃ (𝑘) + 𝜆(𝑘) 𝑑 (𝑘) ) ∥ ⩽ 𝜃 ∥𝐹 (𝑋̃ (𝑘) ) ∥ , 𝜃 ∈ (0, 1) . (5)

Set 𝑘 = 𝑘 + 1 and determine a new partition 𝑆 = 𝑆
(𝑘)
𝑏

⋃
𝑆
(𝑘)
𝑔 .

end while

The most challenging aspect of INB-NE lies in identifying nonoverlapping sets
of “bad” and “good” components, denoted as 𝑆 (𝑘 )

𝑏
and 𝑆

(𝑘 )
𝑔 (𝑘 = 0, 1, ...). This par-

titioning is inherently problem-dependent and may vary across iterations. Crucially,
the method’s computational efficiency is highly sensitive to the selection of “bad”
components for elimination. An overly conservative strategy, in which all suspected
components are sifted into 𝑆

(𝑘 )
𝑏

, expands the subspace problem’s dimension, in-
creasing computational costs. Furthermore, the resulting larger subproblem may still
suffer from slow convergence. On the other hand, insufficient removal of problematic
components can fail to stabilize subsequent global Newton iterations, leading to lack
of convergence.

Remark 1 The INB-NE algorithm does not ensure global convergence because the
condition ∥𝐹 (𝑋 (𝑘+1) )∥ < ∥𝐹 ( 𝑋̃ (𝑘 ) )∥ in (5) does not exclude the possibility of
∥𝐹 (𝑋 (𝑘+1) )∥ > ∥𝐹 (𝑋 (𝑘 ) )∥ [22], potentially leading to divergence. However, this
earliest right nonlinear preconditioner remains one of the most computationally
attractive and commonly applied.

4 Elimination Strategies

In this work, we investigate three elimination strategies for the INB-NE algorithm
applied to the backward-facing step flow problem, one based on pointwise residuals,
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one based on the degree nonlinearity in the governing equation, and a hybrid,
specifically,

- INB-NE-pointwise: At the 𝑘-th iteration, the point-block residual vector at the
mesh point p𝑖 (0 ⩽ 𝑖 ⩽ 𝑁 − 1) is denoted by

𝐹block
𝑖 (𝑋 (𝑘 ) ) =


𝐹𝑢,𝑖 (𝑋 (𝑘 ) )
𝐹𝑣,𝑖 (𝑋 (𝑘 ) )
𝐹𝜔,𝑖 (𝑋 (𝑘 ) )

 . (6)

The index set corresponding to the bad components are defined as

𝑆
(𝑘 )
Ω𝑏

= {𝑖 | ∥𝐹block
𝑖 (𝑋 (𝑘 ) )∥∞ > 𝛽∥𝐹 (𝑋 (𝑘 ) )∥∞, 0 ⩽ 𝑖 ⩽ 𝑁 − 1}, (7)

where 𝛽 is a preselected constant. We simultaneously remove the (𝑢, 𝑣, 𝜔) triplet
at nodal points p𝑖 for all 𝑖 ∈ 𝑆

(𝑘 )
Ω𝑏

, and the resulting subproblem is nonlinear
due to the coupling of the three variables. The number of bad components to be
eliminated depends sensitively on the parameter 𝛽, which has a significant impact
on the effectiveness and efficiency of the preconditioner.

- INB-NE-𝝎-field: All vorticity 𝜔 components are designated as bad variables and
remain fixed throughout the computation. This treatment renders the correspond-
ing subsystem linear with respect to its own variable 𝜔.

- INB-NE-𝝎-field-𝒖𝒗: We simultaneously eliminate the entire vorticity field while
selectively removing specific nodal unknowns (𝑢 and 𝑣 components) at points p𝑖

for all 𝑖 ∈ 𝑆
(𝑘 )
Ω𝑏

as defined in equation (7).

To maintain computational efficiency, we restrict the size of the subproblem. An
excessively large subproblem implies a dominant residual across much of the domain,
leading to high computational costs. At the 𝑘-th step, the nonlinear preconditioners
INB-NE-pointwise or INB-NE-𝜔-field-𝑢𝑣 are applied only if the set 𝑆 (𝑘 )

Ω𝑏
contains

fewer than 15% of the total mesh points. Otherwise:

• For INB-NE-pointwise, the algorithm reverts to the standard Newton’s method.
• For INB-NE-𝜔-field-𝑢𝑣, it defaults to the INB-NE-𝜔-field preconditioner.

5 Numerical Experiments

All numerical experiments are implemented using PETSc [2]. The global nonlinear
problem is solved iteratively using the INB method, with convergence declared when
the residual satisfies:

∥𝐹 (𝑋 (𝑘 ) )∥ ⩽ max{𝜖global-nonlinear-atol, 𝜖global-nonlinear-rtol∥𝐹 (𝑋 (0) )∥},
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where 𝜖global-nonlinear-atol and 𝜖global-nonlinear-rtol denote the prescribed absolute and
relative tolerances, respectively. Global Jacobian systems are solved by GMRES(50)
with right overlapping restricted additive Schwarz (RAS) preconditioners [6], where
each individual block is solved by the direct LU decomposition and the overlap is
set to 1. The linear iterations terminate when

∥𝐹 ( 𝑋̃ (𝑘 ) ) + 𝐽 ( 𝑋̃ (𝑘 ) )𝑀−1
𝑅𝐴𝑆 (𝑀𝑅𝐴𝑆𝑑

(𝑘 ) )∥ ⩽ 𝜖global-linear-rtol∥𝐹 ( 𝑋̃ (𝑘 ) )∥,

where 𝜖global-linear-rtol controls the solution accuracy, and the RAS preconditioner is
constructed as:

𝑀−1
𝑅𝐴𝑆 =

𝑁∑︁
𝑖=1

(𝑅0
𝑖 )𝑇 𝐽−1

𝑖 𝑅𝛿
𝑖 , 𝐽𝑖 = 𝑅𝛿

𝑖 𝐽 ( 𝑋̃ (𝑘 ) ) (𝑅𝛿
𝑖 )𝑇 .

In our numerical experiments, we set the initial guess to the zero vector. For nonlinear
preconditioners, both global systems and subspace nonlinear problems are solved
by INB with the parameters 𝜖global-nonlinear-rtol = 10−10, 𝜖global-nonlinear-atol = 10−12,
𝜖sub-nonlinear-rtol = 10−3. Note that a loose subproblem nonlinear tolerance keeps
the number of Newton steps in the nonlinear preconditioning iterations low. We
set the inexact stopping condition for global and subspace Jacobian systems as
𝜖global-linear-rtol = 10−6. For all of the tests, we set the initial partition as 𝑆 (0)

𝑏
= ∅ and

𝑆
(0)
𝑔 = 𝑆, i.e., we implement one-step of standard Newton iteration prior to applying

nonlinear preconditioning.

5.1 Validation of the discretization scheme against benchmarks

Before describing the convergence behavior of the solvers, first validate the finite dif-
ference discretization scheme through comparison of velocity and vorticity profiles
for backward-facing step flow against established benchmark results. At the Reynolds
number 𝑅𝑒 = 800, Fig. 1 presents a systematic comparison between our numerical
solutions and the reference data from Gartling [11]. The results demonstrate excellent
convergence behavior as the mesh resolution is progressively refined from 1201×41
to 1801×61 and finally to 2401×81. Both velocity and vorticity profiles show strong
agreement with the published benchmark solutions in [11], confirming the accuracy
and reliability of our numerical approach. Note that the magnitude of the 𝑣 velocity
component (transverse to the channel flow) is typically two orders of magnitude
lower than longitudinal, so its relative error is somewhat higher. (We note from the
literature on this configuration, which has been well studied both computationally
and experimentally, that essentially two-dimensional laminar flow can be achieved
up to Reynolds numbers of about 800. Steady-state 2D laminar numerical solutions
exist above this, so we push Reynolds higher, to 1000, in order to stress Newton’s
method.)
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Fig. 1: Comparison of 𝑢, 𝑣, 𝜔 profiles at various downstream locations for 𝑅𝑒 = 800.
(Note the zoomed-in scale of the vertical velocity.)

5.2 Comparison of INB and INB-NE with different elimination
strategies

We set the parameter 𝛽 = 0.05 in (7) for both INB-NE-pointwise and INB-NE-𝜔-
field-𝑢𝑣 methods. Fig. 2 presents a comparison of the convergence history of the
Newton residuals using four different methods: INB, INB-NE-pointwise, INB-NE-
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𝜔-field, and INB-NE-𝜔-field-𝑢𝑣, on a 1201×41 mesh at various Reynolds numbers.
The standard INB method fails to converge for Reynolds numbers exceeding ap-
proximately 400, as evidenced by the prolonged plateau in the nonlinear residuals.
Notably, the three INB-NE variants exhibit oscillatory nonlinear residuals at cer-
tain stages, which can be attributed to the monotonicity test being performed from
the shifted point 𝑋̃ (𝑘 ) rather than 𝑋 (𝑘 ) . Among these, INB-NE-pointwise shows
particularly unstable behavior, with residuals eventually diverging and failing to
achieve convergence when 𝑅𝑒 = 800. In contrast, INB-NE-𝜔-field and INB-NE-𝜔-
field-𝑢𝑣 successfully converge across all tested cases. However, INB-NE-𝜔-field-𝑢𝑣
demonstrates superior efficiency, requiring significantly fewer nonlinear iterations at
𝑅𝑒 = 800 compared to INB-NE-𝜔-field.
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Fig. 2: The convergence history of the Newton residuals for the backward-facing step
flow using INB and INB-NE with three different nonlinear elimination strategies on
the 1201 × 41 mesh, respectively.

5.3 Impact of the parameters in nonlinear elimination

The INB-NE-𝜔-field algorithm selects the entire 𝜔-field as the set of bad variables,
which remains fixed throughout the computation. In contrast, for both INB-NE-
pointwise and INB-NE-𝜔-field-𝑢𝑣, the set of bad variables dynamically changes
based on the parameter 𝛽, which plays a crucial role in their global convergence
performance.

To examine the parametric influence, Table 1 presents the number of Newton
iterations and the execution time required by INB-NE-pointwise, INB-NE-𝜔-field
and INB-NE-𝜔-field-𝑢𝑣 for different values of 𝛽 across Reynolds numbers ranging
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Table 1: A comparison of the number of Newton iterations and the execution time
of INB-NE-pointwise, INB-NE-𝜔-field and INB-NE-𝜔-field-𝑢𝑣 corresponding to 𝛽

values at different Reynolds numbers .“-” indicates that the case fails to converge.
The mesh size is 1201 × 41 and 10 (10 × 1) processors are used.

𝑅𝑒 INB-NE-𝜔-field 𝛽 INB-NE-pointwise NE-𝜔-field-𝑢𝑣
Iter Time(s) Iter Time(s) Iter Time(s)

400 14 30.72 0.01 - 10 33.89
0.02 - 11 37.11
0.05 8 18.02 15 51.50
0.07 8 19.46 15 51.30
0.1 10 25.21 12 40.89
0.2 - 12 39.04
0.5 - 12 34.06

600 18 48.82 0.01 - 13 54.06
0.02 - 14 53.99
0.05 11 31.93 13 55.64
0.07 11 32.19 15 55.11
0.1 - 16 57.06
0.2 - 22 74.42
0.5 - 21 61.17

800 31 107.68 0.01 - 17 66.45
0.02 - 19 87.46
0.05 - 17 77.74
0.07 - 30 128.46
0.1 - 22 94.89
0.2 - 21 89.52
0.5 - 25 91.59

1000 - 0.01 - 40 233.45
0.02 - 53 316.26
0.05 - 54 287.51
0.07 - -
0.1 - 33 162.60
0.2 - 51 214.09
0.5 - 24 102.87

from 400 to 1000, using a 1201 × 41 mesh on 10 (10 × 1) processors. (Unpre-
conditioned INB is not listed due to the lack of convergence noted in Fig. 2.) The
experiments show that INB-NE-pointwise exhibits significant sensitivity to 𝛽 se-
lection, with convergence failures observed at certain parameter combinations. This
sensitivity becomes more pronounced with increasing Reynolds numbers, requir-
ing progressively stricter 𝛽 selection for guaranteed convergence. In contrast, the
INB-NE-𝜔-field scheme demonstrates robust convergence behavior across all tested
cases except at 𝑅𝑒 = 1000. Most notably, the INB-NE-𝜔-field-𝑢𝑣 variant maintains
superior parametric flexibility, achieving successful convergence even at 𝑅𝑒 = 1000
through appropriate 𝛽 selection.

As shown in Table 1, while INB-NE-pointwise offers has the best efficiency
when convergent and INB-NE-𝜔-field offers the next smaller runtimes at lower
Reynolds numbers, INB-NE-𝜔-field-𝑢𝑣 provides the best balance between reliability
and performance, and outlasts the other preconditioners in convergence at high
Reynolds numbers (𝑅𝑒 ⩾ 800).
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6 Conclusions

We demonstrate that nonlinear elimination techniques can significantly enhance
the performance of inexact Newton methods for solving the challenging steady
backward-facing step flow problem when started from a “cold” initial iterate. Exper-
iments confirm that the “best of both worlds” hybrid method is more reliable than both
pure pointwise and full field-based elimination approaches. This provides insights
for developing effective nonlinear solvers in other CFD applications. Future research
could explore automated parameter selection and extension to three-dimensional
problems.
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Nonlinear Elimination Preconditioned
Space-Time Solution Algorithms for Hyperbolic
Problems

Chang-Wen Liang[0009−0003−2723−3189] and Feng-Nan Hwang[0000−0002−2012−3257]

1 Introduction

Fully coupled space-time methods for time-dependent partial differential equations
(PDEs) have recently gained popularity for parallelization in the temporal domain,
thanks to increased computing power [2, 7]. These algorithms require solving large,
spatial, nonlinear systems simultaneously, necessitating a robust and efficient nonlin-
ear solver as a critical component of the entire solution algorithm. This paper studies
some nonlinear preconditioned Newton algorithms for the space-time formulation of
hyperbolic equations with shocks. In this case, the classical inexact Newton method
with backtracking (INB) suffers from long stagnation due to local strong nonlin-
earity. Nonlinear preconditioning, such as nonlinear elimination, has been shown to
improve the robustness of INB for many types of PDEs [3, 4, 5, 6] but does not work
well for hyperbolic PDEs. To address this, we propose a new variant of nonlinear
elimination preconditioners designed specifically for hyperbolic PDEs, considering
their characteristics to overcome the associated difficulties. We conduct a compara-
tive study of inexact Newton algorithms in conjunction with left and right nonlinear
elimination preconditioning, namely INB-ANE [3] and NEPIN [5], respectively, to
validate our proposal.

Let us begin by considering a model problem, the 1D Burgers’ equation in the
conservation form,

𝜕𝑢(𝑥, 𝑡)
𝜕𝑡

+
𝜕

(
1
2𝑢

2 (𝑥, 𝑡)
)

𝜕𝑥
= 0,
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on a space-time domain Ω = [𝑎, 𝑏] × [0, 𝑇], with some proper initial and boundary
conditions if needed. Let

𝑈 = [𝑢1
1, 𝑢

1
2, ..., 𝑢

1
𝑛, 𝑢

𝑗

1, ..., 𝑢
𝑗

𝑖
, ..., 𝑢

𝑗
𝑛, ..., 𝑢

𝑚
1 , 𝑢

𝑚
2 , ..., 𝑢

𝑚
𝑛 ]𝑇

be approximate solutions on each grid point, i.e., 𝑢 𝑗

𝑖
≈ 𝑢(𝑥𝑖 , 𝑡 𝑗 ), 𝑥𝑖 = 𝑥0 + 𝑖Δ𝑥

with Δ𝑥 = (𝑏 − 𝑎)/𝑛 and 𝑡 𝑗 = 𝑡0 + 𝑗Δ𝑡, with Δ𝑡 = 𝑇/𝑚, where 1 ≤ 𝑖 ≤ 𝑛

and 1 ≤ 𝑗 ≤ 𝑚, respectively. Here, 𝑛 and 𝑚 are the spatial and temporal
grid numbers. We use the local Lax-Friedrichs method [2] for spatial discretiza-
tion and forward Euler’s method for temporal discretization to derive a full cou-
pled space-time large, sparse, nonlinear system of equations, 𝐹 (𝑈) = 0, where
𝐹 = [𝐹1

1 , 𝐹
2
2 , ..., 𝐹

1
𝑛 , 𝐹

𝑗

1 , ..., 𝐹
𝑗

𝑖
, ..., 𝐹

𝑗
𝑛 , ..., 𝐹

𝑚
𝑛 ]𝑇 . Here,

𝐹
𝑗+1
𝑖

= 𝑢
𝑗+1
𝑖

−
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𝑢
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4Δ𝑥
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We focus on studying the performance of INB, INB-NE, and NEPIN on two test
cases of Burgers’ equations [1]: (1) Single shock: Defined on [0, 1] × [0, 1] with the
initial and boundary conditions

𝑢(𝑥, 𝑡) =
{

0.5 if 𝑡 = 0,
1 if 𝑥 = 0.

(2) Double shock: Defined on [0, 2] × [0, 1] with the initial and boundary conditions

𝑢(𝑥, 𝑡) =


1.5 if 𝑡 = 0, 𝑥 ≤ 0.5
0.5 if 𝑡 = 0, 𝑥 > 0.5
2.5 if 𝑥 = 0.

Fig. 1 shows the numerical solution plots for each case.

Fig. 1: Numerical solutions for single (left) and double shock (right) problems on
the 64 × 128 grid.
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2 Residual-based elimination challenges and remedies in
hyperbolic PDEs

We outline the key steps in NEPIN and INB-ANE, which are listed in Table 1.
The notations used in the algorithm are defined as follows. Let 𝑆 = {1, 2, . . . , 𝑚𝑛}
be an index set (one integer for each unknown and each nonlinear function), where
𝑚𝑛 = 𝑚×𝑛. Suppose the index set can be partitioned into two subsets, i.e., 𝑆𝑏∪𝑆𝑔 =

𝑆. The subset 𝑆𝑏 corresponds to the components causing the failure of Newton’s
convergence. 𝑅𝑏 : 𝑅𝑚𝑛 → 𝑉𝑏 is a restriction operator for the bad components, where
𝑉𝑏 = {𝑣 |𝑣 = (𝑣1, ..., 𝑣𝑚𝑛)𝑇 ∈ 𝑅𝑚𝑛, 𝑣𝑘 = 0 if 𝑘 ∈ 𝑆𝑔}. Similarly, the restriction
operator for good components, 𝑅𝑔, is defined as a mapping from 𝑅𝑚𝑛 to 𝑉𝑐

𝑏
. 𝐹𝑏 :

𝑅𝑚𝑛 → 𝑉 as 𝐹𝑏 = 𝑅𝑏𝐹 is a nonlinear subspace function. 𝐺𝐿 and 𝐺𝑅 are referred
to as the left and right preconditioning operators, respectively.

We point out the similarities and differences between the two methods. NEPIN
and INB-ANE solve a subspace problem in step 1 and place 𝑍 into the Jacobian
matrix. However, step 2 uses a different residual vector on the right-hand side when
solving the inexact Newton direction using the Jacobian system. Additionally, NEPIN
updates the approximate solution in step 3, similar to the modified Euler method
for the first-order initial value problems, by starting from the original solution and
updating it using the new direction. In contrast, for INB-ANE, the approximate
solution update is treated as a prediction correction, where it updates from the new
solution 𝑍 and computes the new direction based on 𝑍 .

NEPIN (left preconditioner) INB-ANE (right preconditioner)
For a given partition 𝑈 = [𝑈𝑏 ,𝑈𝑔 ],

1. Compute 𝑍 = [𝑈𝑏 − 𝑇𝑏 ,𝑈𝑔 ] by solving the
subspace problem

𝐹𝑏 (𝑈𝑏 − 𝑇𝑏 ,𝑈𝑔 ) = 0 for 𝑇𝑏 .

Form global residual vector

𝑔 = 𝐺𝐿 (𝐹 (𝑈) ) =
[
𝐽𝑏 (𝑍 )𝑇𝑏
𝐹𝑔 (𝑈)

]
,

where 𝐽𝑏 (𝑍 ) = 𝐹′
𝑏 (𝑍 ) .

2. Find the inexact Newton direction 𝑑 by solving

𝐽 (𝑍 )𝑑 = −𝑔, where 𝐽 (𝑍 ) = 𝐹′ (𝑍 ) .

3. Update the new approximate solution

𝑈 =𝑈 + 𝜆𝑑.

For a given partition, 𝑈 = [𝑈𝑏 ,𝑈𝑔 ]

1. Compute 𝑍 = 𝐺𝑅 (𝑈) = [𝑇𝑏 ,𝑈𝑔 ] by solving
the subspace problem,

𝐹𝑏 (𝑇𝑏 ,𝑈𝑔 ) = 0 for 𝑇𝑏 .

2. Find the inexact Newton direction 𝑑 by solving

𝐽 (𝑍 )𝑑 = −𝐹 (𝑍 ) , where 𝐽 (𝑍 ) = 𝐹′ (𝑍 ) .

3. Update the new approximate solution

𝑈 = 𝑍 + 𝜆𝑑.

Table 1: Step-by-step comparison of NEPIN and INB-ANE.

Next, Table 2 compares nonlinear iteration counts for INB and INB-ANE with
various grid sizes and three initial vectors. The results show that nonlinear elimination
preconditioning can reduce the number of global Newton iterations; however, the
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grid size still affects iteration counts, which is not observed for other types of PDEs.
Here, the algebraic-based elimination strategy is used to determine the subset of 𝑆 for
the bad components 𝑆𝑏. That is for all 1 ≤ 𝑖 ≤ 𝑚𝑛 such that |𝐹𝑖 (𝑈) | > 𝜌∥𝐹 (𝑈)∥2,
where 0 < 𝜌 < 1 is a pre-chosen constant, e.g., 𝜌 = 1

𝑚𝑛
.

𝑛 × 𝑚 64×128 128×256 256×512 512×1024
A zero initial vector

INB 28 59 129 283
INB-ANE 24 49 105 231
A constant initial vector with boundary condition value

INB 14 31 46 211
INB-ANE 7 18 27 69

A constant initial vector with initial condition value
INB 7 13 30 49

INB-ANE 6 10 20 26

Table 2: Single shock case. A comparison of several Newton iterations with different
grid sizes. Three initial guess vectors are used for both cases.

Through extensive numerical experiments, plotting point-wise residuals, errors,
and components to be eliminated, as well as the residual norm history, we identi-
fied issues with the residual-based elimination strategy. A small residual does not
always indicate a small error, which can lead to an inaccurate identification of bad
components. For example, in the single shock problem with a zero vector as the
initial guess, Fig. 2 shows weak correlation between residuals and errors, suggesting
the subspace correction step does not effectively reduce the impact of bad com-
ponents on Newton’s convergence. In addition, Fig. 3 (a) illustrates that domain

Fig. 2: Single shock problem. A comparison of the point-wise residual and point-wise
error when a zero initial guess is used.

dependence for hyperbolic PDEs differs significantly from that of elliptic ones. In
elliptic problems, impact is highest near the center of a circular domain. In contrast,
for hyperbolic problems, all points within the triangle affect the value at the point
of interest. Therefore, a subdomain with a hole, as shown in Fig. 3 (b), leads to lost



Nonlinear Preconditioning for Space-Time Hyperbolic PDEs 5

information and unphysical discontinuities near the hole. These factors are believed
to cause the ineffectiveness of the original nonlinear elimination preconditioning for
hyperbolic problems.

Elliptic hyperbolic
x

y

x

t

(a)

Domain ?

wave

Wave

direction

(b)

Fig. 3: (a) Difference in the domain of dependence for elliptic and hyperbolic PDEs.
(b) Information loss in a subdomain with a central void.

We use a coarse-grid correction technique from multigrid methods to address
the issue where a small residual does not indicate a small error. By solving the
nonlinear problem on a coarse grid and using this solution as an initial guess for the
fine grid, we eliminate low-frequency errors. For example, in the discrete Burgers’
equation with forward and backward Euler methods in time and space, respectively,

𝐹 (𝑈) =
𝑢𝑛+1
𝑗

−𝑢𝑛
𝑗

Δ𝑡
+

1
2 (𝑢

𝑛
𝑗
)2− 1

2 (𝑢
𝑛
𝑗−1 )

2

Δ𝑥
, using a zero initial guess yields zero residuals

everywhere but significant error, as shown in the top of Fig. 4. With the coarse-
grid correction (bottom of Fig. 4), we see noticeable errors and nonzero residuals,
effectively identifying the components to be eliminated. Secondly, we use the mor-

Residual

00

1

Exact sol

Residual

00

1

error

Numerical sol

Exact sol

Numerical sol

error

Fig. 4: The relation between residual and error components for two cases, if a zero
guess or an interpolated coarse solution is used as an initial guess.

phological closing operation from image processing to remove small holes in the
subdomain (see Fig.5 (a)). This operation involves dilation followed by erosion us-
ing a disk structuring element. Fig. 5 (b) shows the original domain and the result
after applying this operation in the INB-ANE algorithm, clearly demonstrating the
removal of holes, gaps, and isolated islands.
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Fig. 5: (a) The morphological closing. (b) The original subdomain and the one
obtained after the morphological closing operation.

3 Numerical results

Table 3 summarizes the comparative numerical results of different algorithms with
different grid sizes, from (𝑛, 𝑚) = (64, 128) to (512, 1024) in single and double
shock problems. The algorithms include traditional INB-ANE, INB-ANE with hole
fill-in (INB-ANE+HF), NEPIN, and NEPIN with hole fill-in (NEPIN+HF), with the
hole fill-in method using a disk structuring element of radius 𝑛. The table shows
that global Newton iterations increase rapidly with grid refinement in traditional
INB-ANE, especially for double shocks, where iterations quadruple from 256×512
to 512×1024. To address this, we applied a morphological closing operation to
improve the identification of bad components, incorporating it into INB-ANE and
NEPIN. Hole fill-in notably reduces global Newton iterations in INB-ANE to 3.7%
at 512×1024. However, computational costs also depend on subspace iterations and
selection size. As the grid size increases, the bad component rate decreases by
about 60% from 64×128 to 512×1024. NEPIN+HF shows better performance than
INB-ANE+HF, especially in computing time.

Fig. 6 shows the evolution of bad components in the space-time domain for
the single shock case over the first four iterations of INB-ANE and NEPIN with
(𝑛, 𝑚) = (256, 512). The blue regions indicate bad components, and the white re-
gions represent good components. The red line marks the exact shock position.
Initially, both methods reduce to classical Newton, exhibiting identical residual val-
ues and subspace domain sizes. However, by the second global iteration, a significant
difference emerges: NEPIN selects fewer bad components along the shock line than
INB-ANE, leading to reduced average overhead in each subspace problem. To un-
derstand why INB-ANE requires more bad components, refer to the left side of Fig.
7, which shows the distribution of bad elements in the space-time domain after the
first global iteration. Along the 𝑡 = 0.5 line, bad components are located between
𝑥 = 0.3 and 𝑥 = 0.6. The middle and right sides of the figure display the intermedi-
ate solution (top) and pointwise residual (bottom) for both INB-ANE and NEPIN at
𝑡 = 0.5. The discontinuity in the INB-ANE solution at the interface between bad and
good components leads to peaks in the pointwise residuals, influencing the selection
of bad components in the next iteration. In contrast, NEPIN accurately captures the
shock location, enhancing the convergence of Newton’s methods.
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Single shock case
64×128 128×256 256×512 512×1024

INB-ANE
Global Newton steps (gmres) 4 (16) 5 (20) 14 (56) 22 (88)
Subspace Newton steps (ER) 7 (0.21) 10 (0.17) 32 (0.12) 66 (0.08)
Total compute time (s) 0.38 0.58 4.02 29.51

INB-ANE + HF
Global Newton steps (gmres) 4 (16) 4 (16) 4 (16) 5 (20)
Subspace Newton steps (ER) 6 (0.38) 7 (0.28) 24 (0.40) 59 (0.39)
Total compute time (s) 0.42 0.50 2.07 16.49

NEPIN
Global Newton steps (gmres) 5 (20) 5 (20) 7 (26) 9 (34)
Subspace Newton steps (ER) 7(0.21) 10(0.17) 19(0.14) 31(0.11)
Total compute time (s) 0.37 0.57 2.29 12.60

NEPIN + HF
Global Newton steps (gmres) 4 (16) 5 (20) 5 (20) 7 (26)
Subspace Newton steps (ER) 6 (0.38) 8(0.26) 21 (0.23) 43 (0.20)
Total compute time (s) 0.36 0.58 2.08 13.78

Double shock case
64×128 128×256 256×512 512×1024

INB-ANE
Global Newton steps (gmres) 7 (27) 11 (43) 42 (167) 163 (651)
Subspace Newton steps (ER) 17(0.17) 45 (0.11) 113 (0.09) 484 (0.07)
Total compute time (s) 0.45 1.07 12.14 221.35

INB-ANE + HF
Global Newton steps (gmres) 4 (16) 5 (20) 5 (20) 6 (24)
Subspace Newton steps (ER) 15 (0.35) 40 (0.38) 63 (0.37) 328 (0.32)
Total compute time (s) 0.47 1.01 4.46 81.74

NEPIN
Global Newton steps (gmres) 6(24) 8(29) F F
Subspace Newton steps (ER) 16(0.19) 41 (0.13) F F
Total compute time (s) 0.48 1.09 F F

NEPIN + HF
Global Newton steps (gmres) 5(20) 5 (20) 6 (23) 7 (27)
Subspace Newton steps (ER) 16 (0.34) 37 (0.31) 56 (0.29) 312 (0.28)
Total compute time (s) 0.48 0.94 4.17 78.57

Table 3: The single shock and double shocks case with different algorithms. We
set stopping conditions for global Newton iterations relative 𝑡𝑜𝑙 = 10−8, for local
Newton iterations relative 𝑡𝑜𝑙 = 10−3, GMRES iterations 𝑡𝑜𝑙 = 10−6. “F” indicates
the failure of convergence. “ER” is the average rate of eliminated bad component
per subspace iteration.

4 Conclusions

We compared the performance of two nonlinear preconditioned iterative algorithms,
INB-ANE and NEPIN, using Riemann problems for the inviscid Burgers’ equation.
A coarse-grid correction and morphological closing operation are applied to more
accurately identify regions of strong local nonlinearity. The results demonstrated that
NEPIN, combined with these two new techniques for hyperbolic PDEs with shocks,
outperformed INB-ANE in identifying the correct shock location and introducing
less interface pollution. Additionally, the number of Newton iterations required for
NEPIN to converge was almost independent of the time step and mesh size.
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bad rate = 0.036 bad rate = 0.017 bad rate = 0.012

Fig. 6: Distribution evolution of bad components: INB-ANE (first row) and NEPIN
(second row). First four global Newton iterations. Bad rate is the percentage of
components to be eliminated relative to the total number of components.
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Fig. 7: The one-step global solution, and the global residual for the single shock case
at 𝑡 = 0.5 with a grid of 256×512.
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Fig. 1 Error for a 4 × 4 subdomain decomposition and the Laplace problem, four mesh sizes
overlap, starting with random initial error. Top: Parallel Schwarz method of Lions ≡ RAS without
Krylov acceleration. Bottom: Additive Schwarz without Krylov acceleration.

weighted maximum norms using M-matrix techniques in [5], albeit without leading
to convergence rates. Very recently, a new technique was introduced in [16] to
obtain convergence rate estimates using relaxation for RAS in 1D via its variant
Additive Schwarz with Harmonic Extension (ASH). ASH has also been proved to
be equivalent to the discretized parallel Schwarz method of Lions [11, 12] if there
are no cross points in the decomposition, and then Lions’ convergence analyses also
apply to ASH.

Like AS, RAS is defined entirely at the algebraic level. If RAS is applied to a
discretized PDE, and its restriction matrices are aligned with the mesh used for the
discretization, then the equivalence results in [9] hold with the parallel Schwarz
method of Lions. If the restriction operators are however not aligned with the mesh,
e.g., they cut through high order element degrees of freedom, neither is it known what
method RAS represents for the discretized PDE considered, nor how RAS converges.
We study here precisely such a case, and show that RAS becomes a Schwarz method
that does not use Dirichlet transmission conditions between subdomains.

Our work is related to a recent study on multigrid methods for DG discretizations
of reaction diffusion equations [15], where cell block Jacobi smoothers and point
block Jacobi smoothers are studied. Algebraically both are two by two block Jacobi
methods in 1D, but the point one corresponds to taking the two (discontinuous)
degrees of freedom between the DG elements for the two by two blocks, while
the cell one corresponds to a Schwarz method with subdomains given by the DG
elements, see also [7, 8] for an interpretation of optimized Schwarz methods then.
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Fig. 2 P2 finite element local basis functions 𝜓𝛼 (left) and global basis functions Ψ𝑖 (right).

2 RAS for high order element discretizations

In order to understand what happens in RAS if one cuts a high order element, we
apply such a finite element discretization to the one dimensional Poisson problem,

−Δ𝑢 = 𝑓 , in Ω := (0, 1), 𝑢(0) = 𝑔0 and 𝑢(1) = 𝑔1. (1)

We divide the domain Ω into 𝑁 + 1 intervals representing the finite elements, with
points 𝑥𝑖 , 𝑖 = 0, · · · , 𝑁 +1, and define ℎ𝑖 := 𝑥𝑖 −𝑥𝑖−1, see Figure 2 on the right. A P𝑝
finite element method for solving (1) is based on a discrete variational formulation:
define 𝑢ℎ := 𝑔0Ψ0+𝑔1Ψ(𝑁+1) 𝑝+𝑤ℎ, and find 𝑤ℎ ∈ 𝑉0

ℎ
such that∀𝑣ℎ ∈ 𝑉0

ℎ
, (𝑤′

ℎ
, 𝑣′
ℎ
) +

𝑔0 (Ψ′
0, 𝑣

′
ℎ
) + 𝑔1 (Ψ′

(𝑁+1) 𝑝 , 𝑣
′
ℎ
) = ( 𝑓 , 𝑣ℎ). 𝑉ℎ is the finite element space, generated by

the basis functions (Ψ0, · · · ,Ψ(𝑁+1) 𝑝), and 𝑉0
ℎ
= 𝑉ℎ ∩ 𝐻1

0 (0, 1) is generated by all
Ψ 𝑗 except the first and the last. For 𝑝 = 1 the basis functions are the well-known hat
functions. The global basis functions Ψ 𝑗 are obtained by concatenation-translation-
dilation from the local basis functions 𝜓𝛼. To understand the main point, it suffices
to focus on the case 𝑝 = 2, see Figure 2 for notations. Ψ2𝑖 is supported in [𝑥𝑖−1, 𝑥𝑖+1],
while Ψ2𝑖−1 is supported in [𝑥𝑖−1, 𝑥𝑖]. The functions 𝜓𝛼 are defined using Lagrange
interpolation polynomials, which in the case 𝑝 = 2 are (see Figure 2 on the left)

𝜓1 (𝑥) = 2( 1
2
− 𝑥) (1 − 𝑥), 𝜓2 (𝑥) = 4𝑥(1 − 𝑥), 𝜓3 (𝑥) = 2𝑥(𝑥 − 1

2
).

We identify the function𝑢ℎ with the vector of degrees of freedom u = (𝑢1, · · · , 𝑢2𝑁+1),
where the even indices correspond to the mesh nodes and the odd indices to the mid-
points. Setting 𝑓 𝑗 := ( 𝑓 ,Ψ 𝑗 ), the discrete variational formulation becomes equivalent
to a matrix equation when using as test functions the basis functions, namely

𝐴u = f ⇔
2𝑁+1∑︁
𝑖=1

(Ψ′
𝑖 ,Ψ

′
𝑗 )𝑢𝑖 = 𝑓 𝑗 − (Ψ′

0,Ψ
′
𝑗 )𝑔0− (Ψ′

2(𝑁+1) ,Ψ
′
𝑗 )𝑔1, 𝑗 = 1, . . . , 2𝑁 +1.

(2)
Applying RAS with two subdomains to the linear system (2), one starts with an
initial guess u0 and then computes for 𝑛 = 0, 1, . . .

u𝑛+1 = u𝑛 +
2∑︁
𝑗=1

𝑅̃𝑇𝑗 𝐴
−1
𝑗 𝑅 𝑗 (f − 𝐴u𝑛), (3)
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where the rectangular restriction matrices 𝑅 𝑗 are parts of the identity 𝐼, and the 𝑅̃ 𝑗
are of the same size but with a partition of unity weighting the diagonal entries such
that 𝑅̃𝑇1 𝑅̃1 + 𝑅̃𝑇2 𝑅̃2 = 𝐼, and the subdomain matrices are defined by 𝐴 𝑗 := 𝑅 𝑗𝐴𝑅𝑇𝑗 .

Let us first take a particular look at the formulation P1, and to be concrete, let
𝑁 := 10, and 𝑅1 := 𝐼 (1 : 5, :) and 𝑅2 := 𝐼 (5 : 9, :). The line number 𝑖 = 5 where
RAS cuts the matrix is − 1

ℎ5
𝑢4 + ( 1

ℎ5
+ 1
ℎ6
)𝑢5 − 1

ℎ6
𝑢6 = 𝑓5. Denoting by v𝑛 ≈ u(1 : 5)

the RAS approximation on the first subdomain, and w𝑛 ≈ u(5 : 9) the approximation
on the second, RAS corresponds for the first subdomain to the iteration

− 1
ℎ5
𝑣𝑛4 + ( 1

ℎ5
+ 1
ℎ6

)𝑣𝑛5 = 𝑓5 +
1
ℎ6
𝑤𝑛−1

6 , i.e. 𝑣𝑛6 = 𝑤𝑛−1
6 , (4)

and similarly for the second. This shows that the first subdomain takes a Dirichlet
boundary condition at 𝑥6 from the second subdomain, imposed like the Dirichlet
boundary condition 𝑔1 on the right in the matrix formulation (2), and similarly for
subdomain two. The corresponding subdomains at the continuous level are Ω1 :=
(0, 𝑥6) and Ω2 := (𝑥4, 1), with overlap size ℎ5 + ℎ6, and RAS with one overlap at the
algebraic level is thus a discretization of the parallel Schwarz method with Dirichlet
transmission conditions imposed at 𝑥4 and 𝑥6 with two mesh sizes overlap. Since all
lines in the matrix 𝐴 are the same for P1 elements, RAS always corresponds to the
discretization of the parallel Schwarz method in this case, see [4, 9] for more details.

This becomes more interesting with the finite elements P2, where the equations
of even and odd index are different. The elementary matrix 𝐾 of products of local
basis functions, i.e. 𝐾𝛼,𝛽 = (𝜓′

𝛼, 𝜓
′
𝛽
), is given by

𝐾 =
©­«

7
3 − 8

3
1
3

− 8
3

16
3 − 8

3
1
3 − 8

3
7
3

ª®¬ . (5)

If we use the same matrix size as for the P1 example above, i.e. half the number of P2
elements (which means the mesh sizes ℎ 𝑗 here are twice the size of the ones above
in the P1 case), we obtain after assembly for the lines 3 to 7 in the linear system (2)

𝐾21
ℎ2
𝑢2 + 𝐾22

ℎ2
𝑢3 + 𝐾23

ℎ2
𝑢4 = 𝑓3,

𝐾31
ℎ2
𝑢2 + 𝐾32

ℎ2
𝑢3 + ( 𝐾33

ℎ2
+ 𝐾11

ℎ3
) 𝑢4 + 𝐾12

ℎ3
𝑢5 + 𝐾13

ℎ3
𝑢6 = 𝑓4,

𝐾21
ℎ3

𝑢4 + 𝐾22
ℎ3
𝑢5 + 𝐾23

ℎ3
𝑢6 = 𝑓5,

𝐾31
ℎ3

𝑢4 + 𝐾32
ℎ3
𝑢5 + ( 𝐾33

ℎ3
+ 𝐾11

ℎ4
) 𝑢6 + 𝐾12

ℎ4
𝑢7 + 𝐾13

ℎ4
𝑢8 = 𝑓6,

𝐾21
ℎ4

𝑢6 + 𝐾22
ℎ4
𝑢7 + 𝐾23

ℎ4
𝑢8 = 𝑓7.

If we split this system with RAS as in the P1 case at 𝑖 = 5, the values 𝑤6 and 𝑣4
become again Dirichlet transmission conditions, 𝑣𝑛6 = 𝑤𝑛−1

6 and 𝑤𝑛4 = 𝑣𝑛−1
4 , and RAS

is equivalent to the discretization of the parallel Schwarz method of Lions as for P1;
we say that the splitting is aligned with the finite elements. If we increase however
the algebraic subdomains by one line, 𝑅1 := 𝐼 (1 : 6, :) and 𝑅2 := 𝐼 (4 : 9, :), then a
completely new coupling arises from RAS; for example on the first subdomain, we
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get
𝐾31
ℎ3
𝑣4 +

𝐾32
ℎ3
𝑣5 + (𝐾33

ℎ3
+ 𝐾11
ℎ4

)𝑣6 +
𝐾12
ℎ4
𝑤7 +

𝐾13
ℎ4
𝑤8 = 𝑓6. (6)

At the n-th iteration of RAS, this corresponds on the right of the first subdomain to

𝐾31
ℎ3
𝑣𝑛4 + 𝐾32

ℎ3
𝑣𝑛5 + (𝐾33

ℎ3
+ 𝐾11
ℎ4

)𝑣𝑛6 = 𝑓6 −
𝐾12
ℎ4
𝑤𝑛−1

7 − 𝐾13
ℎ4
𝑤𝑛−1

8 . (7)

It does not make sense to interpret this as two Dirichlet conditions imposed on the
first subdomain, 𝑣𝑛7 = 𝑤𝑛−1

7 and 𝑣𝑛8 = 𝑤𝑛−1
8 as in the P1 case, since one can not impose

two Dirichlet boundary conditions on the Poisson subdomain problem. In order to
understand what transmission conditions this corresponds to, we use the fact that on
the other subdomain in RAS, the same equation (6) at iteration 𝑛 − 1 is satisfied in
the interior of the subdomain, but with all 𝑤 variables, i.e.

𝐾31
ℎ3
𝑤𝑛−1

4 + 𝐾32
ℎ3
𝑤𝑛−1

5 + (𝐾33
ℎ3

+ 𝐾11
ℎ4

)𝑤𝑛−1
6 + 𝐾12

ℎ4
𝑤𝑛−1

7 + 𝐾13
ℎ4
𝑤𝑛−1

8 = 𝑓6,

and we can thus isolate using this equation the variables which are transmitted to
subdomain Ω1, i.e.

𝑓6 −
𝐾12
ℎ4
𝑤𝑛−1

7 − 𝐾13
ℎ4
𝑤𝑛−1

8 =
𝐾31
ℎ3
𝑤𝑛−1

4 + 𝐾32
ℎ3
𝑤𝑛−1

5 + (𝐾33
ℎ3

+ 𝐾11
ℎ4

)𝑤𝑛−1
6 =: 𝐵𝑣 (w𝑛−1),

where we introduced the new transmission operator 𝐵𝑣. We can thus introduce this
result into the equation (7) for w𝑛, and using again the transmission operator 𝐵𝑣, we
get as transmission conditions chosen by RAS

𝐵𝑣 (v𝑛) = 𝐵𝑣 (w𝑛−1) and similarly 𝐵𝑤(w𝑛) = 𝐵𝑤(v𝑛−1), (8)

with the corresponding operator 𝐵𝑤(w𝑛) := ( 𝐾33
ℎ2

+ 𝐾11
ℎ3

)𝑤𝑛4 + 𝐾12
ℎ3
𝑤𝑛5 + 𝐾13

ℎ3
𝑤𝑛6 for

the other subdomain. We therefore found that cutting with the Schwarz method a
higher order finite element at the algebraic level implies coupling conditions like (8)
which look rather different from the Dirichlet coupling conditions 𝑣𝑛6 = 𝑤𝑛−1

6 and
𝑤𝑛4 = 𝑣𝑛−1

4 . It is therefore of interest to study how the transmission conditions 𝐵𝑣
and 𝐵𝑤 affect the convergence of such Schwarz methods, and if one can do better by
changing the transmission operators from the ones decided by the algebraic cutting
of the matrix with RAS.

To see to what kind of transmission condition (8) corresponds to, we must interpret
(7) as a boundary condition that is imposed. We therefore perform in the interval
[𝑥2, 𝑥3] a Taylor expansion of order 2 at the point 𝑥 = 𝑥3 (in our example) of the
function 𝑣 whose components on the basis functions are 𝑣4, 𝑣5, 𝑣6,

𝑣4 ∼ 𝑣(𝑥 − ℎ3) = 𝑢(𝑥) − ℎ3𝑣
′ (𝑥) + ℎ2

3
2 𝑣

′′ (𝑥) + 𝑜(ℎ2
3),

𝑣5 ∼ 𝑣(𝑥 − ℎ3
2 ) = 𝑣(𝑥) − ℎ3

2 𝑣
′ (𝑥) + ℎ2

3
8 𝑣

′′ (𝑥) + 𝑜(ℎ2
3).

Inserting this into 𝐵𝑣 (v), and replacing the coefficients 𝐾𝛼,𝛽 , we obtain
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𝐵𝑣 (v) ∼
7

3ℎ4
𝑣(𝑥3) + 𝑣′ (𝑥3) −

ℎ3
6
𝑣′′ (𝑥3), (9)

which is a Robin transmission condition up to order ℎ with Robin parameter 7
3ℎ4

.
Similarly,

𝐵𝑤(w) ∼ 7
3ℎ2

𝑤(𝑥2) − 𝑤′ (𝑥2) −
ℎ3
6
𝑤′′ (𝑥2). (10)

We have therefore proved the following result:

Proposition 1 Algebraic RAS with P2 finite elements for 𝑅1 = 𝐼 (1 : 2𝐽 + 1, :) and
𝑅2 = 𝐼 (2𝐽 + 1 : 2𝑁 + 1, :) gives the classical Schwarz method for Ω1 = (0, 𝑥𝐽+1) and
Ω2 = (𝑥𝐽 , 1). If however the restriction matrices are defined by 𝑅1 = 𝐼 (1 : 2𝐽 + 2, :)
and 𝑅2 = 𝐼 (2𝐽 : 2𝑁 + 1, :), then RAS is an approximation of a new Schwarz method
on the same (!) subdomains Ω1 = (0, 𝑥𝐽+1) and Ω2 = (𝑥𝐽 , 1) defined by

−Δ𝑢𝑛1 = 𝑓 in Ω1, −Δ𝑢𝑛2 = 𝑓 in Ω2,
B𝑣𝑢𝑛1 = B𝑣𝑢𝑛−1

2 at 𝑥 = 𝑥𝐽+1, B𝑤𝑢𝑛2 = B𝑤𝑢𝑛−1
1 at 𝑥 = 𝑥𝐽 ,

(11)

where the transmission operators chosen by RAS are (𝜕𝑛 is the outward normal
derivative)

B𝑣 (𝑢) = 𝜕𝑛𝑢 +
7

3ℎ𝐽+1
𝑢 − ℎ𝐽

6
𝜕𝑛𝑛𝑢 + . . . , B𝑤(𝑢) = 𝜕𝑛𝑢 +

7
3ℎ𝐽−1

𝑢 − ℎ𝐽

6
𝜕𝑛𝑛𝑢 + . . . ,

(12)
i.e. a method of optimized Schwarz type with Robin transmission conditions, slightly
perturbed with the higher order term.

For higher order P𝑝 finite elements, there are many more possibilities to cut
the matrix using RAS, as indicated graphically in Figure 3 on the left, where we
represent the assembled system matrix by the brown boxes labeled with the local
stiffness matrices 𝐾 . There is always a choice corresponding to a classical Schwarz
method, e.g. with one element overlap indicated in green in Figure 3 on the left:
the first subdomain Ω1 contains three higher order elements, i.e. three assembled
matrices 𝐾 . The last matrix 𝐾 has its last row and column cut off by the green
subdomain boundary, which means it takes Dirichlet values along this last column
from the neighboring subdomain Ω2, as in the P2 example above. Similarly for the
second subdomain Ω2 indicated by the other two green lines, it contains three higher
order element matrices 𝐾 , and the first one has its first row and column cut off. It
thus takes there Dirichlet data from the neighboring subdomain, and we would say
that the RAS splitting is aligned with the higher order finite elements.

If we cut however algebraic subdomains not aligned with the higher order el-
ements, like for example the red lines in Figure 3 on the left which represent an
algebraic subdomain choice Ω̃1 which is overlapping just one unknown more with
the subdomain Ω2, or the magenta subdomain ˜̃Ω1 that cuts right in the middle of the
higher order element stiffness matrix 𝐾 , RAS will generate different transmission
conditions from the classical Dirichlet ones, as in our P2 example in Proposition 1,
and there are too many to be analyzed in detail in this short note.
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Ω2𝛼 𝛽
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Fig. 3 Left: different possible subdomains depending on the restriction operators chosen in RAS.
Right: Numerical experiment for seven P5 elements, cutting in the middle with one element overlap
(𝑑 = 0) and then shifting both interfaces to the right (𝑑 = 1, 2, 3, 4).

Furthermore, in Proposition 1, we have shown that these transmission conditions
are of Robin type, but the parameters are chosen by the RAS splitting. In optimized
Schwarz methods, one chooses transmission conditions of the same form, but in
order to obtain fast convergence, and from the analysis in [6], the Robin parameter
chosen quite arbitrarily by RAS above is not very good for the performance of the
Schwarz method: replacing 7

6ℎ by ℎ− 1
3 would lead to much faster convergence in 2D.

The next term in the expansion, − ℎ3 𝑢𝑛𝑛 (𝑥), could be interpreted in the 2D Poisson
case as a Ventcell term, since then 𝜕𝑛𝑛 = −𝜕𝜏𝜏𝑢 − 𝑓 using the properties of the
Laplace operator, where 𝜕𝜏 denotes the tangential derivative. However again, the
value for the parameter chosen by RAS is not very good, it even has the wrong sign,
there are much better choices, see [6].

3 Numerical experiments

We show in Figure 3 on the right a numerical experiment performed for a P5 element
discretization of the 1D Poisson problem (1) using seven such finite elements. In
this case, we can obtain several RAS variants by starting with aligned restriction
matrices 𝑅 𝑗 with the P5 elements denoted by 𝑑 = 0, as indicated in green in Figure
3 on the left, and then shifting the indices in both restriction matrices 𝑅1 and 𝑅2 to
the right, i.e. increasing the size of 𝑅1 and decreasing the size of 𝑅2, denoted by
𝑑 = 1, 2, 3, 4. The error plotted as a function of iteration index 𝑛 in Figure 3 on the
right shows that indeed these methods converge differently: the fastest two are the
ones aligned with true geometric subdomains (green and blue). In all cases however
much faster methods could be obtained changing the corresponding entries in the
subdomain matrices 𝐴 𝑗 . While this has been analyzed in detail for P1 finite elements
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and led to Optimized RAS (ORAS) [17] and new, interesting preconditioning results
[10], it remains largely unexplored for higher order P𝑝 element discretizations.
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