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1 Linear HDG discretization

While standard finite element methods (FEMs) are widely used for the Helmholtz
equation, they face well-known challenges at high wave numbers, including pol-
lution errors and stringent mesh constraints to ensure stability. Certain discontinu-
ous Galerkin (DG) methods address these limitations by providing inherent well-
posedness without mesh constraints, while supporting arbitrary meshes and local
polynomial adaptivity. However, traditional DG approaches incur excessive com-
putational costs due to their large coupled systems of degrees of freedom (DOFs).
The hybridizable DG (HDG) method [1] retains these DG advantages while dra-
matically reducing DOFs through static condensation. For elliptic problems, HDG
achieves optimal convergence (e.g., @ (h?) for both solution and flux variables) by
hybridizing unknowns onto the mesh skeleton and permits element-wise postpro-
cessing to further enhance accuracy. For the Helmholtz equation with impedance
boundary conditions, the stability of HDG has been proven without mesh constraints
when using pure imaginary penalty parameters Tx, as shown in [2]. When penalty
parameters is a real number, and given that u € H 3(.Q), k3h? is sufficiently small,
and tx = O'(k), [3] given the explicit wavenumber-dependent optimal convergence:

Kllu—unll2(@) + 19— Gnll2(@) = OK R + 1),

This combination of efficiency, adaptivity, and pollution control makes HDG a com-
pelling alternative to standard FEM for high-frequency wave problems.

In this proceedings, we continue to show the construction of the adaptive nonover-
lapping preconditioners for the Helmholtz equation using HDG discretizations. We
begin with the mixed method formulation:

q+Vu=0 in
Vq—Ku=f inQ 1)
—q-n+iku=g on dQ
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The problem (1) has a unique solution (q,x) € H(div, Q) x H'(Q), where
H(div, Q) := {q € L}*(2)%,div q € L*(Q)}.

We proceed by describing the HDG discretization. Let .7, be a family of shape-
regular triangulations of © with mesh size O(h). Let &, &/, and &P denote the sets
of all edges/faces of elements in .7}, the inner edges/faces, and edges/faces on 92,
respectively. The HDG method provides a scalar approximation uy, to u, a vector
approximation ¢, to q, and a scalar approximation A; to the trace of u on element
faces, in the spaces Vj,, Wj,, and M}, respectively, where

v, = {p e 12() | plx € Pu(K), VK € %}

Wy = {w € L*(%) | wlk € P(K),VK € 9,1}7
My ={me L*(&) | m|r € P(F),VF € &}.

Here, P (K) = P.(K)? and P,(K) denotes the space of polynomials of degree at
most k on K. In this proceedings, we focus on the linear HDG method. We remark
that our preconditioner construction can be readily extended to HDG with P, ele-
ments. However, for the Helmholtz equation with higher-order HDG, since both qj,
and u;, cannot be locally eliminated to obtain a formulation solely in terms of i,
the preconditioner construction requires consideration of degrees of freedom asso-
ciated with both q; and u;,. Consequently, this necessitates a different algorithmic
approach.

We also need to define the numerical flux §,, which is a double-valued vector
function on mesh interfaces, as follows:

G, n=q, n+1x(up—A,) oné&. (2)

where T is the stabilizer, a nonnegative function on &, which can be either a single-
valued or double-valued function. Here, Tx denotes the 7-value on the boundary JK.

With the numerical flux §,, defined, the HDG discretization of problem (1) is:
Find (qy,, up, i) € Vi, X Wy, X My, such that for all (v,w, ) € V;, x Wy, X My

7(qh,V)yh + (uh,V~V)yh* < dp,v-n >& = 0,

_(qh7vw)=7h _kz(uhaw)%f'— < Qh -n,w >(?71 = (f7 W)%a

<y n ik > =< g >, 3)

— <G mpu>e =0,

The weak formulation (3), together with the stabilizer (2), can be written in ma-
trix form as:
Aqq qu A;TLq qdy 0
Auq Auu Aiu up| = (Fw |, 4
Apg Anu Aaa] Lo Gy
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where (Agqp,T) 7,=—(P;T) 7, (Auqt;w) 7,= (W,V 1) 7, <Ap T, W>9 5, =— <HU,T-
n>;z, (Auw,v) 7, :—kz(w,v)yh + U< WS> 57, <AL U > 9.5, =T <w, L >
07, <AAMN>5 5 =(Tk +ik) <WU,M> 57, and Fy, Gy represent the L? projec-
tions of f into W, and g into M, respectively.

Next, we seek to rewrite (3) into a variational formulation involving only i, by
eliminating q;, and u;,. This elimination is feasible if the following local solvers are
solvable, as discussed in [1].

The first local solver requires, given m € My, finding Qm € V;, and Um € W), such
that

—(Qm,V)k + (Um,V -v)xg =<m,v-n >g,
—(Qm,Vw)g — k> (Um,w)g+ < Qm-n,w >x=0,

where Qm is the numerical trace of the flux q-
The second local solver requires, given f € Lz(.Q), findingQf € Vyand Uf € W),

such that
_(QfaV)K+ (Uf,V'V)[( = Oa

—(Qf.Vw)k = (Uf,w)k+ < Qf -mw >= (f,w)i.
When 7k is a pure imaginary number or 7x = O(k) for HDG with P} or P, and Bh?
is sufficiently small, these local solvers are guaranteed to be solvable.

With the solvability of the local solvers established, we can reduce the HDG
formulation (3) to the following linear system: Find i, € M}, such that

b(ip, 1) = L([), Yy € My, (5)
where
b(A,u) =Y ax(A,p) :=(QA,Qu)xe g, — k*(UA,Ul)ke

Ke,
+ <t (UA =), (Ul — ) >Feg, +ik <A p >pcgn,

L(p) =Y Lx(u) :==(f,U)kes,
Ke),

We can also rewrite the matrix form of (4), incorporating the solvability of the local
solvers. For each element K, we have:

(K) 4]~ [0
(K) _ A(K) _ [4(K) 4(K)] |Agq” Aug Aq
B A) [Alq AM} L\Efq() A®) A;Ii)T ) (6)

LK) — G(K) _ [A(K) A(K)}

-1
NYCANE
H Aq “TAu :

AR Al

This leads to the following linear system:
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By, =Y B®a, =Y L® =L (7)
Ke 9}, Ke9),

Next, we introduce a domain decomposition in £2 based on a fine-scale partition
. Let {€;}YY_| be nonoverlapping open subdomains of size O(H), whose bound-
aries align with the fine-scale partition. Based on this domain decomposition, the

linear system (7) can be written as
ur| _|Lr
al=z) @

where the superscripts denote the subdomain numbering, and the subscripts denote
the vectors associated with the nodal points in I; and ;, respectively.

Finally, we note that the choice of 7x, whether real or imaginary, impacts the
construction of the preconditioner.

il N (i) (i)
Bii, = ZR(i)TB(i)R(i>ﬁh = Z RIT?FBEFREF REFBEIRI,-I
i=1 i=1 R£IB§32RI}F RIT,JBy])RI,-I

2 The Case When 7 is a Real Number

We first consider the scenario where 7 is a real number. In this case, the only com-
plex component in equation (6) is Agﬁ) when element K interacts with the impedance
boundary. Consequently, we can apply the construction from adaptive nonoverlap-
ping preconditioners designed for the Helmholtz equation. We begin by defining
a norm based on equation (4). Let (A,,w,v) 7, = k*(w,v) 7, + T(w,v) 9.7, Substi-
tuting A, in equation (4) with A, alters the sesquilinear form b(-,-) by changing
—k*(UA,Upt)ge 7, to k*(UA,Up) ke g, Therefore, let

Agg ALY (AL
H =Re(A32) — [Ang Avi] [AZZ Aﬂ L\%q} ’
Au

then it is easy to see that H is a real symmetric and positive definite matrix. In each
subdomain, we consider the generalized eigenvalue problem B%) '3 ;i) =1 ]@H 1(1')“,‘ ;i),
and denote the H,(Ii)—orthonormal eigenvectors corresponding to small magnitudes
of eigenvalues as Q@, while the remaining eigenvectors are denoted as Ql(i). De-
fine Vo = M(I") & Zf'\/:1Rg>Ta§i), where afi) is an index set and R(Si)r is the cor-
responding extension operator. Also, let V; := Range(Qgi)). The extension operator
RY : Vo — Vi, (Q) is defined as

Ir 0

RTI/l | N N s N y ) | uo,
b= |§ -t S0 |
i=1

i=1 i

i i DT S6) A\ —1 A0)T
where 5) = 0f" (0" B 0f") "0}/
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REr (B?’r - BP,B(’)BE?)RW RirBri QYRS
NT NT . .
"o Bk R0 B0 R

where C(F;- is the block diagonal version of Cl(“)r = H}l} -

Next, let B(()i) = ,and C(()i) =

0 Q§ 11 Qs

HI@HS)HI(F), with H Qz Ql . We consider the generalized eigenvalue prob-
lem in each subdomaln separately:

e, 0 1

SRB gRe R.> C(()l)éf(?lc} (.] = 17' o 7Ni)7 (9)

€j J

where N; is the number of DOFs on the interface I;, and the eigenvectors é,g?/_ are

orthonormal with respect to C () For a chosen threshold n € (0,1), we choose the
eigenvalues smaller than n and larger than 2, and denote its corresponding eigen-

vectors space as QRe = [§Rel,§Rez, . §Re ] and let D;ez diagonal(1 — ).Ige) 1=

A,gzz, R B )L(?K ). Then, we define the f0110w1ng operators: HR QREQRe C0 ,

and HDRe QRE ReQRe C0 Note that for the HDG method, the imaginary part of

(()), which is precisely SA )&, is already block diagonal, with each block associated

with an element. We can then define a sesquilinear form bp, (-,-) : Vo x Vo — C as
follows:

T T i) (i NP (i i ()T i i
s (1) KRBT + (1 - 1) )6y (11— 1) +iR{ SBYRY ) R suo

M=
=
i-j/\

bp, (ug,vo) =

I

S c?:
=

=

Il
=

(=t M+ RSB R, )R o,

NT ; AT .
where Rp‘ : VO(') — Vo, and Rﬁf?o Vn(Ii) — Vo(l) are zero extension operators, with
5-) and R( 9 o being their respective transposes.
Then, the resultmg preconditioner can be expressed as:

N . ~T
P =RE(Br) R+ LRI (B) 'O Ry (10)
i=1

where B; := Qgi)r Bﬁ? Ql(i).

3 The Case When 7 is an Imaginary Number

When 7 is an imaginary number, the matrices AEL /1), Aﬁ{li) and Agw) in (6) are purely
(K) .

imaginary, while A;,;,” is a complex matrix. As a result, the matrix BEI) is complex.

@) -

However, we can show that B” is invertible, which forms our local problem.
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To define a new norm, we also replace A, in (4) with Ay, and let
Agg AT AT
H = Re(Ays = [Ang An] [ Jﬂi} { Aq} ).
A% [ A ] |:Auq Auu A;:u

which is a real symmetric positive definite matrix.

For the coarse problem, we handle the real and imaginary parts separately. In
each subdomain, we consider the following generalized eigenvalue problems for
the real part: %Bﬁf}él(e’e)j = /’L,@j (’}é,g’,? , where Cl(-l} is the block diagonal matrix
obtained from Hpr — H#} (H, ,(1)) 'H ,(F) by eliminating the connections between each
element edge.

Similarly, We also consider the imaginary part generalized eigenvalue problems:

SB}[%-&,(,; = )L n-élm , where Brr is the block diagonal matrix obtained from

SB?P by ehmmatmg the connection between each element edge.

We proceed by choosing thresholds g, and 1y, for selecting eigenvectors. For
both real part and imaginary part generalized eigenvalue problems, we choose eigen-
vectors corresponding to eigenvalues less than 7ng, and greater than 2, and less than

N and greater than 2, respectively. We then construct the eigenfunction spaces
Oge and Qy,. We then define the local projection operators Ilg, : ( ) — QRe and

I, : VO( — le as follows:
i )T (i D\—1 )T A i )T (i Dv—1 AT pli
Mg, = Ql(Qhy Qi)™ ke Ci'rs T = Qlya (@ BY1-01) ' 1 By

Then, we define the local coarse sesquilinear form bgj () : Véi) X Vo(i) — C as fol-
lows:

)T

B ) i) =" () BV 0 + (1 — ) el (1 — 1))yl
zT i i i

i (" 3B 1 4 (1— 1B (1 - 11 ul)

=" (c#%—c}}néze+iB‘r>r—ié¥>rH82m)ué",

(i) (@)
where HDRe QRe ReQRe and HDlm = le ImQIm FF’ with Dy, and Dy,
being the identity matrix mmus the corresponding diagonal eigenvalue matrlces

respectively.

Then we define the global coarse sesquilinear form bp, = Z b uo, 0)
and denote its matrix form as Bp, .Together with the local problems we have the
following form of the preconditioner: Pl = Rg (sz)’lRo + ZR,TB[ R;, where

i=1

(1)
B =R:BRT =B,;.
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Finally, we show the scalability of B;ZI. By summing all local matrices, let C =

N e N or N 4
SR (Cl +SBIRE, = YR Lo, Dy~ YRRy, 0 -
=1 i=1 i=1
& 40 0 n r l
Y Ry B{1Op,Ry,» D2 =iY R} DR, Then, Bp, = C — UiD\U{ — UsDyU] .
i=1 i=1

The Woodbury matrix identity can be used for implementation, that is,

_ 1 e D7l oo url -1y -
By =C'+C I[U],Uz]({ 01 Dzl]—{lﬂc 1[U1,U2]) [U;T c .

Here, C is a block diagonal matrix and its inverse can be computed in parallel.
The size of the dense matrix inside the equation is the total number of selected
eigenvalues from both the real and imaginary part eigenvalue problems, and it can
be precomputed in advance.

4 Numerical Experiments

We will show the numerical results for the problem (3) in the domain [0, 1]> with f =
0, considering various wavenumbers k, mesh sizes i, subdomain sizes H, and differ-
ent eigenvalue thresholds. The exact solution is chosen as u(x,y) = ¢/(¢0s §xFsin §y),
and the linear HDG discretization follows the procedure outlined in Section 1. Ta-
bles 1 and 2 display the results for real T with different thresholds 1, where the
parameter 3 = 0.01 was chosen to guarantee the solvability of local problems for
real Tg, while Table 3 presents the corresponding results for imaginary 7. We used
the Generalized Minimal Residual (GMRES) method with the relative residual error
tolerance of 107° in the ¢> norm.

k=20 [H=IH=1[H=1lH=L k=30 |H=;H=3lH=lH=75
h=1/32 <}5) (17) (14) (22(; h=1/es (}‘20 <182> (43) (222)
=164 e L an | o | =128 oy |y | @ |
k=40 [H=1[H= L[H=S[H=4 k=50 [H = jglH=5|H =g |H = p

14 13 14 23 . 17 15 24
an| @ | @ | @ =126 iy | 5 | @ | @

W

h=1/128

19 11 14 13 11 11 13 15

h=1/256| o3 | a2 | & | @ MBS o3 | ay | ) | @

Table 1: GMRES iterations with preconditioner P; ' (tg =k, B = 0.01, 7 = 0.3). Parentheses
indicate the number of selected eigenfunctions per subdomain in (9).

We observe that our preconditioner performs significantly better for real 7 than
for imaginary 7, because for real T we only need to solve real eigenvalue problems,
and the imaginary part is already block diagonal due to the properties of HDG, so
the imaginary part of our preconditioner equals the imaginary part of the original
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k=20 |[H=I1[H=1[H=1[H=L k=30 H=3lH=glH=lH=5
=12 | aw | o | @ =18 o9 | av | o | &
=184 5 | @5 | an | © =12 oy | an | an | ©
k=40 [H=1[H=L[H=L]H=Z k=50 MH=yglH=nlH=glH=1x
n=1/128) oo |y | @ | o =125 o |y | @ | o
n=17256| o | on | ay | © h=1/512] gy | o | ad | @

Table 2: GMRES iterations with preconditioner P 1 (tx =k, B = 0.01, n = 0.6). Parentheses
indicate the number of selected eigenfunctions per subdomain in (9).

T T T T T 1 1 T
k=20 [H=T[a=TTa=1H=1L k=30 [H=1[H=TTH=[L[H=1

Py
15 15 15 21 14 13 15 26

h=1/32| 1513 76) | @4 | 22) h=1/6% 0313 68 | @ | e2)
=164 s )| ) | @) (e e AT RE e
k=40 [H={[H={[H=$[H=1 k=50 [H= g = 3|H = |~
n=1/128) 155 0% | @n | 0o h=1/25 4015 5 | @ | oo
h=1/256] 5330 2| 68 | 6 #2152 3 fazas | 69 | @

Table 3: GMRES iterations with preconditioner P, 1 (tx = %, NRre = 0.3, Nim = 0.1). Parentheses
indicate the number of selected eigenfunctions per subdomain for the real and imaginary parts,
respectively.

linear system. Similar to the FEM cases, our numerical experiments demonstrate
that as the wavenumber k increases, the mesh size & must decrease to maintain the
convergence rate, and we need to increase the threshold parameter 1. For fixed
values of k and A, reducing the subdomain size H leads to increased iteration counts
and larger coarse problem dimensions because of the approximation property of our
preconditioner. Thus, optimal selection of both H and 7 is crucial for our Helmholtz
preconditioning. The optimal choice of H depends on computational constraints,
and the threshold 1 is determined empirically, with our implementation selecting
eigenvalues that are either smaller than 1 or larger than 2.
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