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1 Introduction

Scientific research relies on our ability to solve partial differential equations (PDEs)

accurately and efficiently. However, despite decades of development, traditional

numerical methods, such as finite difference (FDM) and finite element methods

(FEM), still have fundamental accuracy and efficiency trade-offs. In recent years, the

field of scientific machine learning (SciML) has offered promising new approaches

for solving PDEs. One such approach are physics-informed neural networks (PINNs)

[5, 9], which are designed to solve to the boundary value problem

N[�(x)] = � (x), x ∈ Ω ⊂ R� , with B� [�(x)] = �� (x), x ∈ Γ� ⊂ �Ω, (1)

whereN[�(x)] is a differential operator, �(x) is the problem solution, and {B� [·]} is

a set of � boundary conditions defined such that the solution is uniquely determined.

PINNs solve this problem by using a neural network, �(x, �), to directly approximate

the solution, i.e. �(x, �) ≈ �(x), where � is a vector of all the network parameters

(i.e., its weights and biases). The PINN is trained using the loss function

L(�) =
��
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where {x�}
��

�=1
is a set of collocation points sampled in the interior of the domain,

{x
(� )
�

}
�

(�)
�

�=1
is a set of points sampled along each Γ� , and �� and �

(� )

�
are scalar

positive weights which ensure the terms in the loss function are well balanced.

Minimising the PDE loss, LPDE, ensures the PDE is satisfied through the domain,

whilst minimising the boundary loss, LBC (�), ensures that the solution obeys the

boundary conditions. In general, this loss function can be highly non-convex and

gradient descent-based optimisation is typically used to minimise it.

PINNs offer several advantages when compared to traditional numerical methods

for solving PDEs, such as being a mesh-free approach and being easily extendable to

solving inverse problems [9]. However, PINNs suffer from a number of limitations.

A major one is that they are often unable to accurately solve PDEs with complex,

multi-scale solutions [7, 10]. This is in part due to the spectral bias of neural networks

[8] (their tendency to learn higher frequencies much slower than lower frequencies),

as well as the typically super-linear growth of the underlying PINN optimisation

problem as the problem complexity grows [6, 7].

One promising approach for allowing PINNs to scale to multi-scale problems

is to combine them with domain decomposition; for example, finite basis physics-

informed neural networks (FBPINNs) [7, 2, 3] replace the global PINN network with

many localised networks which are summed together to approximate the solution.

More specifically, FBPINNs decompose the global solution domain Ω into � over-

lapping subdomains Ω = ∪�
�=1

Ω � , and place a separate neural network, � � (x, � � ), in

each subdomain. The global PDE solution is then given by

�(x, �) =

�︁

�=1

� � (x) � � (x, � � ) . (3)

The window functions, � � (x), are used to locally confine each subdomain network

to its subdomain, i.e. supp
(
� �

)
⊂ Ω � , and they typically obey a partition of unity,

such that
∑�
�=1 � � ≡ 1 on Ω. The same loss function as PINNs can be used to train

FBPINNs by substituting (3) into (2) and noting that (3) simply defines a custom

neural network architecture for the PINN. By breaking the global PINN optimisation

problem into many smaller (coupled) local optimisation problems, [7] shows that

FBPINNs can significantly improve the accuracy of PINNs when solving problems

with highly multi-scale solutions. Furthermore [7] find that FBPINNs can be trained

with smaller neural networks in their subdomains than PINNs, which significantly

increases their training efficiency.

However, a significant challenge of FBPINNs is that they remain computationally

expensive compared to traditional numerical methods such as FEM. Fundamentally,

this is because the (FB)PINN loss function (2) is usually highly non-convex and one

must rely on expensive gradient descent-based methods to optimise them. FEMs, on

the other hand, typically reduce the problem of solving PDEs to one of solving a

linear system, for which efficient and reliable solvers exist.

In this work, we significantly accelerate the training of FBPINNs by linearis-

ing their underlying optimisation problem. We achieve this by employing extreme
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learning machines (ELMs) [4] as their subdomain networks and showing that this

turns the FBPINN optimisation problem (2) into one of solving a linear system or

least-squares problem. We test our workflow in a preliminary fashion by using it to

solve an illustrative 1D problem. We find that ELM-FBPINNs achieve training times

orders of magnitude faster than standard FBPINNs, approaching the efficiency of

traditional numerical methods, whilst maintaining a comparable solution accuracy.

Furthermore, we provide numerical evidence that adding subdomains improves the

accuracy of the ELM-FBPINN while decreasing the condition number of its (pos-

sibly non-square) linear system. In the remaining sections, we describe ELMs and

ELM-FBPINNs in detail, the problem studied, and our numerical results.

2 Extreme learning machines (ELM)

An ELM is simply a neural network where only the weights and biases of its last

layer are trained; the remaining parameters are untrained (i.e. left as initialised) [4].

In the shallow networks we consider in this work, these untrained parameters are the

weights, w�, and biases, ��, � = 1, . . . , �, of the hidden layer.

To simplify the introduction of ELMs, we focus in this section on approximating

a function �(x), x ∈ Ω ⊂ R� by ELMs, before returning to PDEs when we introduce

the ELM-FBPINN method. In this case, the ELM approximant, �ELM, is given by

�ELM (x, a) =

�︁

�=1

���(w� · x + ��) , (4)

where a = [�1, . . . , �� ]
� contains the trainable weights of its last layer. Given a set

{x�}
�
�=1

of collocation points, the ELM approximant is trained using the loss function

L(a) =
1

2

�︁

�=1

(
�ELM (x� , a) − �(x�)

)2
. (5)

Recalling (4), we see that minimising L(a) is equivalent to the least-squares problem

min
a∈R�

1

2
∥Ma − b∥2

2, M =



�(w1 · x1 + �1) · · · �(w� · x1 + �� )
...

. . .
...

�(w1 · x� + �1) · · · �(w� · x� + �� )



, (6)

where b = {�(x�)}
�
�=1

. The ELM method is summarised in Algorithm 1 [4].

Algorithm 1 ELM

1: Randomly assign input weights w� and biases �� , � = 1, . . . , �.

2: Calculate the hidden layer output matrix M.

3: Calculate the output weight vector a by solving the least-squares problem (6).
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3 The ELM-FBPINN method

In this work, we replace the subdomain networks in the FBPINN method with ELMs

to solve (1). More specifically, we place an ELM in each subdomain and use (4) to

define the subdomain network functions denoted by � � (x, � � ) in (3), such that the

global ELM-FBPINN solution is given by

�(x, �) =

�︁

�=1

� � (x)

�︁

�=1

� � ,��(w � ,� · x + � � ,�) . (7)

For simplicity we use the same basis (activation) functions, �, for each ELM.

Similar to (FB)PINNs, we use the following loss function to train the ELM-

FBPINN

L(a) = ��

��︁

�=1

(
N[�(x� , �)] − � (x�)

)2
+ ��

�︁

�=1

�
(�)
�︁

�=1

(
B� [�(x

(� )
�
, �)] − �� (x

(� )
�

)
)2
,

(8)

where {x�} and {x
(� )
�

} are as defined for the PINN loss function (2) and the values

of the weights �� and �� will be given below.

Now, assuming that N and B are linear operators, we can substitute (7) into (8)

and rearrange to obtain the least-squares problem

min
a∈R��

�� ∥Ma − c∥2
2 + ��∥Ba − g∥2

2, (9)

with matrices and vectors that we describe below. Before doing so, however, it is

convenient to introduce the index ℓ = ( � − 1)� + � to map from index pairs ( � , �) in

(8) to a single index and � =
∑�−1
�=1 �

( � )

�
+ � to map from pairs (�, �) in (8) to a single

index. Additionally, we let �� =
∑�
�=1 �

(� )

�
and Ψ � ,� (x) = �(w � ,� · x+ � � ,�). Then,

the vector c = { � (x�)}
�
�=1

contains evaluations of the PDE right-hand side � at

internal collocation points, while g = {��}
��

�=1
, �� = �� (x

(� )
�

), contains evaluations

of the right-hand sides of the boundary conditions at boundary collocation points.

The vector a = {�ℓ }
��
ℓ=1

, �ℓ = � � ,�, contains the weights of the last layers of all

the subdomain ELMs. The matrices M and B are given by M = {��,ℓ }, ��,ℓ =

N[(� �Ψ � ,�) (x�)], and B = {��,ℓ }, ��,ℓ = B� [(� �Ψ � ,�) (x
(� )
�

)], ℓ = 1, . . . , ��,

� = 1, . . . , �� , � = 1, . . . , ��. The scaling terms �� and �� are defined as

�� =
1

max�,ℓ |��ℓ |
, �� =

1

max�,ℓ |��ℓ |
.

These scaling factors are chosen for stability, and to ensure the maximum absolute

element in the matrices � and � is scaled to 1.
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After solving this least squares problem, if we want to reconstruct the solution

at some given set of test points {x
�
test}

��

�=1
we compute utest =: Msola, where Msol =

{��,ℓ }, ��,ℓ = (� �Ψ � ,�) (x
�
test), ℓ = 1, . . . , ��, � = 1, . . . , �� .

The only change from the ELM algorithm in Algorithm 1 is that the least-squares

problem on line 3 is replaced by the ELM-FBPINN system described above. Note

that an effect of the window functions is that the matrices M and B will now be sparse,

and this sparsity can be exploited. This formulation, referred to as an ELM-FBPINN,

leverages the advantages of FBPINNs, namely their approximation capabilities and

mitigation of spectral bias through domain localisation, while dramatically reducing

their convergence time when compared to gradient-based optimisation. The general

form of the algorithm is similar to that of the Random Feature Method [1] without a

coarse correction, although details such as the partition of unity, window functions,

and sampling strategies vary. Our aim is to show that ELM-FBPINNs maintain a

comparable solution accuracy whilst achieving training times orders of magnitude

faster than FBPINNs, and that both ELM and localisation by domain decomposition

lead to better spectral properties of the matrix involved in the least-squares problem.

4 Numerical results

We compare ELM-FBPINN, FBPINN and PINN using the one-dimensional damped

harmonic oscillator:

{
� d2�

d�2
+ � d�

d�
+ ��(�) = 0, � ∈ (0, 1],

�(0) = 1, d�
d�
(0) = 0,

(10)

where � is the mass of the oscillator, � is the friction coefficient, and � is the spring

constant. We consider the under-damped state, which occurs when � < �0 , where

� =
�

2�
and �0 =

︃
�
�

, and set � = 1, �0 = 80, and � = 2. In this regime, the exact

solution is �exact (�) = e−�� (2� cos(� + ��)) with � =

︃
�2

0
− �2, � =

1
2 cos(�)

and

� = arctan
(
−�
�

)
.

All models are trained with 150 collocation points and tested with 300 points

evenly spaced on the domain [0, 1]. The ELM-FBPINN and FBPINN divide this

domain into 20 equally spaced subdomains, each with a width of 0.19, ensuring

a moderate level of overlap between window functions. For the FBPINN, each

subdomain is evaluated by a single hidden layer neural network, each with 32 neurons.

and similarly, the ELM-FBPINN uses 32 basis functions. The PINN uses two hidden

layers, each with 64 neurons. This slightly larger network is used to provide the

PINN with a better chance of capturing the solution. All models were trained using

sin activation functions, with the FBPINN and PINN parameters optimised with the

Adam optimiser, with a learning rate of 0.001, for 20,000 training steps. We evaluate

each model using the �1 test loss
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Loss =
1

��

��︁

�=1

|�exact (�
�
test) − ��� (�

�
test) |

where {��test}
��

�=1
is the set of test points, �exact is the exact solution and ��� is the

neural network (PINN, FBPINN or ELM-FBPINN) approximation of �exact.

Figure 4 shows the accuracy comparison between the PINN, FBPINN, and ELM-

FBPINN. Both the FBPINN and ELM-FBPINN approximate the solution well. The

FBPINN converged to a marginally more precise solution than the ELM-FBPINN,

however, it is clear that both models have accurately approximated the exact solution.

The PINN results demonstrate the difficulties previously observed [7, 8] with high-

frequency problems; spectral bias slows its convergence.

Figure 2 shows the time taken for each method to converge to their respective final

loss values. The convergence rate of the PINN model is very slow and it is unclear if

the model would eventually arrive at an accurate solution. The ELM-FBPINN linear

solver time is also shown in Figure 2. The linear solver converges to a solution with

a precision comparable to that of the FBPINN, but in a significantly shorter time.

Model Final �1 Loss

PINN 0.226

FBPINN 0.00311

ELM-FBPINN 0.00587

Fig. 1 Left: Accuracy comparison for 1D damped harmonic oscillator. Right: Final �1 loss values

for each method.

Figure 3 shows the relative stability of the size of the (two-norm) condition

number of the matrix �� ((M)� (M)) + �� ((B)
� (B)), that arises in the least-squares

problem (9), as the number of subdomains changes. The number of subdomains, �,

was increased from 5 to 25, with all other parameters kept fixed. While there is some

fluctuation in the size of the condition number, the largest network produces a matrix

with a similar condition number to the smallest network. This demonstrates that

the least-squares problems do not become significantly more challenging to solve

as the size of the network increases. Additionally, while the condition number is

generally larger than a PINN model of the same size, they are of a similar magnitude,

and, crucially, only the ELM-FBPINN results in an accurate approximation of the

solution.
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Fig. 2 Time (s) vs loss (log) for each method.

Fig. 3 The condition number (log) vs network size for PINN and FBPINN.

5 Discussion and conclusions

For the one-dimensional problem studied, we have shown that the ELM-FBPINN

method proposed strongly outperforms a PINN in terms of accuracy and speed.



8 Samuel Anderson, Victorita Dolean, Ben Moseley, and Jennifer Pestana

Further, ELM-FBPINN has comparable accuracy to the FBPINN method, while sig-

nificantly reducing the time taken to optimise parameters. At least for the problems

tested, the condition number of the matrix appearing in the ELM-FBPINN least-

squares problem (9) appears to be bounded as the number of subdomains increases,

indicating that larger problems do not become significantly more challenging to

solve. Future work includes investigating the initialisation of untrained weights and

biases in the ELM, and the extension to more challenging problems in higher di-

mensions.

References

1. Chen, J., Chi, X., E, W., Yang, Z.: Bridging traditional and machine learning-based algorithms

for solving pdes: the random feature method. Journal of Machine Learning 1, 268–98 (2022)

2. Dolean, V., Heinlein, A., Mishra, S., Moseley, B.: Finite basis physics-informed neural networks

as a Schwarz domain decomposition method. In: Z. Dostál, T. Kozubek, A. Klawonn, U. Langer,
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