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1 Introduction

Schwarz Waveform Relaxation (SWR) [6, 5], Mapped Tent Pitching (MTP) [8], and

Unmapped Tent Pitching (UTP) [2] are highly efficient algorithms for the space-time

parallel solution of hyperbolic problems. Such problems are difficult to solve with

other popular Parallel-in-Time (PinT) methods of multilevel type like Parareal and

MGRIT, see [7] for a general introduction to PinT methods.

We prove here a new, general equivalence result between MTP and SWR leading

to UTP, and present and study UTP for the first time in 3D, applied to a second order

wave equation. We prove convergence, and characterize in detail the resulting 4D

tent structure. While we present our results for a specific equation, geometry and

decomposition, our results also hold in much more general situations.

We consider the wave equation in an open bounded domain Ω ⊂ R3, having

regular boundary �Ω,





����(x, �) = �2Δ�(x, �) for (x, �) ∈ Ω × (0, �), � > 0,

(�, ���) (x, 0) = (�0, �1) (x) for x ∈ Ω,

�(x, �) = 0 for � ∈ (0, �) and x ∈ �Ω,

(1)

where �0 and �1 are known functions, and � > 0 is the constant wave speed. In what

follows, we adhere to the following notation: bold letters denote vectors; vectors in
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Fig. 1 Left: Huygens principle in 3D: the solution at � = (x, Δ� ) is obtained by the data at � = 0

on the closed ball B�Δ� (x) of radius �Δ� and centered in x. Right: The dots on the x-axis are the

vertices of the 1D grid. The blue line is a computed front F. The magenta line is the tent pitched

at � (� is moved along � into �′). The point � is the middle point of the interval/subdomain

Ω3 = (�2, �4 ) . The red dashed line is the volume of computed exact solution by a solve on Ω3.

R
3 have components denoted by �, �, and �: x = (�, �, �); calligraphic letters are used

for sets: if A is a set, then �A denotes its boundary; finally, B� (x) ⊂ R
3 denotes the

ball of radius � and center x.

2 MTP and SWR

MTP builds a space-time mesh iteratively by pitching one group of tents after

another1 while solving (1) within the new pitched tents [8]. Since tents generally

have complicated geometries, one maps them into space-time cylinders where space

and time directions can be separated to apply classical time-stepping schemes. The

MTP process begins by assuming that Ω is discretized by a mesh Ω� , and the

iterations are characterized by a so-called advancing front: a piecewise-linear and

continuous surface, with the same vertices of Ω� , that bounds in time the volume

of the exact or numerically approximated solution. New tents are pitched at each

iteration, and (1) is solved within them. The computed solution is hence added to

the advancing front, spanning a larger space-time volume. More precisely, the MTP

process is obtained by the following steps (see also Fig. 1, right):

1. Consider an already computed front F . At the first iteration F = 0 (a flat surface

at � = 0).

2. Select a vertex of the mesh Ω� and the corresponding vertex � on the front F

such that a new tent can be pitched on it.

3. A new point �′ is computed by moving � in direction � as long as the exact solution

can be computed in �′ using the front data on the elements of Ω� adjacent to �.

4. The new tent T is defined as the polytope obtained by taking the convex hull of

�, �′, and the vertices of F directly connected to �.

5. Solve (1) within T by a mapping procedure [8].

6. Update the front by adding T to F .

7. If all vertexes of F are located at � = � stop, otherwise go to 2.

1 In classical tent pitching [10], a tent is a space-time finite element, but in MTP it is a generic

space-time domain to be discretized, or in which one could solve exactly.
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Notice that step 3 is usually performed using CFL-type conditions based on a

finite-difference approximation of the wave-speed coefficient [8]. However, these

conditions can be reformulated for constant wave speed as in step 3 above.

SWR is based on an overlapping space decomposition Ω =
⋃

� Ω � . The SWR

process is then obtained by iteratively solving subproblems of the form




����
�
�
(x, �) = �2Δ��

�
(x, �) for (x, �) ∈ � � := Ω � × (0, �),

(��
�
, ���

�
�
) (x, 0) = (�0, �1) (x) for x ∈ Ω � ,

��
�
(x, �) = 0 for � ∈ (0, �) and x ∈ �Ω ∩ �Ω � ,

��
�
(x, �) = � � ,ℓ (x)�

�−1
ℓ

(x, �) for � ∈ (0, �), x ∈ �Ω � ∩ �Ωℓ , and ℓ ∈ N� ,

(2)

for � ∈ K�. Here, � is the iteration count, N� is the set of indices of the subdomains

Ωℓ intersecting Ω � , and � � ,ℓ are partition of unity functions, � � ,ℓ (x) ≥ 0, with∑
ℓ � � ,ℓ (x) = 1. Moreover, K� is the set of indices of the subproblems solved at the

�-th iteration. For the parallel SWR the set K� contains all subdomain indices.

To draw a general relation between MTP and SWR, we assume that A) the union of

the elements adjacent to each vertex of Ω� is a convex set, and B) each subdomain

Ω � is associated with a vertex � � of Ω� and is obtained as the union of all the

elements of Ω� adjacent to � � . Thus, Ω � is a convex set, and each vertex � � is

contained in the interior of only one subdomain of the decomposition.

To prove the relations between MTP and SWR, we need a general result. The

solution to the wave equation can be obtained by Huygens’ principle [3] (Kirchhoff’s

formula in 3D [4]): the solution at a point � = (x, � = Δ�) depends only on the initial

data on the closed ball B�Δ� (x) of radius �Δ� and center x that is intersected by a

cone drawn backward from � (Fig. 1, left). Lemma 1 follows from this principle.

Lemma 1 Consider the three-dimensional wave equation ����(x, �) = �2Δ�(x, �) in

Ω = R3. Assume that the initial data �(x, 0) = �0 (x) and ���(x, 0) = �1 (x) are equal

to 0 for all x in a convex polytope P ⊂ R3, and 1 outside P. Then, �(x, �) = 0 for

all (x, �) in a 4-dimensional polytope Q containing P. The vertices of Q are located

at � = 0 (the ones of P), at � = �/(2�), where � is the radius of the largest ball

contained in P, and possibly at other points � ∈ (0, �/(2�)).

Proof. Consider a space-time point (y, �). By Hyugens’ principle (Kirchoff formula),

�(y, �) = 0 if and only if �(x, 0) = 0 and ���(x, 0) = 0 for all x on B�� (y). Thus, Q

can be constructed by rolling balls of different radii within P and applying Hyugens’

principle. In particular, by rolling B�� (y) within P, we can obtain all y ∈ Ω at time

� such that �(y, �) = 0. Moreover, rolling B�� (y) near �P, meaning that B�� (x)

touches �P without penetrating it, the trajectory drawn by the center y provides the

boundary of a polytope similar to P, and these points are all boundary points of Q.

The result follows by repeating the argument for all � ∈ (0, �/(2�)]. ⊓⊔

We can now prove precise relations between MTP and SWR.

Lemma 2 Given a continuous and piecewise linear front F as the upper bound

in time of a computed exact solution with vertices corresponding to the vertices of
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x

P = Q|�=0 P = Q|�=0

Q|�=Δ�/2
Q|�=Δ�/2

Q|�=Δ�
Q|�=Δ�

Fig. 2 Examples of applications of Lemma 1. Left: P is a cube of size 2�. Rolling a sphere of

radius �/2 one gets a smaller cube concentric with the initial one. When the sphere of radius �

is considered, one gets only the barycenter of the initial cube. Thus, Q is a cube that shrinks to a

point as � increases. Right: P is a rectangular parallelepiped. Rolling balls of increasing radii one

gets rectangular parallelepipeds similar to the initial one and shrinking to a segment. Rolling balls

of increasing radii one gets rectangular parallelepipeds similar to the initial one. The polytope Q

shrinks to a segment as � increases.

Ω� . Consider a point � � on F on which a new tent can be pitched. Then the tent T

pitched in � � is contained in the new portion of volumeV of exact solution computed

by a subdomain solve performed on the subdomain � � = Ω � × (0, �). In particular,

the vertex �′
� of T lies on the boundary of V, and assuming that the area influence2

of Ω � is convex, then V is also a polytope. If the mesh is regular and � � coincides

with the barycenter of Ω � , then T = V.

Proof. MTP pitches a new tent T (a convex polytope) by moving � � along � till �′
� .

Since we consider the wave equation with constant �, the new volume V of exact

solution obtained by SWR on � � is a convex polytope by Lemma 1. Since V is not

restricted to having a vertex corresponding to � � , the subdomain solve can compute

a volume V greater than T (and thus T ⊆ V). Hence, the result follows. ⊓⊔

Remark 1 The above assumptions and Lemma 1 say that for each vertex in Ω� ,

where a tent is pitched, there is a subdomain problem capable of producing that tent.

Remark 2 Notice that the previous result states that a subdomain solve can compute

a volume of the exact solution larger than the one of MTP. As an example consider

Ω � to be a 1D interval. Now, if � � is the mid-point of Ω � , then T = V. However, if

� � is different from the middle point, then V is larger than T . See Fig. 1, right.

After this observation, one could think that SWR can advance faster than MTP, but

this is not true. SWR exchanges information on the boundaries of the subdomains.

Thus, if a larger volume of the exact solution is computed, a portion is not necessarily

transmitted to the neighboring subdomains.

Theorem 1 Assume that at the �-th iteration the MTP process pitches tents at the

nodes whose indices are contained in K�. In other words, assume that the order

used by MTP to select nodes where new tents are pitched is the same used by SWR to

2 The area of influence of a subdomain Ω � is the set of all points in R� , where one needs to roll the

Huygens sphere in order to build the volume corresponding to ��
�
(x, � ) = �(x, � ) .
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Fig. 3 Left: subdomains ⟨000⟩ (red) and ⟨111⟩ (black). Middle: subdomains ⟨100⟩ (green), ⟨010⟩

(blue), and ⟨001⟩ (yellow). Right: subdomains ⟨110⟩ (magenta), ⟨011⟩ (orange), and ⟨101⟩ (cyan).

define the sequence of subdomain solves. Then MTP and SWR generate advancing

fronts that are equal on the vertices of Ω� .

Proof. The proof works by induction starting from the zero initial front and using

Lemma 2 (and Remark 2) at each induction step. ⊓⊔

3 UTP: MTP by SWR in a 3D cube

We consider the space domain Ω = (0, 1)3, and decompose it into overlapping

subdomainsΩ � ,Ω = ∪ �Ω � . To build them, we begin by a reference (non-overlapping)

decomposition. First, we decompose the unit interval (0, 1) into � subintervals of

length �: (��−1, ��), for � = 1, . . . , � , with � � = ��. Then, the �3 reference

subdomains are defined as (��−1, ��)×(�ℓ−1, �ℓ)×(��−1, ��), for �, ℓ, � = 1, . . . , � .

We denote by ⟨000⟩ the set of all indices corresponding to these �3 subdomains, cf.

Fig. 3, left. Starting from this reference set, we build

• three sets of �2 (� − 1) subdomains, whose indices form the sets ⟨100⟩, ⟨010⟩,

and ⟨001⟩, and which are obtained shifting the reference subdomains by �/2 in

the direction �, �, and �, respectively (removing the last slice), see Fig. 3, middle;

• three sets of � (� − 1)2 subdomains, whose indices form the sets ⟨110⟩, ⟨011⟩,

and ⟨101⟩, and which are obtained shifting the reference subdomains by �/2 in

the direction ��, ��, and ��, respectively (and removing the last slices), see Fig. 3,

right;

• a set of (� − 1)3 subdomains, whose indices form the set ⟨111⟩, and which is

obtained shifting the reference subdomains by �/2 in the direction ��� (and

removing the last slices), see Fig. 3, left.

The whole decomposition is the union of all these subdomain sets. All subdomains

are cubes with edges of length �. Notice that the binary notation is used to easily

identify a set: 0 means “as in the reference set”, while 1 means “shifted”, and the

position indicates the direction. Notice also that we associate a different color to each

subdomain set: ⟨000⟩ is red, ⟨111⟩ is black, ⟨100⟩ is green, ⟨010⟩ is blue, ⟨001⟩ is

yellow, ⟨110⟩ is magenta, ⟨011⟩ is orange, and ⟨101⟩ is cyan; see Fig. 3.
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Algorithm 1 Staggered Unmapped Tent Pitching by SWR

Require: An initial guess function �0 defined on Ω� × [0, � ].

1: Set � = 1 and �0
�
= 0 for � = 1, . . . , � (all vertices of the mesh Ω� ).

2: while ∃ � ∈ {1, . . . , � } : ��−1
�

≠ � do

3: Set K� =




⟨000⟩ if mod (�, 4) = 0,

⟨001⟩ ∪ ⟨010⟩ ∪ ⟨100⟩ if mod (�, 4) = 1,

⟨011⟩ ∪ ⟨110⟩ ∪ ⟨101⟩ if mod (�, 4) = 2,

⟨111⟩ if mod (�, 4) = 3.

4: Compute the heights ��
�
=

�
2�

+ ��−1
�

for all � ∈ K�, and set ��
�
= ��−1

�
for � ∉ K�.

5: For each � ∈ K� pitch a subdomain T� := Ω � × (��−1
�

, ��
�
) .

6: Solve the SWR subproblems (2) in T� , for all � ∈ K�, to get ��+1
�

in T� .

7: Update �0 |T� = ��+1
�

and � = � + 1.

8: end while

The above decomposition induces naturally a mesh Ω� discretizing Ω: This

mesh is characterized by � = (2� −1)3 vertices corresponding to all vertices of the

subdomains and forming a uniform three-dimensional grid of size �/2. Essentially,

the subdomains correspond to cubic elements. Each of these elements has exactly

one grid point in the interior (in its barycenter) where tents are pitched. Hence, this

is a natural setting to study in detail the relation between MTP and SWR. A first

observation is that the hypotheses of Section 2 are satisfied. Thus, assuming that the

solution order condition of Theorem 1 holds, then MTP working on Ω� is clearly

equivalent to SWR. Now, our goal is to introduce an unmapped tent pitching method

(UTP), and then accurately characterize the tents that the equivalent MTP would

produce. To do so, we follow the approach of [2], where the space subdomains in

1D have been split into red (odd) and black (even) groups. This gives the solution

order: starting from the red subdomains, the iterations consider alternatingly red and

black subdomains. For our three-dimensional case, we consider a cycle of four steps:

first, all ⟨000⟩ (red) subdomains are treated in parallel; second, all ⟨100⟩ (green),

⟨010⟩ (blue), and ⟨001⟩ (yellow) subdomains are treated in parallel; third, all ⟨110⟩

(magenta), ⟨011⟩ (orange), and ⟨101⟩ (cyan) subdomains are treated in parallel;

fourth, all ⟨111⟩ (black) subdomains are treated in parallel. Differently from [2],

and for ease of notation, we assume that on the subdomains one pitches rectangular

tents with tent heights equal to �/(2�). This corresponds to a so-called.staggered

approach3 The approach considered in [2] allows one to have different heights for

the different colors, but requires more details for its definition and treatment. For

this reason, we do not consider it in this short paper, and we defer its discussion to

future work [1]. Our UTP scheme is formulated in Algorithm 1. In the same spirit of

the UTP defined in [2], Alg. 1 computes the values ��
�

that correspond to the height

of the advancing front at the �-th iteration on the (interior) vertices of Ω� .

In a discrete setting, Alg. 1 is a space-time Restricted Additive Schwarz (XT-

RAS) method, where at the �-th iteration only the subdomains whose indices are in

3 The term staggered comes from the work [9], focusing on the construction of space-time meshes.
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K� are solved. Notice also that Alg. 1 is a special case of UTP in a three-dimensional

setting. One could generalize it using the usual MTP rules to define the sets K�

and the heights of the tent. Nevertheless, one can still code it in an XT-RAS form.

However, this discussion is deferred to future work [1].

At this point, two simple questions arise: A) why and how does UTP Alg. 1 work?

B) what kind of tents does it produce? To answer them, it is sufficient to study the first

single cycle (the first four iterations of Alg. 1) running over the four cases defining

the set K� in Step 3. We will show that these four iterations compute the exact

solution in Ω × [0, �/(2�)], and thus repeating them one solves (1) in Ω × [0, �].

Using the linearity of the problem, we can work on the error equations and set the

data �0 and �1 in (1) to zero. Now, the idea is to compute for each subdomain group

(red, green, blue, yellow, magenta, orange, cyan, and black) the space-time volume

where zero initial data are propagated. This is obtained by applying Lemma 1 to a

polytope that needs to be identified with care. Let us begin with a red subdomain

⟨000⟩. Here, only the initial data are zero, while the boundary data are not. Thus, we

can apply Lemma 1 directly to the red subdomain, namely P is a cube corresponding

to the red subdomain. It then follows that the space-time polytope where the zero

data are propagated is a cube shrinking to a point at the barycenter of the cube.

In particular, one can see that at time � the volume of zero data is again a cube

with the same barycenter of the subdomain and edges of length � − 2��. Moreover,

for � = �/(2�) one gets the ball of maximal radius that can be contained in the

subdomain. Thus, at � = �/(2�) the error is zero only at the barycenter of the cube.

Denoting by x�
�

the barycenter of the considered red cube for � = 0, the space-time

polytope we obtain is

R� = x�
� +

{
(�, x) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2
− ��, |� | ≤

�

2
− ��, |� | ≤

�

2
− ��

}
,

and is shown in Fig. 4, upper-left panel, where we clearly see a cube shrinking to

a point. Here, the transparency of the red color indicates the time direction: the

darker the color, the larger the value of �. Let us now consider a green subdomain

⟨100⟩. Since the corresponding subdomain problem takes zero values from the two

neighboring red subdomains, we can apply Lemma 1 to the polytope P obtained as

the union of the two neighboring red subdomains (see Fig. 5, left), and then restricting

the result to the original green cube. In particular, the space-time polytopeQ obtained

from Lemma 1 applied to the union of the two red subdomains is exactly the one

shown in Fig. 2 (right). However, this needs to be restricted only to points (x, �)

being the vertices of Huygens’ cones whose balls at � = 0 are centered at points x in

the green cube. If x�
�

is the barycenter of the green cube, we get

G� = x�� +
{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2
, |� | ≤

�

2
− ��, |� | ≤

�

2
− ��

}
,

which is shown in Fig. 4, middle-left panel. In this case, the cube shrinks to a

segment parallel to the �-axis and of length �/(2�). Blue ⟨010⟩ and yellow ⟨001⟩

subdomains can be treated similarly. If x�
�

and x�
�

denote their barycenters, we get
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Fig. 4 Volumes (space-time polytopes) of exact solution computed on the different subdomains.

z
y

x

Fig. 5 Left: The black dashed line represents the union of the two red subdomains neighboring a

green one. Right: The black dashed line is the polytope (the yellow cube) where Lemma 1 must be

applied for the magenta subdomain.

B� = x�
� +

{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2
− ��, |� | ≤

�

2
, |� | ≤

�

2
− ��

}
,

Y� = x�� +
{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2
− ��, |� | ≤

�

2
− ��, |� | ≤

�

2

}
,

which are shown in Fig. 4, middle-middle and middle-right panel, respectively. Let us

now consider a more subtle case: the magenta subdomain ⟨110⟩. The corresponding

subproblem takes zero values from green, blue, and yellow subdomains. However,

we cannot take the union of all neighboring green, blue, and yellow subdomains,

because the boundary values on the vertical faces of the yellow subdomains (aligned
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with the red ones) are not correct, and thus cannot be penetrated by the rolling

spheres. The trick is to split the magenta cube into eight smaller cubes of size �/2

and treat them separately. For each of these smaller cubes the actual volume where

the balls can be rolled is the union of the yellow subdomain and portions of blue

and green subdomains, as shown in Fig. 5 (right). This coincides with the yellow

cube. Thus, we can apply Lemma 1 to P being the yellow cube (giving again a cube

shrinking to a point as in Fig. 2) and then restrict the result to Huygens’ cones of balls

at � = 0 with centers lying in the small magenta cubes. In this way, the center of the

shrinking cube (namely, the barycenter of the yellow cube) coincides with the corner

of the small magenta cube. Therefore, denoting by x�
�

the barycenter of the magenta

cube, and assuming that we are looking at the small magenta cube corresponding to

x�
�

+ [−�/2, 0]3, the obtained polytope is

M−−−
� =x�

� +
{
(x,�) : �∈

[
0,

�

2�

]
,x∈

[
−
�

2
,0
]3

, �−�≤
�

2
−��, �−�≤

�

2
−��

}
.

If we repeat the same argument for all the other seven cubes and use the notation

I+ := [0, �/2] and I− := [−�/2, 0], we obtain, for example,

M−+−
� =x�

� +
{
(x,�) : �∈

[
0,

�

2�

]
,x∈I−×I+×I− , �−�≤

�

2
−��,−�−�≤

�

2
−��

}
,

M+++
� =x�

� +
{
(x,�) : �∈

[
0,

�

2�

]
,x∈I+×I+×I+ ,−�+�≤

�

2
−��,−�+�≤

�

2
−��

}
,

and we omit the others for brevity. Thus, we obtain

M� = M−−−
� ∪M+−−

� ∪M−+−
� ∪M−−+

� ∪M++−
� ∪M−++

� ∪M+−+
� ∪M+++

� .

This volume is shown in Fig. 4 (bottom right). The orange ⟨101⟩ and cyan ⟨011⟩

subdomains can be treated similarly. They are shown in Fig. 4 (bottom left and

bottom middle). Finally, consider a black subdomain ⟨111⟩. In this case, the corre-

sponding subproblem gets correct zero data on all the boundaries. Thus, the volume

of propagated zero error coincides with the considered cube at every time �. Hence,

denoting by x�
�

the barycenter of the black cube, we have (see Fig. 4, top right)

B� = x�
� +

{
(x, �) : � ∈

[
0,

�

2�

]
, x ∈

[
−
�

2
,
�

2

]}
.

This means that all black subdomains are resolved exactly for all times in [0, �/(2�)].

Thus, the UTP Alg. 1 solved exactly (1) for � ∈ [0, �/(2�)] with the first four it-

erations.4 Performing four more iterations and repeating exactly the same above

arguments, one can solve the problem for all times � ∈ [�/(2�), 2�/(2�)]. Contin-

uing in this way, Alg. 1 can solve the problem for all times � ∈ [0, �].

4 Notice that we did not discuss the behavior near the boundary of Ω = (0, 1)3. Here, the other

colors compute the exact solution before the final black iteration, as we will show in [1].
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Fig. 6 Elements (space-time polytopes) computed by UTP on the subdomains and corresponding

to those of MTP.

So far, we focused on the behavior of the UTP Alg. 1 and its convergence. Now,

we focus on its relations to MTP and build precisely the elements that MTP would

construct. To do so, we can use Theorem 1, which implies that the elements of MTP

can be obtained by removing from the volumes of computed exact solution in each

subdomain, the volume of exact solution computed at the previous iterations in the

neighboring subdomains. We begin with the red subdomains. Here, since there

is nothing to remove, the MTP elements R�
�

coincide with the volumes of exact

solution: R�
�

= R�. This element is shown in the top-left panel of Fig. 6. Let us

now consider the green subdomains. We need to remove from the interior of G� the

portions of the interior of R� corresponding to the two red subdomains neighboring

the green one, and take the closure of the set obtained. This process is shown in

Fig. 7. At � = 0, subtracting the two open red cubes from the green open cube, one

gets a square parallel to the yz plane and lying between the two red cubes. This

square becomes a segment when projected onto the xy plane (see the left panel of

Fig. 7). When � increases the two red cubes shrink toward a point, leaving room

for the green element. Here, only the two intersections of the shrank red cubes with

the green volume must be removed (see the middle panel of Fig. 7). Finally, at time

� = �/(2�), the two red cubes become two points and the green segment (parallel to

the x axis) remains unchanged. The process we just described corresponds to adding
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x

y

t = 0 t = H
4c t = H

2c

Fig. 7 Space-time elements of a green subdomain and of the two neighboring red subdomains.

the constraint |� | ≤ � for � ∈
[
0, �

2�

]
to the ones characterizing the set G�. Hence,

the green element G�
�

is

G�
� = x�� +

{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤ ��, |� | ≤

�

2
− ��, |� | ≤

�

2
− ��

}
.

Thus, the green element evolves in time starting from a plane to a segment; see the

middle-left panel of Fig. 6. One can treat blue and yellow subdomains in a similar

manner, the corresponding MTP elements are

B�
� = x�

� +
{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2�
− �, |� | ≤ ��, |� | ≤

�

2
− ��

}
,

Y�
� = x�� +

{
(x, �) ∈ R4 : � ∈

[
0,

�

2�

]
, |� | ≤

�

2
− ��, |� | ≤

�

2
− ���, |� | ≤ ��

}
,

see the middle-middle and middle-right panels of Fig. 6. Let us now focus on the

magenta subdomain: to obtain the magenta element M�
�

, we must remove from the

magenta volume M� the intersections of M� with the neighboring green, blue and

yellow volume. This process is shown in Fig. 8. At � = 0, removing the interior of

the green, blue and yellow volumes from the magenta one leads to a segment parallel

to the � axis. When � increases, the green, blue and yellow volume shrink toward

segments and leave room to the magenta element, that at � = �
4�

is a cube and evolves

toward a square parallel to the xy plane. This is also shown in Fig. 6 (bottom-right

panel) and corresponds to adding the constraints |� | ≤ � and |� | ≤ � to the ones used

to define M�. A direct inspection reveals that the element M�
�

has the form

M�
� =x�

� +
{
(x,�) : �∈

[
0,

�

2�

]
,x∈

[
−
�

2
,
�

2

]3

, |� | ≤��, |� | ≤��, |� | ≤
�

2
−��

}
,

as shown in Fig. 6 (bottom-right panel). All other elements on orange, cyan, and

black subdomains can be obtained in the same way. Notice that the black element

works in the opposite manner of the red one: it evolves from a point to a cube. All

these elements are shown in Fig. 6, but we defer their algebraic forms to a future and

more extensive work [1] for the sake of brevity.

To conclude, we explored for the first time in 3D the relations between SWR,

MTP and UTP (in their staggered versions) and proved their equivalence in terms

of advancing fronts. This analysis allowed us to precisely characterize the tents that

MTP would compute on a simple uniform mesh of cubic elements discretizing the
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x

y

t = 0 t = H
4c t = H

2c

x

z

t = 0 t = H
4c t = H

2c

Fig. 8 Space-time magenta elements and volumes of the neighboring green, blue, and yellow

subdomains.

unit cube. Even in this very simple 3D geometric setting, the tents are complicated 4D

polytopes, and the advantage of UPT becomes evident, where the “tents” considered

are simply cubes.
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