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1 Introduction

Solving large-scale linear systems is a key challenge in scientific computing, par-
ticularly in numerical simulations of partial differential equations (PDEs). These
systems, which arise from discretizing PDEs using methods like finite differences,
finite elements, or finite volumes, are often large, sparse, and ill-conditioned [1, 2].

Efficient solvers are crucial for handling large-scale linear systems. Direct solvers
are impractical for large, sparse systems due to their high computational cost and
memory requirements [3]. This paper shows that iterative solvers are more effective
for these systems, as they exploit sparsity and reduce computational demands. Do-
main decomposition methods further enhance this efficiency by dividing problems
into smaller, parallelizable subproblems.

The Algebraic Optimized Schwarz Methods, as proposed in [4], are based on
the concept of replacing the transmission blocks A and A33 with modified blocks:
S| =As3+ D and S, = Ay + D;. This idea draws inspiration from the Optimized
Schwarz Methods (OSM) [5]. The approach of identifying the optimal blocks D and
D, mirrors the process of determining the best parameters in Optimized Schwarz
Methods. Several papers have demonstrated that these variants significantly improve
the convergence rates of such domain decomposition methods [4], and related tech-
niques have been successfully used in a wide range of numerical applications, such
as in Cai and Sarkis (1999) [6].
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Several studies have also explored the implementation of Schwarz-type methods
on GPUs. Liu et al. developed a GPU-accelerated Restricted Additive Schwarz (RAS)
preconditioner using ILU factorization and a parallel triangular solver [7]. However,
their work highlights challenges related to the inherently sequential nature of trian-
gular solves, which limits parallel efficiency on GPUs and introduces memory access
irregularities. Osaki and Ishikawa implemented a GPU-based domain decomposition
solver in the context of lattice QCD simulations, using mixed-precision BiCGStab
solvers with RAS preconditioners [8]. They identified significant communication
overhead and load imbalance between subdomains as primary bottlenecks, particu-
larly when scaling across multiple GPUs. Nayak et al. introduced an asynchronous
Schwarz algorithm using MPI RMA communication and evaluated its performance
on heterogeneous GPU-CPU platforms [9]. While their asynchronous approach re-
duced global synchronization, it also introduced complexity in ensuring numerical
stability and convergence, especially under high-latency interconnects.

Our study focuses on leveraging GPUs to accelerate Algebraic Optimized Schwarz
Methods (AOSM) when used as preconditioner solvers on GPU devices. We compare
the performance of the optimal algebraic algorithm with that of the classical Schwarz
method. The study includes examples involving various differential equations and
discretization methods. The tolerance for the optimal algorithm to converge in two
iterations is set at 1079, and we consider the additive version of the algorithm.

Unlike prior GPU-accelerated Schwarz implementations that focus on classical
RAS preconditioners or asynchronous execution strategies, our approach targets al-
gebraic optimization of the transmission conditions. Specifically, we compute the
optimal transmission blocks D and D, using GPU-accelerated sparse-dense oper-
ations, in combination with MPI-enabled sparse solvers. This allows us to construct
transmission matrices that yield convergence in two iterations under ideal conditions.
In contrast to methods relying solely on GPU-accelerated ILU or asynchronous
domain solves, our method achieves high-accuracy convergence while selectively
utilizing GPU resources for the most computationally intensive components.

Numerical experiments are conducted on several representative model problems,
including Laplacian and Advection-Reaction-Diffusion equations, and are carried out
on modern GPU architectures, namely the NVIDIA A100. The results demonstrate
substantial performance gains over CPU-based implementations, particularly for
large-scale problems, highlighting the effectiveness of combining AOSM with GPU
acceleration.

The paper is organized as follows: Section 2 provides a brief description of AOSM
Methods. Section 3 presents the main contributions of the paper, demonstrating the
acceleration of AOSM with GPUs for various models. Section 4 concludes with
remarks on the challenges and findings of this work.
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2 Algebraic Optimized Schwarz Methods

The goal of Algebraic Optimized Schwarz Methods (AOSM) is to address the prob-
lem of solving linear systems characterized by the equation

Au=f, ey
where A is an n X n matrix with a block-banded structure:
An Ap
a=|™ ﬁji i: Asq |’ @)
Az Ays
where the submatrices A;; have dimensions n; X n;, with i,j = 1,...,4, and

n = },; n;. In the context of discretized partial differential equations (PDEs), we
assume that n; > n, and nq > n3, indicating that certain blocks of the matrix are
significantly larger than others. In typical PDE scenarios, the large blocks Aj; and
Auq represent the degrees of freedom in the interior of subdomains, while the smaller
blocks Ay, and A33 correspond to interface (and possibly overlap) unknowns.

To understand the asymptotic behavior of AOSM accelerated by GPUs, we focus
on Optimized Restricted Additive Schwarz (ORAS). We also provide Optimized
Restricted Multiplicative Schwarz (ORMS) for completeness. The error propagation
operators for these methods are given by (see [4]):

2 1
Toras =1 — ZE,-TA;_IRiA, Torms = l_[ (1 - IéiTAi_lRiA), (3
i=1 i=2

where R; and R; are the classical restriction matrices used in Restricted Additive
Schwarz (RAS) methods [6], with and without overlap, respectively. The matrices
A and A, represent modified subdomain matrices used in these optimized methods
[10] and are defined as follows:

_ A]] Alz . SQ A23
Ap =[Ax A Axz|, Ar=|A3 A3z Axl, 4)
Az §1 Az Aua

with 1 = Az3 + Dy and S» = Ay + D». Here, D and D, are transmission matrices
chosen to improve the convergence rate.

As shown in [4], the asymptotic convergence factor of AOSM depends on the
product of the norms:

|(7+D1B33)™" (D1B12 — AsB13)||, and ||(/ + D2B11)™" (D2B3 — A2 B3|,

)
where the blocks B;; are derived from the columns of Al‘1 and A ! for more details,
see [4]. Optimal choices for D and D, can be derived to minimize the norms in (5),
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leading to:
—1 -1
Dy op. = —A3Ay; Agz, and  Djop. = —A2Aj; A (6)

These choices ensure that the AOSM method converges in just two iterations under
ideal conditions with two subdomains. However, computing D ; op. requires solving
linear systems involving A44 and Aj;, which is computationally intensive. In our
implementation, we solve these systems in parallel using the MUMPS direct solver
[11], which internally relies on MPIL. The resulting sparse-dense matrix products
needed to compute the transmission blocks are then accelerated on a single GPU.
Thus, the parallelism is handled by MUMPS for the subdomain solves, while the
GPU is used to accelerate the most computationally expensive algebraic operations.

3 Numerical results

For all the numerical experiments provided in this section, we used NVIDIA A100 on
Toubkal Supercomputer [12], and the AOSM algorithm is used as a preconditioner
for the GMRES method without restart.

3.1 Laplacian model problem

Our first model problem is the Laplacian equation in two-dimensional space. The
domain is Q = (-1, 1). Using a finite difference method, the resulting matrix A is
of size 1024 x 1024. It is decomposed into two subdomains, with blocks Ay, A2,
As1, and Ay of sizes 480 x 480, 480 x 32, 32 x 480, and 32 x 32, respectively.

Table 1: Comparison of CPU and GPU Execution Times (in seconds) for Laplacian model problem.

CPU timing GPU timing
Matrix Size  Schwarz  Additive = Schwarz  Additive
1,000 0.1334 0.4136 0.0900 0.1428
4,000 3.3318 6.1048 0.9138 0.9935
16,000 122.8066  157.6440 15.1334 15.4259
32,000 807.8815 942.3812  53.4316 54.2041
64,000 > 13h > 13h 515.2441  443.3986

As shown in Table 1 and Figure 1, GPU acceleration significantly reduces execu-
tion time for the Laplacian model. For a problem size of 1,000, we observe speedups
of approximately 1.48% for the Schwarz method and 2.90x for the Additive method.
At 64,000, these speedups increase dramatically to about 90.83x and 105.55x%, re-
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Fig. 1: Speedup for the Laplacian problem (log scale).

spectively. Both methods benefit from GPU use, though the Additive method incurs
slightly higher computational cost due to additional operations.

3.2 Advection-Reaction-Diffusion Equation

Our second model we consider the advection-reaction-diffusion equation:
nu—-V-(aVu)+b-Vu=f, @)
where a = a(x,y) > 0, b = [b1(x,y), ba(x,y)]T, and n = n(x, y) > 0, with

by =y- %, b, =—x+%, n=x>cos>(x+y), a=1+(x+y)2e* ™.
The right-hand side function is f = 0 and we use a standard five-point centered
finite difference discretization, which results in a matrix A of size 1024 x 1024. This
matrix is decomposed according to the subdomain decomposition specified in (2),
with ny = 480, np = 32, n3 = 32, and nyq = 480.

Similar to Laplacian model problem, and as seen in Table 3 and Figure 2, GPU
acceleration leads to considerable performance improvements for the Advection-
Reaction-Diffusion model. At a problem size of 1,000, we observe speedups of
approximately 1.87x for the Schwarz method and 4.00x for the Additive method.
These speedups increase significantly for the largest problem size of 64,000, reaching
about 16.75x and 20.35X, respectively. This demonstrates the growing advantage of
GPU acceleration as problem size increases.
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Table 2: CPU vs GPU Execution Times (in seconds) for Advection-Reaction-Diffusion problem.

CPU timing GPU timing
Matrix Size Schwarz Additive Schwarz  Additive
1,000 0.0981 0.3797 0.0526 0.0949
4,000 3.3172 6.0601 1.1011 1.1631
16,000 132.2776 168.9234 20.3437 19.8778
32,000 795.5596 930.0826 69.1177 70.5975
64,000 7367.1952  8153.2579  439.7854  400.6419
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Fig. 2: Speedup for Advection-Reaction-Diffusion problem log scale).

3.3 Finite Volume Matrix

The finite volume matrix arises from the discretization of the Laplace equation in a
domain Q c R? using the Diamond Scheme [13].
Let u(x, y) denote the temperature at (x, y) € Q. u is the solution of the problem:

®)

Au(x,y) =0, for(x,y)€Q,
u(x,y) =up, for(x,y) € dQ.

Table 3 and Figure 3 depict the CPU time (s) and the speedup of the additive and
the Schwarz and Additive for solving Laplace problem using a FVM discretization
using Diamond scheme. The GPU acceleration significantly reduces execution time
for the Laplace problem discretized by the finite volume method using the Diamond
scheme. At 1,000 unknowns, we observe speedups of approximately 2.23% (Schwarz)
and 4.38% (Additive). For the largest case with 64,000 unknowns, the speedups reach
14.62x and 17.64X, respectively.
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Table 3: CPU vs GPU Execution Times (in seconds) for Laplace problem using FVM with Diamond
Scheme.

CPU timing GPU timing
Matrix Size Schwarz Additive Schwarz  Additive
1,000 0.07825 0.3820 0.03510 0.08714
4,000 3.6986 6.9797 0.8792 0.9817
16,000 122.6774 174.0718 12.4442 12.7958
32,000 907.5456 11489173 114.8017 115.8191
64,000 6865.9390 8191.9172  469.5820 464.1481
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Fig. 3: Speedup for Laplace problem using FVM with Diamond Scheme.

4 Concluding remarks

The additive method consistently outperforms the Schwarz method for both CPU and
GPU implementations. GPU acceleration provides substantial speedup, particularly
for larger matrices. Execution times vary across different problem domains, so the
choice of method and scheme should align with the specific characteristics of the
problem. Overall, GPU acceleration delivers a significant speedup compared to CPU
execution.

This paper considers only the optimal Schwarz algorithm, which becomes very
expensive for large-scale problems. For more practical situations and industrial
problems, one should consider techniques developed in [14, 15]. These promising
algorithms use SPAI approximation to estimate the blocks D and D>.

In future work, we plan to further enhance the performance of Algebraic Opti-
mized Schwarz Methods (AOSM) on GPUs by integrating cuBLAS and other GPU-
accelerated libraries. We will also explore advanced techniques like mixed-precision
arithmetic and parallel algorithm tuning to improve efficiency and scalability for
larger, more complex problems.
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