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1 Introduction

We consider the coupling of time dependent partial differential equations (PDEs)
across an interface. This can be used to describe the exchange of heat or of forces be-
tween different domains. It plays an important role in a multitude of applications, e.g.
flutter of airplanes (forces), gas quenching (heat) or ocean-atmosphere interaction in
climate modeling (both).

It is desirable to reuse existing codes for the subproblems, since these represent
long term development work. This is called a partitioned coupling approach. Within
this approach, the two submodels interact by exchanging boundary conditions at
the interface. A specific choice of boundary conditions leads, e.g., to a Dirichlet-
Neumann method or a Robin-Robin method. Here, our focus is on the Dirichlet-
Neumann variant, since most existing solvers support these boundary conditions.
Our general aim is a partitioned method that is high order, allows for different and
adaptive time steps in the separate models, parallel execution, makes efficient use of
hardware resources, is robust, and contains fast inner solvers. The major candidates
to achieve such a method are so called Waveform Relaxation (WR) methods. These
solve two coupled ODEs by iterating between solving them separately, using data
from the other. Their convergence behavior can be improved using relaxation, with
a problem dependent optimized relaxation parameter.

To design and effectively use such methods, e.g. to decide which submodel
should use the Dirichlet transmission condition, it is important to have analytical
error estimates. Based on existing results for the continuous case, we derive new such
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error estimates for two coupled heterogeneous linear heat equations in 1D, which we
consider to be a minimal example of relevance, namely

a10;u; — A10xxu1 =0 on [—a,O] X [O, T],
ap0sur — A20xxur = 0on [0,b] X [0,T],
ui(—a,t) =0in [0,T],
u1(0,1) = uy(0,¢) in [0, 7],
w (b, 1) = 0in [0,T],
ui(x,0) = ug(x) on [—a,0],
uz(x,0) = up(x) on [0, b],
—210,u1(0,1t) = A20,u>(0,¢) in [0, T].

ey

Here, u; is the temperature, A; the heat conductivity and «; the product of density
and specific heat conductivity on domain Q;, and d,, denotes the normal derivative.
To solve problem (1) iteratively, we make use of Dirichlet-Neumann Waveform
Relaxation (DNWR). At the continuous level, we can write the (k + 1)™ iteration as

@10ttt — 10, ut*! = 0 on [-a,0] x [0,T],
u’l‘”(—a, t) =0on [0,T],
uk*1(0,1) = h* on [0, T,
uk* 1 (x,0) = up(x) on [—a,0],

20, = 130, = 0 on [0, 5] x [0.T]. @
u’Q‘l(b,t) =0on [0,7],
—18,uf1(0,1) = 228,ub*1(0,1) on [0,T],
u3*! (x,0) = uo(x) on [0, 5],
combined with the relaxation step
R = st (x,1) ez +(1 = O) A", 3)

where 6 € [0, 1] is a relaxation parameter. To start the iteration, an initial guess has
to be provided for h°, which in practice is often chosen as the constant u((0).

In [3], the DNWR iteration (2)-(3) was analyzed with all material parameters
equal to one. The analysis is based on a Laplace transform in time, which results in
two boundary value problems that can be solved in closed form, giving an update
formula for the interface values in Laplace space. An optimal relaxation parameter
0= % was determined, and error estimates were obtained in the supremum norm in
time, which show a dependence on the domain size.

In [4, 1], variable heat conductivity was considered for the case @) = @, = 1.
The authors used a Fourier transform in time, and obtained that the DNWR iteration
without relaxation has a convergence factor of 4/1; /1, on infinite domains.
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2 Convergence Analysis of the heterogeneous DNWR

To analyze the convergence behavior of the DNWR iteration (2)-(3), we study the
error equations, where all boundary and initial data except for the initial guess h°
are set to 0. Laplace transforming the error equations in time yields

aysif*! — 21 0,x0%*1 = 0onx € [-a,0] and s € C,
ﬁ’l‘“(—a,s) =0ons €C,
a**1(0,s) = h* on s € C,

azsih*! — 1205057 =0 onx € [-a,0] and s € C, @
ik (b,s)=0ons €C,
—/llﬁnﬁ’f” 0,s5) = azana’;” (0,s) ons € C,
where s is the Laplace variable. This is combined with the transformed update
RR*Y = 00541 (x, 1) | 4mo +(1 — O) RF. 5)

Solving both sub problems in the transformed DNWR iteration (4) yields

sinh (W(x + a)\/E)
sinh (Wmﬁ)

———coth (/a1 /d1as
ﬁ]2(+1 _ a'l/ll CO ( | 1a S) Siﬂh( [a2//12(x_b)\/3) ilk,
@242 cogh (\/az/ﬂzb\/})

R = ((1 -0) - QW / lel coth (\/al//l]a\/E) tanh (\/(12//1217\/;)) Rk,

ﬁk+1 _

ilk

242

In [3], both a linear and a super-linear convergence estimate were derived for the
case where @) = 4] = ap = A = 1 with the relaxation parameter 6 = % It was also
shown that the iteration then converges to the exact solution in two iterations if both

domains are of the same size. In our heterogeneous case, this choice of relaxation
Var Ay

N and we can also obtain convergence in two
111 242

parameter becomes 6 =
iterations:

Theorem 1 If \/al /Ad1a = \/az [A2b, the DNWR iteration converges in two iterations

- __Naob
f0r0 - Vai 1+ (12/12.

Proof. If\Jai/A1a = \Jaz/A2b,the firstiterate becomes h! = ((1 -0)-0 ”‘—’l‘) o,

ady

which is independent of s. If = === % then ((1-6) - 6 Z;—jll;) = 0. Hence

the error is zero, and we have the exact solution on the interface after one iteration,
and thus in the subdomains after two iterations. m]
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H _ \/(22/12
With ¢ = Vaidi+Var d;
convergence estimates in the case when \/aq /A1a # \/az /A2b. The update (5) in the
DNWR iteration then becomes

k= - Va1, Sinh((\/a’z//bb—\/a'l//lla)\/g) kﬁo
Vazdz + Va1 Ay sinh(y/ay/A1av/s) cosh(yas/A,b+/s) '

In order to derive these convergence estimates, we use kernel estimates from [5,
Theorem 2] and [3, Lemma 3.1 and 3.3], which we summarize as follows:

as in Theorem 1, we can also obtain linear and super-linear

(6)

Lemmal Fora >0 € R, 8> 0¢€ Rand h € L*(0,0) we have on the time
interval [0, T] for all T including infinity the linear kernel estimate

Hrl ((smﬁiﬁ(ﬁ ;ojlz\(/;l/E))kﬁ) = (#)k Al

where L~ denotes the inverse Laplace transform and s the Laplace variable.

Lemma?2 Fora >0€R, 8>0¢cRandh e L*(0,T) we have two super-linear
kernel estimates on the bounded time interval [0,T]: if @ > 3, then

(o] (o o 22)
HL ((Sinh(aﬁ)cosh(ﬁ\/})) h) MSZ p f W Al ,

where erfc(t) = \/LE ftoo e Tdr. If @ < B we have instead

2k

22 —k2a?
< ) eXp(—) 17l -

o0 1 —exp (—_(2k+T1)a2 T

i [( sinh ((B=a)V5) 2’2)
||£ ((sinh (av/s) cosh (B+s) ) h

We can now state and proof our new linear and super-linear convergence estimates
for the heterogeneous DNWR iteration (2)—(3).

Theorem 2 (Linear estimate on unbounded time intervals) If +/a;/11a #

- __VNaob .
Vaa/A2b and 6 = NV then the error of the heterogeneous DNWR iter:

ation (2)—(3) on the time interval [0,T], where T can be infinite, satisfies the linear
convergence estimate

|] _ \/alelb k

\/al/lza
a2

1+ z?—/lf

Proof. Applying the linear kernel estimate from Lemma 1 with @ = ,/f{—:a and

B = 3D yields

17¥]l < 17°]1co-
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‘Mb \/?1]‘ |0H:‘1_%k

el < (=t el )
« axdr + Va4 \/7 14 .|t ®
A aid
which concludes the proof. O
Var b

Theorem 3 (Superlinear estimate on bounded time intervals) Let 6 = Voot

If\/al//lla > \/az//lzb, then the heterogeneous DNWR iteration (2)—(3) satisfies
on the bounded time interval [0, T] the super-linear convergence estimate

1- @ ' k [«
|74 < 2ﬁ erfc(z\/%b) 17,
g
If\/al//lla < \/az//lgb, then we have instead
1. < ( 2V2 )2k exp (M) 2]
(i) (1 -ew(FE)))

Proof. Using the super-linear kernel estimate for the case @ > f in Lemma 2 with

=+/ai/A1a and B = +/a; /A,b yields directly

\/az/l]b k

1 —
HL* (hk)H < |2 Yot | e (5 ﬂb) .
0 and
1+, /ﬁ
For the other case where \/al /d1a < \/0’2 /A2b, we can instead use the super-linear
kernel estimate for @ < B8 with @ = y/a;/A1a and B = \Jap/A,b yielding
2k
2V2 —k*aya?
a A (2k+l)a ) xp |
2
(1 + =222 ) ( —exp(————— T ))

a Ay

1l <

Note that the linear convergence estimate in Theorem 2 can be bigger than one,
and hence the estimate does not always guarantee convergence. This is for example
the case if the ratio @ /a; is large and A4;/A; is small. Similarly, the linear estimate
will yield fast convergence if the ratios @ /a; and 1, /1, are both small. This shows
that the domain ordering has a big impact on the linear convergence estimate if there
is a big jump in material parameters or domain sizes.

This is in contrast to the super-linear convergence estimate in Theorem 3, which
guarantees convergence for all parameter combinations. Note also that the super-
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—— lin est

sup lin T =10%
—¥— suplin T =10°
—— suplin T =10°

—— linest

suplin T =10%
¥ suplin T =10°
—— suplin T =10°

—¥— linest
10712 @ sup linT=1
—*— sup lin T=2
107154 —— sup lin T=5
—&— sup lin T=30

relative interface error
relative interface error
relative interface error

P 0.0 25 5.0 13 100 125 15.0 o 0.0 25 5.0 13 100 125 15.0 e 0.0 25 5.0 75 100 125 150
iterations iterations iterations
Fig. 1: The linear and super-linear error bounds for the simple test case (left), and
the two realistic material combinations steel-air and air-steel (middle and right).

linear convergence estimate predicts faster convergence, the larger /oy /A;a/NT
and /a2 /226 /T are. More importantly both factors increase when T’ decreases,
suggesting that splitting the simulation time 7" into multiple smaller time windows
improves the convergence speed.

3 Numerical Experiments

In this section we now study numerically how sharp the linear and super-linear
error bounds from Theorem 2 and 3 are. We use first a simple test case, where all
parameters including the domain sizes are equal to 1 except for @ = 4, and then also
a more advanced test case with realistic parameters for air and steel which also was
used in [7]. We still use domain length one, but the material parameters for air are
@ = 1299, 1 = 0.0243, and for steel @ = 3.47-10°, A = 48.9. For reference, the factor
\/g is 231 for air and 266 for steel. We would thus expect that the magnitude of T
where we see a transition to super-linear convergence increases by a factor of 10*
compared to our simple test case. The air and steel domains can then be combined
in the two configurations air-steel or steel-air, depending on whether the air or steel
domain has the Dirichlet transmission condition.

We show the linear and super-linear error bounds for all cases in Figure 1 for
different iteration numbers and simulation times. For the simple test case, and the
simulation time 7 < 2, we see that the super-linear error bound is tighter than the
linear error bound for all iterations. We can thus expect that the DNWR iteration
converges super-linearly in this case. The linear error bound is however tighter for
the first 10 iterations for 7 = 5, and for the first 15 iterations for 7 = 30.

For the two test cases with realistic parameters, we observe a similar trend when T
increases. The magnitude of 7 where we see a transition to super-linear convergence
has increased by a factor of 10%, demonstrating that the factor \/g is a good indicator
for the super linear convergence regime. Furthermore, the material combination steel-
air is predicted by our analysis to converge much faster than air-steel, indicating that
the choice of Dirichlet domain can have a big influence on the convergence speed,
consistent with observations in [7].
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Fig. 2: The relative error on the interface compared to the linear and super-linear
error bounds for the simple test case. From left to right with 7 = 1, 5, 30.

To test this in a numerical setting, we discretize the error equations for our test
cases with a second order linear finite element method in space and Backward Euler
in time, see [6] for details. We choose a random initial guess 10 to test the algorithm,
for the importance of this, see [2, Section 5.1]. To also see the influence of the
discretization, we use a fine, medium and coarse discretization, which for the simple
testcase is Ax = 1-1073,2-1073,4- 1073 and At = 1073,4 - 1073,16 - 1073, and
for the realistic test case Ax = 1-1073,2-107%,4 - 1073 and At = 20, 80,320, both
chosen to be in the PDE convergence regime.

We show in Figure 2 the relative interface error given by ||x*||e/|]x°||c for the
simple test case for the simulation times 7 = 1, 5 and 30. We see on the right that
the linear error bound is quite sharp for the large simulation time 7 = 30, and the
DNWR algorithm is in its linear convergence regime. For 7 = 5 in the middle in
Figure 2, the linear estimate is still sharp for the first few iterations, but then the
DNWR algorithm transits into its super-linear convergence regime. We see that the
super-linear convergence estimate is not as sharp as the linear one, but it still indicates
that the algorithm must go into the super-linear convergence regime at some point
by becoming smaller than the linear bound. For short times, T = 1 in Figure 2 on the
left, the super-linear error bound is tighter than the linear error bound, and indeed
the DNWR algorithm converges right from the start super-linearly. Again, however,
the super-linear estimate is not quite sharp.

The corresponding results for the realistic test case for T = 10*, 10° and 109,
are shown in in Figure 3, both for the good and bad assignment of the Dirichlet
transmission condition.

We see a similar transition from the super-linear to the linear regime when T
increases. In all cases the air-steel test case achieves faster convergence speeds
showing that the domain configuration matters, and our new theoretical results allow
us to make a good choice in advance. However, the steel-air case still reaches an
error of 10713 for 7 = 10* in 3 iterations indicating that we see fast convergence
even with a bad domain configuration if the simulation time is kept short enough,
and this is again predicted by our theoretical results.
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Fig. 3: The relative error on the interface compared to the linear and super-linear
error bounds for the air-steel case in the top row and steel-air case in the bottom row.
From left to right with 7 = 10*, 10° and 10°.

4 Conclusion

We derived new error bounds for DNWR to solve heterogeneous 1D heat equations.
These bounds allow us to decide in advance which subdomain should use the Dirich-
let transmission condition for best performance. Our numerical experiments show
that the linear error bound is sharp for long time windows, and that the super-linear
error bound still describes qualitatively well convergence for short time windows.
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