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1 Introduction

The combination of domain decomposition (DD) methods and model order reduc-
tion (MOR) techniques can lead to efficient algorithms to solve parametric partial
differential equations for challenging applications such as, e.g., the construction of
digital twins involving multi-physics models. Indeed, DD can split the target problem
into local subproblems characterized by a single physics and by a reduced number
of parameters and degrees of freedom that can be more easily handled by MOR
techniques (see, e.g., [1, 5]).

In [4], we proposed a computational framework based on a substructured overlap-
ping DD algorithm to couple local surrogate models generated by proper generalized
decomposition (PGD). This is a physics-based a priori MOR method (see, e.g., [2])
that does not require any sampling of the parametric space and that can be very
conveniently implemented in a completely non-intrusive way [3]. By exploiting the
linearity of the underlying parametric partial differential equation, in the offline
phase, we construct local surrogate PGD models that incorporate arbitrary traces of
the solution at the subdomain interfaces, to be used in the online phase to perform
alternating Schwarz iterations. However, the construction of such local surrogate
models requires to suitably cluster the interface nodes, to appropriately define the
parametric values of the traces, and to solve parametric subproblems with combina-
tions of boundary conditions that could be not physically relevant.
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To overcome these drawbacks, in this work, we improve the computational frame-
work of [4] by reducing the parametric dimension of the offline local problems. This
avoids the burden of the implementation of the clustering procedure, and it allows to
compute local PGD basis functions that can be easily linearly combined during the
online phase to obtain the local surrogate models with the interface trace needed by
the Schwarz algorithm. This novel approach simplifies the overall implementation
of the DD-PGD procedure and it results in significantly lower computational costs
both offline and online.

After introducing the model parametric problem in Sect. 2, we present the novel
approach to construct the local surrogate models in Sect. 3, and we show how to
perform the online phase in Sect. 4. Finally, numerical results in Sect. 5 assess the
performance of the algorithm compared to its counterpart in [4].

2 Problem formulation and PGD-accelerated Schwarz method

In this section, we formulate the alternating Schwarz method for a parametric model
problem, and we explain how the algorithm can be split into an offline and an
online phase to exploit the benefits of MOR. For the sake of simplicity, we consider
a parametric Poisson problem with homogeneous Dirichlet boundary conditions,
we assume that the domain is parameter-independent, and we introduce a domain
decomposition into two overlapping subdomains only. The extension to more general
linear elliptic operators with arbitrary boundary conditions and decompositions into
multiple subdomains (without cross-points) can be found in [4].

Let Q c R? (d = 1,2,3) be an open bounded domain with Lipschitz boundary
0Q, and let u = (u',...,uP) € P be a tuple of P € N problem parameters with
P=TI"x---xIP cRP with I? compact (p = 1,..., P). Moreover, for all u € P,
let v(u) > 0 be a positive parametric diffusion coefficient, and s(u) € L*(Q) a
parametric source term. Then, consider the well-posed linear elliptic parametric
boundary value problem: for all u € P, find u(u) such that

-V (v(@)Vu(p) = s(p)  inQ, (1
u(p) =0 on 9Q.

The domain Q is split into two overlapping subdomains Q; C Q (i = 1, 2) such that
QU =Qand Q) N, # 0, and, fori = 1,2,let T; = 0Q; \ 0Q. Considering this
decomposition, problem (1) can be equivalently reformulated in the multi-domain
form: for all u € P, find u;(u) (i = 1,2) such that

=V (v()Vu;(p)) = si(p)  in €,
ui(p) =0 on 0Q; N IQ, 2)
up(p) =uz(p) onljuUly,

where s; (1) denotes the restriction of s(u) to €;, and (2)3 ensures the continuity of
the local solutions u (u) and u,(u) across the interfaces I'y and I'.
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2.1 Parametric overlapping Schwarz method

Using the multi-domain formulation (2), we can adapt the classical overlapping
alternating Schwarz method to the case of a parametric problem. More precisely, let
[ € P be afixed set of parameters, and let /IEO) be a suitable trace on the interface I';.
Then, for k > 1 until convergence when ||u§k)(ﬁ) - uék)(ﬁ)llr < tol, for a suitable

tolerance tol and a suitable norm || - ||r on T’y U T,
¢ Find uik)(ﬁ) such that
-V (@) Vu (@) = s1(@)  inQi,
ul® () =0 on 8Q; N 4L, 3)
uik)(ﬂ) = /lik_l) onT.

k k), -
o Set A = u® (@),
¢ Find ugk)(ﬁ) such that

=V ((@)Vuy (@) = s2()  in @,

u%k)(ﬁ) =0 on 9, N AL, @)
uzk)(ﬂ) = /lék) onI5.

« Set () =u (@lr,.

To efficiently obtain the solution of the parametric problem (1) for any set of
parameters ¢ € P, the execution of the alternating Schwarz algorithm can be split
into an offline phase and an online phase. In the former, PGD is used to precompute
local surrogate models that can handle arbitrary Dirichlet boundary conditions at the
interfaces, thus reducing the computational cost of the online Schwarz iterations.

More precisely, in the offline phase, the local parametric problems (3) and (4)
are solved by PGD so that, at the end of this phase, local surrogate models u;°® are
available. The local surrogate models u}°" feature arbitrary traces A; at the interfaces,
and this is achieved by parametrizing them through a set of auxiliary parameters, say
A;. As we will see in Sect. 3, the linearity of the local problems is exploited to avoid
incurring the curse of dimensionality after introducing such additional parameters.

In the online phase, the alternating Schwarz iterations are performed for a fixed
set of parametric values i € #, and the solution of the local problems (3) and (4) is
replaced by the evaluation of the precomputed local surrogate models ;" at specific
instances of the interface parameters A;. Since no problems are solved at this stage,
the Schwarz algorithm can be executed in real time. Details are provided in Sect. 4.

3 Offline phase: Computation of the local surrogate models

In the offline phase of the algorithm, PGD is used to solve the following local
parametric problem: for all 4 € P, find u; (y) (i = 1,2) such that
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=V (v(@)Vu;(p) = si(p)  inQ,
ui(p) =0 on 0Q; N AQ, )
ui(p) = 4 onTj,

where 4; is a space-dependent function that represents an arbitrary Dirichlet bound-
ary condition at the interface I';. A suitable parametrization is introduced to handle
the arbitrariness of the trace A;. More precisely, considering that (5) is solved, e.g.,
by the finite element method, we express A; as a linear combination of suitable finite
element basis functions on I';:

N,

Aix) = Y Al (x) . (©)

q=1

Here, Nr, represents the dimension of the discrete trace space generated by the basis
functions 77 (x) on the interface I';, while A; = (A],.. .,Aivr") € RMi are the
coefficients of the linear combination. Following [4], we can choose 17? (x) to be
the non-null restriction on I'; of the standard piecewise Lagrange polynomial basis
functions, say ¢ (x), that discretize (5) in &;, that is, n7 (x) = ¢ (x)|r,. Therefore,
the basis functions n? (x) are linearly independent, they provide a partition of unity
on I, and they satisfy n;’ (x") = d4m for all nodes x7"* on the interface I';, d4m
being the Kronecker delta. (Although this choice of the basis functions on I'; is very
convenient for implementation purposes, other choices are possible and they can be
accommodated in the overall structure of the algorithm.)

The coefficients Al.q could be considered as additional parameters of the local
problem (5), and the latter be solved by PGD. However, in general we expect N, > 1,
and it is well-known that a limitation of MOR methods is that they cannot efficiently
handle a large number of parameters. To overcome this difficulty, we exploit the
linearity of the operator that governs the boundary value problem and we introduce
the following Nr, + 1 problems:

o forall g € P, find u; o(p) such that

=V (v()Vuio(p) = si(p)  in&y,
uio(p) =0 on 0Q; N 042, (7a)
uio(p) =0 on I

e forg=1,...,Nr, and for all u € P, find u; ,(p) such that

=V (v(@)Vuig(p)) =0 inQy,
uiq(p) =0 on 0Q; N AQ, (7b)
uig(p) =n? onT;.

A schematic representation of this idea is presented in Figure 1. Problem (7a) and all
problems (7b) can be solved independently, and, being associated with the linearly
independent trace functions r]f.’, the solutions {u;,q(f)}¢=1,....nr, of (7b) can be
considered as a PGD basis that can be used to construct the local surrogate model
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e (1) ulP (1) uiny, (1)

Fig. 1 Partition of the interface nodes as a collection of single independent boundary parameters.

in ;. More precisely, for all u € # and for a given trace function A; on I';, upon
considering the expansion (6), the solution of (5) can be obtained as

Nr;
i (i, A) = w0 (1) + D A g (). ®)
gq=1

This approach is different from the one proposed in [4] and it presents several
computational advantages, both in the offline and in the online phase. We focus
here on the offline phase and we will discuss the online phase in Sect. 4. In [4], to

overcome the difficulty of handling too many interface parameters Al.q, these were
clustered in N; sufficiently small disjoint sets Nl:’ (G =1,...,N;)of active boundary
parameters with U;_; N, Nij = {1,...,Nr,} and with card(Nl.]) < Nr,. Then,

.....

(6) was be replaced by

A=) Nl Y AT+ Y AT, )

geN;} qeN? qeN

and, instead of (7b), one would solve the N; independent problems: for j = 1,..., N;,
forall y € P and for all A] = (A?)qu_; €@/, find

—V - (v(p) Vi j (1, AD)) = 0 inQ;,
u,v,j(y,Afv) =0 on 0Q; N 0Q, (10)
uij(pu, Al = quNij Aln? onT;.

Here, Qij = qu v Jiq is the space of boundary parameters with each jl.q cR
(g=1,...,Nr,)a (,:ompact set. Finally, the solution of (5) is obtained as
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N;
i (i, A) = w0 (1) + i j (i, AY). (11)
Jj=1

In the case of clustered interface nodes, one must solve a smaller number N; < N,
of local problems (10), each depending both on g and on the interface parameters
A{ , while (7b) only involves the problem parameter u. Hence, the proposed approach
leads to local problems with significantly reduced dimensionality, at the expense of
computing N, local surrogate models instead of V;. Nonetheless, it is worth recalling
that the local problems (7b) are independent from one another and can be easily
solved in parallel. Moreover, before solving (10), a suitable interface parametric
space Qij must be identified to represent an arbitrary trace that is non-zero at the
nodes corresponding to the indices in Nij . In principle, each intervals jl.q depends
on u and it should be defined considering physical information about the solution of
problem (1) (e.g., the maximum and minimum values that u () can attain within ).
In the approach proposed in this work, this is not needed, as the auxiliary problems
(7b) are independent of Af . In particular, it should be noted that not all possible
combinations of the parameters A? considered in (10) may actually be significant for
the problem at hand. For instance, considering very different values of A? at adjacent
nodes on I'; can represent a highly oscillatory trace function, that it is unlikely to be
relevant for the solution of an elliptic problem in a smooth domain with sufficiently
regular data. Moreover, solving boundary value problems with such localised features
can be challenging for PGD due to the possibly large number of modes needed to
correctly represent the behaviour of the solution. Therefore, the offline computational
cost associated with the clustering procedure can become unnecessarily high, as
numerical simulations will show in Sect. 5. Finally, no clustering procedure is
needed when working with (7a) and (7b), thus making the implementation simpler.

3.1 Construction of the local surrogate models using PGD

In this section, we outline the procedure to compute the solutions of the local
problems (7a) and (7b) using PGD, and we refer to [4] for more details.

Following the standard approach in PGD [2], we assume that all data are given in
separated form as the sum of products of functions that depend either on the spatial
coordinate x or on the parameters u. The contribution of the Dirichlet boundary
condition in (7b) is handled by introducing ad-hoc, sufficiently smooth modes as
usually done in the PGD context. Then, the solution of (7a) and the solution, say
vi,q(pt), of (7b), after accounting for the Dirichlet boundary condition on I';, are
written in the PGD expansion

M,

Mtl
uro(p) ~ W () = D VI () s vig (i) ~ 00 () = > VI (x) e (1),
m=1 m=1

with Vl”f) and Vl{'} being the m-th spatial modes, and ¢Z‘0(p) and (bl’.f‘q (p) the para-
metric modes. The spatial modes are discretized using continuous Galerkin finite
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elements, while pointwise collocation is used to approximate the parametric modes.
The number of modes My and M, is automatically determined by a greedy pro-
cedure. Since all problems (7a) and (7b) are independent, we compute their PGD
approximations separately using the encapsulated PGD library [3]. At the end of this
procedure, we obtain the discrete PGD approximations u;."f’(;)( ) and u;."f’;( ) of the
solutions of problems (7a) and (7b), respectively.

4 Online phase: PGD-accelerated Schwarz iterations

In this section, we present an efficient algorithm to construct the global solution of
(1) for fixed values j1 € P of the physical parameter.

First of all, considering a suitable conforming finite element approximations of the
local problems (3) and (4), we recall (see, e.g., [8]) that one step of the overlapping
Schwarz method outlined in Sect. 2.1 corresponds to one Gauss-Seidel iteration to
solve the linear system

Ag, Ar, 0 0\ {ug,(f1) fo,(1)
0 I, ~Io,or, O |fur(@)|_| O (12)
0 0 AQz AFz qu(ﬁ) sz(ﬁ)
~Ig, o1, O 0  Ir, ) \ur,(j1) 0

Here, ug, (jt) and ur, (1) denote the vectors of nodal values of the unknown solutions
inside the domain €; and on I, respectively, whereas I, represents the identity
matrix on I'; and Zq,r; is the interpolation operator between the nodes in €; and
thoseonI; (7,5 =1, 2 i # j). System (12) can be equivalently reformulated only in
terms of the interface unknowns ur, (j1) and ur, (f1) as the interface system

It 1o, Aé; Ar,
IQHFZAEZ:AFI It

ur](ﬁ)
ul"z(ﬂ)

2

_ IQz—’l"lAg_g; sz(ﬁ) (13)
To,-r,Ag) fo,(R)

which can be solved using a suitable matrix-free Krylov method. The expensive part
of this iterative algorithm is the solution of the local problems in €; (corresponding
to A 1) This can become especially demanding when a new set of parameters u
must be considered because, in general, the matrices Ag, and Ar, can depend on p,
so that the entire procedure should be re-executed from scratch.

To reduce the computational cost of the coupling procedure (13), we exploit the
PGD local surrogate models computed in the offline phase. Indeed, we notice that
the vector ur,(j1) corresponds to the vector of parameters A; in (6), so that the i-th
equation of the linear system (13) can be rewritten as

I Ai = To,r, (AgH o () + AGH(-ArA,) ) . (14)

Here, Ag_; fo,(j1) corresponds to the vector of the nodal values of the PGD solution
J

of problem (7a), while Aé]_ (—Arj A ) corresponds to the linear combination, with
J
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coefficient A ;, of the vectors of the nodal values of the PGD solutions of problem (7b).

All vectors are evaluated for the target parametric values g € $. Therefore, using
the notation introduced in Sect. 3.1, we can equivalently write

InAi = To,r, uPGD(u)+ZA;f ' () |- (15)

For j = 1,2, we can define the local PGD operator

A A - ZA;I u'® (1) (16)
e

so that, equation (15) and the interface system (13) can respectively be rewritten in
the compact forms

IrAi = To,or, (W55 () + AT A) (17)

and
IF] _Iﬂz—>r1 ﬂ;GD

_Iﬂl—ﬂﬂzﬂl;GD IF2

Ay

Ay (18)

]Q2~>1"1 l12 0 (ﬂ)
ISZ]-A"ZUL() (/J) ‘

Therefore, the online phase of the PGD-enhanced Schwarz method consists in
solving (18) by an iterative matrix-free method, e.g., GMRES. The computational
cost of each GMRES iteration is mainly due to performing the linear combination
(16) (j = 1,2). At convergence, say, at iteration k = k*, the approximation of the
solution of the global problem (1) for 1 € P is given by

W () + S0 (AD ) W () inQy,
uPGD(I._l) — N (19)
PGD(ﬂ)+Z Z(A‘I)(k )uPGD(”) ian\le-

The approach presented here for the online phase is more efficient than the one
based on the clustering of the nodes in the offline phase, see Sect. 3 and [4]. Indeed,
in the latter case, the term Ag l( —Ar;A;) corresponds to the vector u"cD (p,A;) of

the nodal values of the PGD solut10n of problem (10). Therefore, (15) becomes
I A = T, o, ( () + 0 (1, A ) ) (20)

and the operator ﬂj"fm must be replaced by A;.GD A, Aj— uP (i, Aj), which returns
the nodal values of the PGD model that satisfies problem (10) for the boundary pa-
rameters A ; and for ji. Since the values AR computed at the k-th GMRES iteration
do not generally coincide with those obtained when discretizing the parametric space
Q;, applying the local operator A;GRI requires linearly interpolating the parametric
modes that depend on A ; and that are associated with the available values closest to
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AR, Although this operation is computationally inexpensive, its repeated execution
involves a higher computational cost than the linear combination (16).

Moreover, for the approach based on clustering the interface nodes, the parametric
domain Q; is fixed during the offline phase and, in principle, it could happen that
some of the values A;k) computed by GMRES fall outside of the parametric space
Q;, thus jeopardizing the convergence of the iterative scheme. This cannot occur
using the approach described in Sect. 3. Indeed, it is always possible to compute
the linear combination (16) for any given coefficients A% once the PGD basis
Sfunctions uj"z (pr) are available. The resulting online coupling algorithm is thus
computationally less expensive and more robust.

5 Numerical results

In this section, we reproduce the tests studied in Sects. 5.1 and 5.3 of [4] using the
approach explained in this paper to assess its performance versus the technique based
on clustering the boundary nodes. Due to the restrictions on the number of pages,
we outline the definition of the problems and refer to [4] for a detailed description.
For all tests, in the offline phase, the local parametric problems (7a) and (7b) are
solved using the encapsulated PGD toolbox [3] with tolerance 10~ to stop the PGD
enrichment process, and a compression algorithm [7] with tolerance 1073 is applied
to eliminate redundant modes. In the online phase, the interface system (18) is solved
by GMRES with stopping tolerance 10~ on the relative residual.

5.1 Bidomain diffusion problem with analytical solution

Consider problem (1) with v(u) = 1+ ux,x = (x,y) € Qand u € P := [1,50] being
a scalar parameter. The domain is Q = (0, 2) x (0, 1), split into the two overlapping
subdomains Q; = (0,1.05) x (0,1) and Q, = (0.95,2) x (0,1), and the source
term s(u) is chosen such that the exact solution is u(u) = sin(2zx) sin(27y) +
%xy(y — 1)(x = 2). The parametric interval ¥ is discretized using step &, = 1073,
while Lagrangian Q; elements are used for the space discretization with mesh size
h = 0.05. The local meshes coincide in the overlap that has width 2A. Considering
this space discretization, there are 19 nodes on each interface so that, following the
procedure in Sect. 3, one must solve 19 problems like (7b) and one problem (7a) in
each subdomain. The total number of PGD modes computed in Q; is 68 (106 before
compression) and 56 (62 before compression) in €5, with total CPU time of the
offline phase of 6.56 s (averaged over 10 runs). In the online phase for the case u = 3,
GMRES converges in 9 iterations with computational time of about 2 X 1072 s. To
assess the accuracy of the DD-PGD approach, we compute the relative error in L?
norm between the exact solution and the DD-PGD solution for selected values of
the parameter y and we compare them to the errors for the full-order finite element
solution “?z The results reported in Table 1 show that the accuracy provided by the
twCoetpadsgsthbpesebddntitakhose in Sect. 5.1 of [4], we remark that the offline
computational cost is now reduced by approximately 17 times without loss of ac-
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PGD

M |lu™ - u”L2(Q)/”u||L2(Q) |qu; - M||L2(Q)/||M||L2(Q)
3 9.08 x 10~° 9.07 x 10~°
30 3.27 x 1073 3.27 x 1073

PGD

Table 1 Relative error in L? norm between the exact solution u, the DD-PGD solution 2P and

the full-order finite element solution ug

curacy in the online phase. This is due to the fact that many unneeded parametric
combinations occurring in (10) are avoided with the present approach. The number
of modes is also lower, thus reducing memory storage. Meanwhile, the online phase
is twice as fast and requires fewer iterations with both advantages being attributable
to the absence of an interpolation procedure for the boundary parameters.

5.2 Multi-domain diffusion problem

We consider the diffusion equation (1); on the domain Q shown in Fig. 2 (left) with
boundary conditions u(u) = 0on Loy, v(u) Vu(pu)-n = 1onTy, and Vu(p)-n = Oon
0Q\ (T, UT o). In this test case, proposed in [6], each subdomain Qﬁ’ is characterized
by a parametric diffusion coefficient v(u) = y; i =1,...,9), while v(u) = 1 in the
rest of the domain, so that there are 9 scalar parameters y; € P := [5x 1072, 10]. As
we remarked in [4], the computational domain can be reconstructed by composing
four reference subdomains Qi (i=1,...,4)upon suitable rotation and/or translation.
Therefore, in the offline phase, the local surrogate models are computed only in
those reference domains considering discretization step A, = 1073 for P, and Q
Lagrangian elements for the finite element discretization with mesh size 7 = 0.0125
along the external boundary of each subdomain and /4 = 0.05 within the bulk regions
Qf’ . This space discretization leads to 42 boundary problems (7b) in Q; and in Qy4,
63 problems in Qz, and 84 in Q3. In Q4, an additional problem (7a) is considered
to account for the Neumann boundary condition on I['j,. The number of PGD modes
computed in the offline phase in Qi @@=1,...,4)is, respectively, 190 (312 before
compression), 272 (469), 336 (604) and 195 (321), with a total computational cost
of approximately 35 s. These are significantly fewer modes than those obtained by
the clustering procedure that resulted, respectively, in 236 (370 before compression),
386 (672), 509 (930) and 244 (419) modes with computational cost approximately
25 times higher. The number of GMRES iterations and the CPU time obtained for
two sets of parameters g in the online phase are reported in Table 2, together with
the relative errors in [ norm versus a full-order finite element solution ug( ). The
error distribution for the first set of parameters is also shown in Fig. 2 (right).

PGD(,,\_, h -
f My p3 pa ps pe pr ps po #iter. CPU time 10t Wl

llee" (1) i ()
Test1: 0.1 0.20.40.81.63.2640.102 93 1.26s 1.8x 10773
Test2: 494.748525.04955535.1 57 0.79 s 3.4x 107

Table 2 Number of GMRES iterations, CPU time and relative errors obtained in the online phase
for two sets of parametric values.
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Fig. 2 Computational domain (left) and scaled error |u*° (u) — u” (u)|/maxg |u” (u)| for the
first set of parameters reported in Table 2.

We remark that the number of GMRES iterations is significantly lower than in the
case of clustering of the nodes where 302 and 126 iterations were needed to converge
in Test 1 and 2, respectively. The CPU time is also reduced by approximately 15 and
10 times. It is also worth noticing that the number of performed GMRES iterations
(93 and 57, respectively) is now comparable to the 95 and 56 iterations required
by the overlapping Schwarz algorithm coupled with the high-fidelity finite element
solver, while the proposed strategy offers a wall-clock speed-up of approximately
130 times. The fewer iterations are likely due to the avoidance of the interpolation
procedure that was needed by the previous clustering approach.

6 Conclusions

In this work, we presented an improved algorithm that combines overlapping DD
and physics-based PGD MOR to solve parametric linear elliptic problems. The
proposed approach exploits the basis functions that span the space of the traces of
the finite element solution on the domain interfaces to construct a PGD basis for
the local surrogate models, with a significant reduction of the dimensionality of
the parametric subproblems to be solved. These are then efficiently added through
parametric linear combinations to obtain the local surrogate models needed at each
iteration of the Schwarz algorithm in the online phase. The resulting DD-PGD
algorithm outperforms the approach in [4] in terms of simplicity of implementation
and of computational cost both in the online and in the offline phase.
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