
Schwarz Methods with PMLs for Helmholtz
Problems: Fast Convergence at High Frequency

Jeffrey Galkowski[0000−0001−5228−4998] , Shihua Gong[0000−0003−3650−2283] ,

Ivan G. Graham[0000−0002−5730−676�] , David Lafontaine[0009−0005−1916−0076] , and

Euan A. Spence[0000−0003−1236−4592]

1 Introduction

We discuss parallel (additive) and sequential (multiplicative) variants of overlapping

Schwarz methods for the Helmholtz equation in R� , with large real wavenumber

and smooth variable wave speed. The radiation condition is approximated by a

Cartesian perfectly-matched layer (PML). The domain-decomposition subdomains

are overlapping hyperrectangles with Cartesian PMLs at their boundaries. In a recent

paper, we proved (for both variants) that, after a specified number of iterations –

depending on the behaviour of the geometric-optic rays – the error is smooth and

smaller than any negative power of the wavenumber � . For the parallel method, the

specified number of iterations is less than the maximum number of subdomains,

counted with their multiplicity, that a geometric-optic ray can intersect. The theory,

which is given at the continuous level and makes essential use of semi-classical

analysis, assumes that the overlaps of the subdomains and the widths of the PMLs

are all independent of the wavenumber. In this paper we extend these results of by

experimentally studying the behaviour of the methods in the practically important

case when both the overlap and the PML width decrease as the wavenumber increases.

We find that (at least for constant wavespeed), the methods remain robust to increasing

� , even for miminal overlap, when the PML is one wavelength wide.
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2 The Helmholtz problem

We consider the Helmholtz equation:

−�−2
Δ� − �−2� = � in R

� , (1)

with the Sommerfeld radiation condition: �
�−1

2 (��� − i��) → 0, as � = |x| → ∞.

Here � ≥ 1 is the wave number, � ∈ �∞ (R�) is the wavespeed and � ∈ �2 (R�) is

the source. While the paper [2] treats the case of general �, in the interests of brevity

we restrict here to � = 2. The method for general � is an obvious generalisation of

the one presented here. We assume that both � and 1 − � are supported in a box

Ωint := (0, �) × (0, �).

We now restrict problem (1) to the domain Ω := (−�, � + �) × (−�, � + �), having

added a standard Cartesian PML of thickness � to Ωint. To do this, we choose a

scaling function �� ∈ �
∞(R) (with � denoting “scaling”), satisfying

�� (�) = � ′� (�) = 0 for � ≤ 0 and � ′� (�) > 0 for � > 0, ,

together with �� (�)
′′
= 0 for � ≥ �lin for some �lin < �. Using this, we define the

horizontal and vertical scaling functions:

�1 (�1) :=




�� (�1 − �) if �1 ≥ �

0 if �1 ∈ (0, �)

− �� (−�1) if �1 ≤ 0

, �2 (�2) :=




�� (�2 − �) if �2 ≥ �

0 if �2 ∈ (0, �)

− �� (−�2) if �2 ≤ 0

,

and the scaled operator

Δ� :=
(
�1 (�1)

−1��1

)2

+
(
�2 (�2)

−1��2

)2

, (2)

where �� := 1 + ��′�, � = 1, 2. The PML approximation to (1) then reads as:

�� � := (−�−2
Δ� − �

−2) � = � on Ω,

subject to � = 0 on �Ω.
(3)

3 The overlapping Schwarz methods with local PMLs

We consider both parallel and sequential overlapping Schwarz methods for (3), using

PML as a subdomain boundary condition. Such a strategy was first proposed (without

theory) in [5], and has received much recent interest both in the overlapping and non-

overlapping cases – for reviews see [2] and [3]. Recent work on the overlapping case

includes [4] and [1]. Our paper [2] provides the first wavenumber-explicit theory, both

for the overlapping case, and for any domain decomposition method for Helmholtz

problems with a non-trivial scatterer.
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We cover Ωint by � overlapping sub-rectangles: Ωint, � := (� � , � � ) × (� � , � � ), � =

1, . . . , � , and we let � > 0 denote the minimum overlap parameter, as defined for

example in [6, Assumption 3.1]. Each Ωint,j is then extended to a larger subdomain

Ω � by adding a PML of width � along each edge, analogous to the extension of Ωint

to Ω. (The PML width on interior edges could also be different from � - see [2].)

An example is the checkerboard decomposition, where the Ωint, � are constructed

by starting with an �1 × �2 tensor product rectangular (non-overlapping) decom-

position of Ωint and then extending the internal boundary of each sub-rectangle

outward, subject to the constraint that each extended sub-rectangle only overlaps its

nearest neighbours. Then, Cartesian PMLs are added to Ωint and Ωint, � as above. A

checkerboard with either �1 = 1 or �2 = 1 is called a strip decompositon. In any

case � := �1�2 is the number of subdomains.

We now define subproblems on Ω � , � = 1, . . . , � . The local scaling functions are

�1, � (�1) :=




�� (�1 − � � ) if �1 ≥ � �

0 if �1 ∈ (� � , � � )

− �� (� � − �1) if �1 ≤ � �

, �2, � (�2) :=




�� (�2 − � � ) if �2 ≥ � �

0 if �2 ∈ (� � , � � )

− �� (� � − �2) if �2 ≤ � � .

.

Then the local scaled Laplace operators (analogous to (2)) are

Δ�, � :=
(
�1, � (�1)

−1��1

)2

+
(
�2, � (�2)

−1��2

)2

, (4)

where ��, � = 1 + ��′�, � , � = 1, 2 and the local scaled Helmholtz operator is

��, � := −�−2
Δ�, � − �

−2. (5)

To knit local solutions together, we introduce a partition of unity (POU) on R2,

denoted {� � }
�
�=1

, such that
∑

� � � ≡ 1 on R2, and, in addition,

supp� � ∩Ω ⊆ {� ∈ Ω � : �ℓ, � (�ℓ) = �ℓ (�ℓ), ℓ = 1, 2}. (6)

Condition (6) implies that supp�ℓ ⊆ Ωint, � if Ωint, � is an interior subdomain of Ωint

but supp�ℓ is extended into the PML of Ωint otherwise. The algorithms are then as

follows.

The additive (parallel) Schwarz method. Given an initial guess �0
+ ∈ �1

0
(Ω), we

obtain the iterates ��+ : � = 1, 2, . . . by solving (variationally) the local problem:

��, ��
�
� = ( � − ���

�
+) |Ω �

on Ω � (7)

for the corrector ��
�
∈ �1

0
(Ω � ), and then setting

��+1+ = ��+ +

�︁

�=1

� ��
�
� . (8)
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If we introduce ��+1
�

:= ��+ |Ω �
+ ��

�
, then this can also be written:

��, ��
�+1
� = ��, � (�

�
+ |Ω �
) − (���

�
+) |Ω �

+ � |Ω �
on Ω � , with ��+1� = ��+ on �Ω � ,

and then ��+1+ :=
∑�

�=1 � ��
�+1
�

. In this case, all the local contributions ��+1
�

: � =

1, . . . , � are computed independently in parallel, before ��+1+ is finally assembled.

The sequential version is a simple variant of this.

The multiplicative (sequential) Schwarz method. Given an initial guess �0
× ∈

�1
0
(Ω), let �0

�
:= �0

× |Ω �
. Then, for � = 0, 1, . . ., do the following:

1. (Forward sweeping) For � = 1, . . . , � ,

�→� ,� :=
︁

ℓ< �

�ℓ�
2�+1
ℓ +

︁

ℓ≥ �

�ℓ�
2�
ℓ ,

and then compute �2�+1
�
∈ �1 (Ω � ) as the solution to

��, ��
2�+1
� = ��, � (�

→
� ,� |Ω �

) − (���
→
� ,�) |Ω �

+ � |Ω �
on Ω � ,

subject to �2�+1
� = �→� ,� on �Ω � ,

Then set

�2�+1
× :=

�︁

ℓ=1

�ℓ�
2�+1
ℓ .

2. (Backward sweeping) For � = �, . . . , 1, introduce

�←� ,� :=
︁

ℓ≤ �

�ℓ�
2�+1
ℓ +

︁

�<ℓ

�ℓ�
2�+2
ℓ ∈ �1

0 (Ω).

Then compute �2�+2
�
∈ �1 (Ω � ) as the solution to

��, ��
2�+2
� = ��, � (�

←
� ,� |Ω �

) − (���
←
� ,�) |Ω �

+ � |Ω �
on Ω � ,

subject to �2�+2
� = �←� ,� on �Ω � ,

and then set

�2�+2
× := �←�+1,� =

�︁

ℓ=1

�ℓ�
2�+2
ℓ .

Remark 1 General sequential methods for any dimensional checkerboard decompo-

sitions can be found in [2, Section 1.4.6]. These methods perform multiple sweepings

with different orders of the subdomains. Specifically, we construct exhaustive (see

[2, Definition 7.2]) sweeping methods such that, for each geometric-optic ray, there

are at least two sweeps ordering the subdomains intersected along the ray in both

forward and backward directions.
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4 Theoretical results

Suppose the POU {� � } is�∞. Let {��∗ }
∞
�=0

be any sequence of iterates for the additive

(∗ = +) or multiplicative (∗ = ×) Schwarz algorithm above. Then [2, Theorems 1.1-

1.4 and 1.6] give conditions that, for any � > 0 and integer � ≥ 1, guarantee the

existence of N ∈ N and � > 0 (both independent of � ) such that

∥� − �N∗ ∥��
�
(Ω) ≤ ��−� ∥� − �0

∗ ∥�1
�
(Ω) . (9)

(Here the norm is defined by ∥�∥2��
�
(Ω) :=

∑
|� | ≤�



(�−1�)��


2

�2 (Ω)
, for � ≥ 1.)

In particular, (9) implies that the fixed-point iterations converge exponentially

quickly in the number of iterations for sufficiently-large � and the rate of exponential

convergence increases with � .

The case of no scatterer (� ≡ 1) is dealt with in [2, Theorems 1.1-1.4]. In that case,

for a strip DD with � subdomains,N = � for the parallel algorithm whileN = 2 for

the sequential algorithm (one forward and backward sweep). For a 2D checkerboard

with �1 ≥ 2 and �2 ≥ 2, we have N = �1 + �2 − 1 in the parallel case and N = 4

in the sequential case (although the ordering of sweeps has to be carefully chosen).

The case of variable (but non-trapping) � and general rectangular DD is dealt with

in [2, Theorems 1.6], where N is defined as the maximum number of subdomains,

counted with their multiplicity, that a geometric-optic ray can intersect.

These results are valid on fixed domains for sufficiently-large � , i.e., the PML

widths and DD overlaps are arbitrary, but assumed independent of � . Obtaining

results that are also explicit in these geometric parameters of the decomposition will

require more technical arguments than those used in [2]. In this paper we investigate

this issue experimentally.

5 Discretisation and numerical results

Discretisation. Equation (3), involving the scaled operator �� , is recast in variation

form, multiplying by a test function � ∈ �1
0
(Ω) and integrating by parts to obtain

�(�, �) :=

∫

Ω

�−2
(
(�∇�) · ∇� − (� · ∇�)�

)
− �−2�� = ⟨ � , �⟩�2 (Ω) , (10)

where � := diag
(
�−2

1 (�1), �
−2
2 (�2)

)
and � :=

(
�′1 (�1)�

−3
1 (�1) , �

′
2 (�2)�

−3
2 (�2)

)�
.

The variational form of equations involving the local operator ��, � (such as (7)) yield

an analogous local sesquilinear form � � defined on �1
0
(Ω � )

2.

Let {Tℎ} be a shape-regular conforming sequence of meshes for Ω which resolve

the boundaries of Ω, Ωint, Ωint,j, and Ω � , for all � . Let �ℎ be the space of continuous

piecewise-polynomials of degree ≤ � on Tℎ which vanish on �Ω. The finite element
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discretisation of (10) leads to the linear algebraic system Au = f, with u denoting the

nodal vector of the finite element solution to be found.

Then, with �ℎ, � = {�ℎ |Ω �
: �ℎ ∈ �ℎ} ∩ �1

0
(Ω � ), the discrete version of the

additive algorithm reads as follows. Given an iterate ��
+,ℎ
∈ �ℎ, we compute a

corrector ��
ℎ, �
∈ �ℎ, � by solving the discrete version of (7):

� �

(
�
�
ℎ, � , �ℎ, �

)
=
〈
� ,R�

ℎ, ��ℎ, �
〉
− �

(
��ℎ, � ,R

�
ℎ, ��ℎ, �

)
for all �ℎ, � ∈ �ℎ, � ,

where R⊤
ℎ, �

denotes extension by zero from �ℎ, � to �ℎ. The next iterate ��+1
+,ℎ

is

obtained by the discrete analogue of (8).

With A � denoting the finite element stiffness matrix corresponding to � � , and u�
+

denoting the nodal vector of the �th iterate, this can be easily seen to correspond to

the preconditioned Richardson iteration (see [2, §8]):

u�+1
+ := u�

+ + B−1 ( � − Au�
+) with B−1 :=

︁

�

R̃⊤� A−1
� R � ,

where R � denotes the restriction of a nodal vector on Ω to its nodes on Ω � , and R̃⊤�
denotes the extension by zero of a nodal vector on Ω � , after multiplication by nodal

values of � � . Thus the additive algorithm is a familiar restricted additive Schwarz

method where the subdomain problems have PML boundary conditions.

Numerical Experiment. In this experiment, we explore how the overlap size � and

the definition of the PML affect the performance of the methods. For simplicity, we

consider constant wavespeed � = 1. For discretization, we used finite elements of

polynomial order 2, with ℎ ∼ �−1.25 (to control the pollution error). In the tests in

[2] (chosen to illustrate the theory), we had set � = � = 1/40, fixed independently

of � . In this case the number of freedoms in the overlaps and the PMLs increases

significantly as � increases, implying a heavy communication load at high-frequency.

Here we investigate smaller PML thickness � and smaller overlap �, thus increasing

the practicality of the method. The PML scaling function is �PML (�) =
�
3
�3.

We tested two possible choices of � and �. In the first setting we chose � =

� := 2�
�

(i.e., the PML is one wavelength wide) and we compared different choices

of � ∈ {5 × 103, 104, 30�, 0.3�2}. In the second setting we chose � ∈ {3ℎ, 5ℎ}

and � = �2.5, (thus ensuring that the PML scaling functions have the same maximal

modulus O(1) in the PML regions). The second setting turned out not to be �-robust,

while the first was found to perform better when � was increasing with respect to

� . Due to the page limit, we only present the results for � = � and � = 30� and for

overlap � ∈ { 1
80
, 2ℎ, ℎ}; when � = ℎ the overlap has only two layers of elements.

Regarding the POU, for a strip DD we start from functions �̃ � supported onΩint, � ,

which take value 1 in the non-overlapping region and decrease linearly to 0 towards

the internal boundary of Ωint, � . Then the POU is obtained by normalizing, i.e.,

� � =
�̃�∑
� �̃�

. For the checkerboard DD, we used the Cartesian product �̃� (�) �̃ � (�) to

generate local functions on Ωint, � and then normalized them to obtain � � . The POU

used here is not as smooth as is required in the theoretical analysis [2]. In fact, in the
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experiments in [2] we used a smooth POU and each � � was supported in a proper

subset of Ωint, � , bounded away from �Ωint, � .

Table 1 lists the iteration counts for the algorithms to attain 1e-6 reduction of the

relative residual. Here “RAS-PML” and “RMS-PML” denote respectively the addi-

tive and multiplicative algorithms, each tested on strip and checkerboard DDs. For

the RMS-PML and checkerboard DD, we use the exhaustive sweeping method that

contains 4 sweeps per iteration (see [2, Figure 1.2]). We observe: 1) The performance

is hardly degraded when the overlap is reduced from fixed (� = 1/80) to minimal

(� = ℎ). When � = 1/80, the overlap contains 4, 7, 10, 13, 16, 19 layers of elements

for � = 100, 150, 200, 250, 300, 350. The results show that this communication cost

can be removed while hardly affecting the convergence. 2) With � = �, the iteration

counts are not decreasing as fast with increasing � as when we used fixed PML

width. (See the experiments in [2] illustrating (9).) However convergence rates re-

main bounded for the range of � tested and in the checkerboard case for RAS-PML,

the convergence rate decreases as the wave number increases; see Figure 1.
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Fig. 1: RAS-PML/RMS-PML on Checkerboard: The rate of reduction of residual

against � . Left: Reduction rate per �� + �� − 1 iterations for RAS-PML; Right:

Reduction rate per exhaustive sweep for RMS-PML
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N 2 4 8

k\� 1
80

2h h 1
80

2h h 1
80

2h h

100 3(3) 4(4) 4(4) 7(7) 7(7) 7(7) 15(15) 15(15) 15(15)

150 3(3) 3(3) 3(3) 7(7) 7(7) 7(7) 15(15) 15(15) 15(15)

200 3(3) 4(3) 4(3) 7(7) 7(7) 7(7) 12(12) 15(15) 15(15)

250 4(4) 4(4) 4(4) 6(6) 7(7) 7(7) 11(11) 15(15) 15(15)

300 4(4) 5(5) 5(5) 7(7) 7(7) 7(7) 15(15) 15(15) 15(15)

350 4(4) 5(5) 5(5) 6(6) 7(7) 7(7) 11(11) 14(14) 15(15)

(a) RAS-PML on strip DD

N 2 × 2 4 × 4 8 × 8

k\� 1
80

2h h 1
80

2h h 1
80

2h h

100 8(6) 9(6) 9(7) 18(16) 19(18) 20(19) 33(27) 40(32) 47(36)

150 8(6) 8(6) 8(7) 16(15) 18(18) 20(18) 32(27) 42(37) 48(40)

200 7(6) 8(6) 8(7) 15(14) 18(17) 19(18) 30(28) 48(37) 56(40)

250 7(6) 8(6) 8(6) 14(13) 19(16) 20(17) 29(27) 42(37) 45(39)

300 6(6) 8(6) 8(7) 13(13) 18(16) 18(17) 28(27) 44(37) 47(39)

350 6(6) 7(6) 7(7) 13(13) 17(16) 18(16) 28(26) 45(37) 48(39)

(b) RAS-PML on checkerboard DD

N 2 4 8

k\� 1
80

2h h 1
80

2h h 1
80

2h h

100 2 2 2 2 2 2 2 2 2

150 2 2 2 2 2 2 2 2 2

200 2 2 2 2 2 2 2 2 2

250 2 2 2 2 2 2 2 2 2

300 2 3 3 2 3 3 2 3 3

350 2 3 3 2 3 3 2 3 3

N 2 × 2 4 × 4 8 × 8

k\� 1
80

2h h 1
80

2h h 1
80

2h h

100 2 2 2 4 4 4 5 5 6

150 2 2 2 3 4 4 4 5 6

200 2 2 2 3 4 4 4 5 6

250 2 2 2 3 4 4 4 5 6

300 2 2 2 3 3 4 4 5 5

350 2 2 2 3 3 3 3 5 5

(c) RMS-PML: Left: strip DD, Right checkerboard DD.

Table 1: Iteration counts (relative residual tol = 10−6) with �PML (�) := �
3
�3,

� = 30� . The numbers without bracket are for the fixed point iterations and

the numbers in brackets are for the preconditioned GMRES iterations. Note that
1

80ℎ
= 4, 7, 10, 13, 16, 19 for � = 100, 150, 200, 250, 300, 350
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