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1 Introduction

We are interested in modeling channel systems governed by partial differential
equations. A typical example are water channels, as shown in Figure 1 on the
left, see e.g. [8, 11, 3, 5]. To model flow in such channels, one uses in general the
2D shallow water equations. For large networks, it would be advantageous to use a
simpler 1D model along the channels [10], as indicated in Figure 1 going from the
middle to the right. One could then simply use the 1D Saint Venant equations (1871)
throughout the network,

1
O h+0,(hv) =0, 8, (hv) + 0 (W + 5gh2) = —ghdyb, 1)

Fig. 1 Left: Irrigation channels in the vallée de la Medjerda, Tunisia. Middle: geometric shape of
a junction. Right: simpler one dimensional approximation of the junction.
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Fig. 2 Laplace problem on a junction with diminishing channel width and Dirichlet boundary
conditions equal to 1, 2 and 3 at the channel ends. Top: zero Neumann conditions along the channel
sides. Bottom: zero Dirichlet conditions along the channel sides.

where £ is the water height, v is the velocity to be computed, b is the given topography,
and g the constant of gravitation. The 1D Saint Venant equation (1) needs to be solved
on each branch of the network, where x denotes the coordinate along the branch.
Questions for the simplified one dimensional model for the network are then how
the one dimensional model should be coupled at junctions [14, 1, 9], and also if the
network is very large, for example the human blood system [13, 12], how one should
solve such problems in a scalable way [4], see also [7, 2] for reviews on PDEs on
networks. We start here with the simpler Laplace problem on such a network, to
investigate coupling conditions and scalability of such a network solver.

2 Coupling Conditions for the Laplace Problem

We consider the Laplace problem Au = 0 on a T-junction and start with a numerical
simulation shown in Figure 2. We solve the Laplace problem first with zero Neumann
boundary conditions on the channel sides, and Dirichlet boundary conditions with
values 1, 2 and 3 at the channel ends, and diminish the channel width in the top row
of Figure 2 from the left to the right to see what type of limit is approached by the
numerical solution. We see that indeed the solution seems to approach a limit: on
each branch the solution is linear along the branch, i.e. solution of the 1D Laplace
problem, and coupled with a specific condition at the junction. To see the importance
of Neumann conditions on the channel sides, we repeat the same experiment with
zero Dirichlet boundary conditions, see the bottom row of Figure 2. Clearly, in that
case, there is no flow remaining through the network, and thus the lateral boundary
conditions are very important for obtaining an interesting lower dimensional limiting
model.

In order to determine the coupling conditions in the lower dimensional model, we
use now a domain decomposition idea, as indicated in Figure 3. We decompose the
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Fig. 3 Domain decomposition to obtain coupling conditions at the junction.

junction in 2D into four subdomains, three Q;, j = 1, 2, 3 representing the incoming
channels, and the coupling domain € in the middle. In order to have an equivalent
Laplace problem on these four subdomains in 2D, the coupling conditions on the
interfaces I';, j = 1,2, 3 between the subdomains must be matching Dirichlet and
Neumann data,

uj=ug and 0,u; = duuo, 2)

where g, denotes the unit outer normal derivative for the subdomain €2y. Integrating
the equation on the coupling subdomain €y, and using the divergence theorem, we

get
OZ/ AMO=/ 8nu0=Z/ anuj’
Q Q0 7 JT;

and hence, when the channel width goes to zero equally for all channels, we get

Theorem 1 The coupling conditions for the Laplace problem on networks at junc-
tions in a reduced 1D model are

uj=uy and Z Onuj =0, 3)
J

where 0, denotes now the outgoing normal derivative along each channel direction.

These are the analog of Kirchhoff’s laws for electric circuits, which he discovered
being a student, and on which he then wrote his PhD thesis. This result is well
known and can be found for example in [6, Section 5]. We show in Figure 4 the same
numerical example as in Figure 2 but now overlaying the limiting one dimensional
solution of the Laplace problem coupled with the coupling conditions (3) in red. We
see that the 1D model gives a very good approximation already when the channels are
quite wide, and the height converges when the channels become thinner proportional
to the channel width.

The coupling conditions in Theorem 1 do not depend on the angles at the junction.
If we go back to the channel flow problem in Figure 1 on the left, this does not seem
to be a good approximation when the channels are still having a certain, albeit small
width, since water will flow much more easily into a channel that goes along the
flow direction, than into a channel that bifurcates in the opposite direction. In order
to get more insight, we perform now a numerical experiment for the wave equation,
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Fig. 4 Overlaid in red the limiting 1D Laplace problem with appropriate coupling conditions at
the junction. Right: convergence of the numerical volume model to the exact junction height of the
1D model of the center value and average of the coupling domain €.
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Fig. 5 Left and Middle: two T-shaped channel configurations for the wave equation experiment.
Right: incoming planar Gaussian pulse seen from the top.

1 1 -1 -1

0.8
0.6
0.4
0.2

0.8 08
-0.6

0.4

0.8
0.6 -0.6
0.4

0.2

0.4

0.2 0.2

0 0 0 0

0.2 0.2 0.2 0.2

0.4

0.4 0.4 0.4
-0.6
-0.8

-1
-1 0.5 0 0.5 1

-0.6
-0.8

0.6 0.6

0.8

1
-1 0.5 0 05 1

1
-1 -0.5 0 0.5

“a 05 0 05 1

Fig. 6 From left to right: wave after passing the first T-shaped junction; corresponding averaged
wave height across the channel width; wave after passing the second T-shaped junction; and
corresponding averaged wave height across the channel width.

(9”14 =Au (4)

in two T-junction configurations as shown in Figure 5, with an incoming planar
Gaussian pulse # = g on the right and d,u = 0 on lateral channel borders. We show
in Figure 6 how the wave propagates through the two different channel configurations.
We clearly see that the geometry of the junction plays a role: in the first case, most
of the wave passes straight through the junction, and only a smaller part is deflected
towards the top. This becomes especially visible if one plots average wave heights
across the channel width, which would correspond to what a 1D model could deliver.
In the second case, an equal part of the wave goes to the top and bottom channel, and a
major part is reflected, again best visible in the averaged plot on the right. Clearly, for
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Fig. 7 Left: geometry for the Fourier analysis to solve the Laplace problem with zero Neumann
boundary conditions on the channel sides. Right: notation for a small part of a very large network.

such problems a correction is needed for the geometry in the transmission conditions,
the Kirchhoff type conditions of Theorem 1 in the limiting case are not good enough!.

We therefore perform a Fourier Analysis for the Laplace problem Au = 0 with
zero Neumann boundary conditions on the channel sides of the specific geometry
shown in Figure 7 (left). Cosine expansions of #; and u3 in y and u5 in x, together
with a decomposition in the coupling domain uy = vg + wp, where

vo=0o0nTYy,I0;3, dywo =0 on Ty n, T2,
Oyvo =0 onIy n, and wo=ujonlyy, 5)
ayU() = 6yu2 on FO’Z, wo = u3z on F(),3,

and a sine expansion of vy in x and a cosine expansion of wy in y lead to the exact
solution in the T channel given in form of infinite series, and one can obtain a first
theoretical result from these expansions:

Theorem 2 The zeroth order term in the expansion leads again to the Kirchhoff
coupling conditions from Theorem 1.

Proof. It suffices to consider the zero order modes of the 6 coupling conditions
uj=ug and Oyu;=0uy on Iy;, j=1,23.

Focusing on the 4 equations that are necessary at order 0, we solve the Laplace
problem Au = 0 on each subdomain, using on the domain € the boundary conditions

wo =uy(:=dtg1) on Ly,  wo =u3z(:=itp3) on 3, yvg = dyus on Ty,

and on domain Qj, us = uo(:= #t0) on I'p2. Now we expand the traces i, ifo3 and
itoo on the boundaries into a cosine series, and the trace dyu; into a sine series. After
some computations, we obtain at order 0 the equation

! If one makes the channels smaller (not shown here), the two junctions start to behave more and
more the same, so in the limit, the Kirchhof law is still correct!
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Fig. 8 Results for the Fourier approximation for the same channel configuration as in Figure 2 for

the finite difference method. Top row: for 6 = € = % with 1, 2, 3 and 4 Fourier modes. Bottom

row: with 2 Fourier modes, from left to right with § = € = %, J—‘, %, %.
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1.500000000
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Table 1 Height of the middle point in the coupling domain €2 in the Fourier approximation.

Uor,0 —U1,0 O U20,0 — U2,0
+ - +
L1 € L2

03,0 —U3,0

07
L

where i1, i, i3 are defined in Fig. 7 (left) and it ¢ is the zeroth mode of i,. |

We show in the top row of Figure 8 the coupled analytical solution from Theorem
2 using 1, 2, 3 and 4 Fourier modes in the expansion, for the same T-junction
channel configuration as in Figure 2, and in the bottom row the approximation with
2 Fourier modes when the channel width decreases. We visually see that the Fourier
approximation converges when more Fourier modes are added, and also that the
coupled solution converges to the Kirchhoff limit when the channel becomes finer.
To get more quantitative information, we show in Table 1 the numerical value of
the center point in the junction domain €j. We see that with only the constant
mode, the height is not well approximated, even though according to Theorem 2, the
correct asymptotic coupling conditions are used; see also Figure 8 at the top left.
Adding more terms in the Fourier expansion corrects this rapidly, but we also see that
convergence is not monotonic: with 3 modes the center height is lower than with 2 or
4 modes. We also see that when the channel width becomes smaller, the approximate
heights converge to a limit, but the low number of modes does not yet suffice to
see how convergence to the limiting height 2 occurs when the channel width goes
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Fig. 9 Top row: solution, random initial guess u® and solution u' after subdomain solves with
Lions’ parallel Schwarz method without overlap. Bottom row: error « — u! after subdomain solves,
solution after the coarse correction, and error after the coarse correction.

to zero, in contrast to what we observed in the finite difference approximation. This
indicates that it will not be easy to obtain a theoretical convergence rate from this
Fourier expansion.

3 Two Level Solver for the Laplace Problem

In order to solve a very large network in a scalable way, we propose now a specific
two level method. We show the notation we use in Figure 7 (right). Brockmann
proposes in [4] solving such problems on metric graphs using multigrid methods.
To solve Au = f on such a graph is however one of the few examples where a 2-level
DD method can become a direct solver, i.e. there exists a practical, truly optimal
coarse space, which does not just provide scalability, and we have the following

Theorem 3 Starting from an arbitrary initial guess u® on the network and applying
one iteration of Lions’ parallel Schwarz method with subdomains ; ;.1 without
overlap (!),

Au'

_ 1 _ 0
G = finQ; i, Uj i =u on I'jand Tjyy, (6)

the method gives the exact solution if next a coarse correction is applied with a
piecewise linear coarse space aligned with Q; ;1.

We illustrate this result in Figure 9 for a T-channel network example with source
term f = 1 and zero Dirichlet boundary conditions at the channel ends. Note that the
Schwarz method without overlap does not converge, it only provides the influence
of the right hand side from each subdomain here in the first iteration. The coarse
correction then provides precisely the necessary piecewise linear complement so
that the sum forms the solution on the network.
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4 Conclusions

We used the Laplace problem on a graph to derive classical Kirchhoff type coupling
conditions at junctions for a lower dimensional model. We showed numerically that
these conditions give good approximations for the Laplace problem, but not for a
wave propagation problem, since in the Kirchhoff type coupling conditions the angle
dependence is lost. We then derived, again for the Laplace operator, an exact Fourier
representation of the solution in the specific geometric configuration of a T junction.
The first Fourier mode leads again to the Kirchhoff type coupling conditions. We
also studied numerically the influence of the higher order Fourier modes. We finally
showed that a non-overlapping two level Schwarz method can become a direct solver
on such channel network models.
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