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1 Introduction

The main motivation of this paper comes from our recent work [3] where
we introduced the decompose-then-optimize (DtO) technique to solve PDE-
constrained optimization problems, see also [8]. The idea is to rewrite the
PDE constraint valid on the whole domain as an equivalent system of PDEs
on subdomains only, coupled on the artificial interfaces by specific continuity
constraints, which are then handled by various optimization techniques. Due
to the many optimization techniques, one can discover systematically new
DD methods doing this; the classical FETI method [4] is a prime example.

In contrast, the classical optimize-then-decompose (OtD) approach is to
directly apply Domain Decomposition Methods (DDMs) to the first order
optimality conditions given by the coupled direct and adjoint PDEs. This
is well explored and leads to interesting new results for DDMs, see [6] for
Schwarz methods, [7] for substructuring methods, [16] for non-overlapping
DDMs, and [9] for Dirichlet-Neumann and Neumann-Neumann methods for
elliptic control problems. In OtD, the resulting DDM iterations can also often
be interpreted as solving optimal control problems on the subdomains, see
e.g. [1,2, 6,7, 13, 15, 18].

A very classical question in the numerical analysis of optimal control prob-
lems is whether one should discretize-then-optimize, or better optimize-then-
discretize [12]. There are advantages to both approaches, and in some cases,
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the two approaches also commute. We are precisely interested in the same
question for DtO and OtD: we want to know in which cases DtO leads to a
known DDM (of Schwarz, substructuring, Dirichlet-Neumann or Neumann-
Neumann type) applied to the first-order optimality conditions of the PDE-
constrained optimization problem in the OtD approach, and when not. We
provide specific examples of positive and negative answers to this question
by considering the for simplicity Poisson equation

~Ay=f inQ, yeHj(), (1)

where 2 is a bounded open set of R¢ with Lipschitz boundary. To fit the Pois-
son equation (1) into our DtO framework, we need to consider its equivalent
form as a minimization problem

1
min ZIvyl? — dz. 2
i [ SR =y 2

For our investigation, it suffices to consider a non-overlapping decomposition
of £2 = {21 U2y with common interface I" = 921 NJf25. The DtO counterpart
of (2) is then obtained by adding continuity constraints on I" which gives

2
1
min —|\Vyi|* = fyide,
y&Hl(Qi);/Qi oI Vuil' =T (3)
vilooar =0, yilr = y2|r.

The solution of (3) can be computed using various optimization techniques,
for example the augmented Lagrangian method, and each technique yields a
potentially new DD method, FETI being one example.

In addition to the FETT method, the DtO approach has already been used
by Glowinski in [10] and Le Tallec in [14], where the solution to problems
of the form (2) has been computed using two Lagrange multipliers and a
virtual control ¢ for the constrains y1|r = ¢ = y2|r, using an augmented
Lagrangian algorithm with fractional steps, and it has been proved that the
resulting iteration is exactly the non-overlapping DD method of Schwarz type
with Robin transmission conditions introduced by P.L. Lions. Therefore, this
method satisfies DtO=0tD.

In this paper, we show that other choices for the Lagrangian associated to
(3) and different augmented Lagrangian algorithms yield methods for which
DtO#£0tD, and we focus on the following three cases:

1. one multiplier for the constraint yi|r = yo|r and the augmented La-
grangian method of Hestenes and Powell (see [11, 17]);

2. two multipliers and a virtual control ¢ for the constraints y;|r = ¢ and the
augmented Lagrangian method of Hestenes and Powell;

3. two multipliers and a virtual control ¢ for the constraints y;|r = ¢ and the
augmented Lagrangian method with fractional steps from [10, 14].
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We explain why the two first cases lead to DtO#0tD, and the third case
satisfies DtO=0tD. We also perform a Fourier analysis for each method to
get insight on the convergence behavior of the three methods and compare
their performance.

2 Optimization-based DDM for which DtO#0OtD

We recall in Algorithm 1 the method of Hestenes [11] and Powell [17] to
compute saddle-points of a general augmented Lagrangian £,(y, \).

Algorithm 1 : Multiplier method of Hestenes and Powell (1969)
1. Given )\ffl, compute yf such that

yf = arg min Cp(yf; )\ffl).
Yi

2. Update the multipliers as

A= N1 poy £, (yF AETY).

We apply Algorithm 1 to compute the saddle point of two different augmented
Lagrangians associated to (3):
1. One multiplier and no-virtual control: We consider

2
1
(D) (g \) — 10012 — _ P2
L, (yz,A)—;_l/QZIVyZ fyzdw+/FA(y1 y2) + 5lyr — ol do

as augmented Lagrangian associated to (3). Using Algorithm 1 to com-

pute the saddle point of ﬁgl), given A\*~1 we first compute y* minimiz-
ing L,(y; )\f_l). Since the optimization problem is convex, we have to solve
Oy Lp(y; NFTH) =0 e

—Ayf = fiin @i, yflaoar =0, dpyl = (=1)" (A + p(yf —3)) on I
(4)
Since the right hand sides match in the second equation, the Neumann condi-
tions match at each iteration of the algorithm, like in classical FETT methods.
The multiplier is then updated by setting

AN =N o (yF — b)) on T (5)
Using this relation in (4) we get 9,,,y¥ = —A¥ and 0,,,y5 = A*. This also holds
at iteration k — 1, and substituting \F~1 = — nly’ffl and \F1 = n2y§71

into (4), we get on I', using that the normal derivatives have opposite signs,
the two transmission conditions
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Oy ¥ + pyt = Ony b+ pyb,  Onab + pyh = 0yt oyt (6)

If the y; terms multiplied by p on the right were at iteration index k — 1, this
would be the classical non-overlapping Schwarz method of Lions with Robin
transmission conditions. With iteration index k however, this method may
not be interpreted as a known non-overlapping DDM, and hence DtO # OtD
in this case. In fact, the subproblems with transmission conditions (6) are
not decoupled at iteration k and can thus not be solved independently, in
contrast to DDMs!

To get more insight on the convergence properties of algorithm (4)-(5), we
now perform a Fourier analysis on the error equation (i.e. f =0) and in the
special case where 2 = R2, () = (—00,0) xR, QQ (0, +o0) xR and I' = R.
Denoting by §¥(x,w) the Fourier transform of y¥(z,y) along the y-axis, (4)
becomes

—0u 4w = 0on @, (~1)F0,58 = (—1) (W 4 p(Gk — 7)) on I

Yk—1

whose bounded solutions are 7¥ (z, w) = \;|+2pe‘w‘ U8 (1, w) = me—lw\x
The update of the multiplier (5) is then
— 2 — —
Fo (1o 2 Ywmo (el )i .
Wi+ 2p Wl + 20

which gives the convergence factor Ry = |w|/(Jw|+2p). The method therefore
is a rougher, not a smoother: it converges well for low frequencies, w small,
but stagnates for large frequencies, since Ry — 1 when w — oco.

2. Two multipliers and a virtual control: We consider now a different aug-
mented Lagrangian associated to (3),

L2 (yi, ;A Z/ = Vyil® — fyzd:v+/ i(ys )+g|yi—q|2d0,

where we use 2 multipliers and a virtual control ¢ for the continuity constraint
y1|r = yo|r. Given A\*~1 the first step of Algorithm 1 for ESJQ) is

_Ayic = f in 'Qia yzl'c|aQi\F = Oa amyf = - (>\7],'€_1 + p(yf - qk)) on Fa
2
2pq" = Z (pyiC + )\f_l) on I
i=1

(8)

This shows that 9, y¥ + 0,55 = 2pg* — 23:1 ()\f_l + py¥) =0, so that the

Neumann traces still match at each iteration k like in FETI. Substituting the

relation in (8) for ¢¥ on I" into the relation for 9,y in (8) gives

1, B
Oyt =5 (A1 = AT+ plyy —wi)) (9)
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The update of the multipliers from step 2 of Algorithm 1 is then

AP =ANT (- ) (10)
and we therefore have 9,,y¥ = —\} and 9,,y5 = —\5. This also holds at
iteration k — 1, and substituting \i™' = =9, 4% and \i™! = —9,,y5 !

into (9), we get on I" the two transmission conditions

1 ykfl _’_ykfl 1
Ons s+ 5PYs = Ony =———+ Syl

This is again not a decoupled DD iteration because of the last terms on the
right hand side at iteration k, and in addition now the normal derivatives on
the right hand side are also averaged, this is no known DD iteration. We thus
have again for this approach that DtOz£OtD.

Performing a Fourier analysis as in the first case, we obtain

—0§; + g = 0in 2,
(10,58 = = (M 4 0@k~ 7)) on I,

2
2pq" = Z (pg/jlk —l—:\\f_l) on I
i=1
The bounded solution to (11) are therefore

k=1 | Yk—1 Yk—1 k-1 k=1 | Yk—1
“AMTN A N AT el e M

! 2|w| + 2p o2 2|w| +2p ’ 2p
The update (10) in the algorithm then becomes
N — || (Xk—l _ Xk—l) N — || (Xk—l _ Xk—l)
1 2|W|+2p 1 2 ’ 2 2|W|+2p 1 2 ’

leading to the convergence factor Ry := Iulﬂp = Ry (w;p/2).

3 An optimization-based DDM satisfying DtO=0tD

We now use a fractional step algorithm from Glowinski [10, 5] and Le Tallec
[14] to compute the saddle point of £§>2):
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Algorithm 2 : Fractional step method of Glowinski (1990,2000) and
Le Tallec (1995)

1. Given A¥ and ¢*~!, compute y¥ such that 9, 522) (yi, "1 0F) = 0.
2. Update the multipliers as

A2 = N 4 p0n L2 (yF, "5 08).

3. Compute ¢* satisfying 8q£5)2)(yf7 q~, )\fH/Q) =0.
4. Update the multipliers as

k41 \k+1/2 2) .k k. k+1/2
AT = + paAiﬁg )(yi NP ).

Applying Algorithm 2 to our model problem gives the iterates

—Ay/k = f in -Qi; yf'@ﬂi\F = O, 871Lyf = — ()\i'c—l + p(yf - qk_l)) on F,
N2 =0 p(yF - g,
2

20¢" =) (pyi“ + Afw?) on T,
i=1
k41/2
A= A (gl — db).
(12)
Substituting ¢* and )\f as above gives the transmission conditions

O+ pyt = Oy + pys, Onatb T+ pys T = Ouyut + ot
and thus the iteration (12) is the non-overlapping Schwarz method with Robin
transmission conditions of P.L. Lions, DtO=0tD!
We perform again a Fourier analysis on (12) and get

~k—1_ Yk ~—1_ Yk
ko P =AY wlz ok PT =2y —|w|x
Y17 T O 2T T ¢
NeH1/2 _ —pg AT
' ~* AkIwHﬁk ’ ~k || (13)
_ —1y_lwl=p

q" = ([ + A3 — 2pg )2|w|+2p’

N+l wl=p (YE _FE) Yk+1 _ _ _lwl=p (TE _ 3k

AU = o (M A3 ) AT = g, (AT A9 )

from which we obtain that the convergence factor is R3 := ”‘illz L.

We plot in Figure 1 the three convergence factors Rj(w;p), Rz(w;p) and
R3(w; p). We see that we can use p to optimize the convergence factor for
w € W where W C (0,+00) is a bounded interval of frequencies. More
precisely, we can control the slope of Ry, Ry at w = 0 for the iterations (4)-
(5) and (8)-(10) and, for (12), we can optimize R3 on any bounded interval
W. For the first two methods and for w € W, the convergence can be made
as fast as we wish by taking p large enough, but at the price of computing
coupled subdomain solutions!
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Fig. 1 Fourier convergence factors Ri, Rz and R3 for w € [0,100]. Left: p = 10.
Right: p = 50.

4 Concluding remarks

We presented 3 optimization-based DDMs for the Poisson equation written as
a minimization problem following the Decompose-then-Optimize (DtO) ap-
proach, and showed that the first two lead to unknown domain decomposition
methods for the first order stationarity conditions, DtO#£OtD (Optimize-
then-Decompose), while the last one leads to the non-overlapping parallel
Schwarz method of Lions and we have DtO=0tD.

The major difference comes from the augmented Lagrangian algorithm
used in DtO to derive these methods: in Algorithm 2, the virtual control is
updated independently of the solution, which leads to a fully decoupled algo-
rithm with Robin transmission conditions, while with Algorithm 1, the Robin
conditions and thus subdomain solves do not decouple across the iterations.

We can now also answer the DtO=0tD question for the method introduced
in [3] for a linear quadratic optimization problem based on Algorithm 1 using
one multiplier for the continuity constraint. Fitting it into our DtO framework
leads to the augmented Lagrangian

2

0 1 P

L (g uiz\) = B Z Hyi_yt||2L2(Q,-)+O‘Hui”%2(ﬂi)+/ )\(yl—y2)+§ / (11—y2)%,
i=1 r r

where the y; := y;(g, u;) satisfy —Ay; = f4u; in $2;, yilog,\r = 0 and 0y, y; =
(—1)**1g on I'. Applying Algorithm 1 to ,C(p‘)pt) yields an iteration involving
both the primal variables y; and adjoint variables p; which satisfy —Apk =
—(yF — ) in i, pflogar = 0 and Onpf = (—1)" (A7 + p(yf — y5)) on
I'. Since 8y, pF~" = (=1)"A*~1, each iteration of this algorithm satisfies on I’
the transmission conditions 8, p¥ + py¥ = 0,,, pgfl + py& and 0,,,p5 + pyk =
Dn,P" 1 + pyk that are similar to (6), and hence for the DtO method from
[3] we also have DtO#£OtD.
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