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1 Introduction

Non-overlapping domain decomposition methods for PDE-constrained optimization

problems have a long history. The early treatment by Benamou and Després [1]

focused on the extension of the P.L. Lions algorithm for elliptic problems [15] to

Helmholtz problems and then elliptic optimal control problems using a complex

formulation. For parabolic optimal control problems, Lee [12] used an artificial

control (that we would now call a virtual control) at the interface and a penalization

of the mismatch of the states at the interface. Heinkenschloss and Herty [10] used

a semi-discrete setting to apply a Neumann-type DD-technique. For more recent

contributions, see e.g. Leugering [13] and Leugering et al. [14] for fractional diffusion

equations on networks. We do not dwell here on the rich literature on time-domain

decomposition of parabolic optimal control problems, for examples, see Gander et

al. [6, 5] , and for hyperbolic problems, we refer to the monograph [11] and also [3].

2 Augmented Lagrange approach for virtual controls at the

interface

We consider a standard optimal control problem for a parabolic equation inΩ×(0, �),

where Ω̄ = Ω̄1 ∪ Ω̄2 with common interface Γ = �Ω1 ∩ �Ω2. We introduce the pivot

space � = �2 (Ω), the energy space � = �1
0
(Ω), as well as the domain space
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� (�) := �2 (Ω) ∩ �1
0
(Ω) and refer to the Gelfand triple � ⊂ � ⊂ �∗, the setting in

which the mathematical analysis takes place. The set of distributed controls � = �

represents unconstrained distributed controls , and the problem reads

min
�,�

��,� (�, �) :=
�

2

�
∫

0

∫

Ω

∥� − �� ∥2���� +
�

2

�
∫

0

∫

Ω

∥�∥2���� s.t. (1)

�� � − Δ� = �, in � := Ω × (0, �),

� = 0 on �Ω × (0, �),

�(·, 0) = �0 in Ω.

The problems of well-posedness in terms of so-called weak-, mild- and strong solu-

tions and the characterization of the corresponding optimality system are standard

an can be looked up in the text-book literature. We, therefore, just write down the

optimality system corresponding to (1),

�� � − Δ� =
1

�
�, in � := Ω × (0, �),

�� � + Δ� = �(� − ��), in � := Ω × (0, �), (2)

� = 0, � = 0 on �Ω × (0, �),

�(·, 0) = �0, �(·, �) = 0 in Ω.

The problem that we discuss in these notes concerns the decomposition of the

optimal control problem (1) or the optimality system (2) with respect to the domains

Ω1,Ω2 in terms of iterative non-overlapping domain decomposition procedures.

Dealing with the optimality system as the object of decomposition can be framed as

optimize-then-decompose, since the optimization problem has been replaced be the

optimality system before considering decomposition with respect to the domains.

The question then is whether it is possible to design a domain decomposition of

the original optimal control problem (1) which would then be an example of the

decompose-then-optimize principle. This question has been posed by the first author

during his lecture at DD28, and he also provided a novel algorithm in that respect

for an elliptic optimal control problem, see [4]. We would like to put this approach

for parabolic problems into the context of virtual controls, a context that has been

established in the work of J.L. Lions and O. Pironneau [16] and that has been used

intensively thereafter. An equivalent formulation of the equality constraints in (1) is

given by

�� �� − Δ�� = �� , in �� := Ω� × (0, �),

��1
�1 + ��2

�2 = 0, �1 = �2, on Γ × (0, �), (3)

�� = 0 on �Ω \ Γ × (0, �),

�� (·, 0) = �0
� in Ω� , � = 1, 2.
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The idea is to introduce virtual controls �� satisfying �1 + �2 = 0 such that the

transmission conditions ��1
�1 + ��2

�2 = 0 are satisfied and the controls are used

to eliminate the discrepancy between �1, �2 on the interface, i.e. to fulfill the state

constraints �1 − �2 on Γ × (0, �). The algorithm in [4] for elliptic problems consists

in relaxing the continuity condition, i.e. the linear state constraint, by an augmented

Langrangian approach as follows: we first extend the cost function by an augmented

Lagrangian relaxation of the constraints,

��,�,� (�, �, �;�) := ��,� (�, �) +

∫

Γ×(0,� )

�(�1 − �2) +
�

2
|�1 − �2 |

2����. (4)

The control set � := {(�, �) ∈ �2 (0, � ;Ω × Γ)}|�1 + �2 = 0)} reflects the control

constraint for the virtual controls �� . The admissible set then isΣ = {(�, �, �) | (�, �) ∈

�, � s.t. � satisfies (5)}, which is

�� �� − Δ�� = �� , in �� := Ω� × (0, �), (5)

��� �� = �� , on Γ × (0, �),

�� = 0 on �Ω × (0, �),

�� (·, 0) = �0
� in Ω� , � = 1, 2.

The constrained saddle-point problem then reads

min
(�,�,�) ∈Σ

max
�

��,�,� (�, �, �;�).

In fact, the problem is then treated in the so-called reduced formulation set-up, where

the solutions �� (�� , ��) = �� (�� , ��) are given by the solution operator,

min
(�,�) ∈�

max
�

��,�,� (�, �, �(�, �);�). (6)

The Hestenes-type saddle-point iteration for (6) consists in gradient-descent steps

for ��,�,� followed by updating rules for the Lagrange multiplier � and the penalty

parameter �. Due to space limitations, we omit the details. Rather, we now have

a closer look at the role of the constrained virtual controls. We first remark that,

according to the classical work of Glowinski and LeTallec [9], we may introduce an

extra variable � in �Γ := �2 (Γ × (0, �)) such that �� = �, � = 1, 2. Moreover, we

may also introduce another variable � ∈ �Γ such that �1 = � = −�2 on Γ × (0, �),

hence the control constraint �1 +�2 = 0 is satisfied. We then introduce an augmented

Lagrange relaxation of the two constraints. To this end, we introduce the function
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��,�,�,� (�, �, �, �, �;�, �) :=

2︁

�=1

∫

Ω�

( �

2
|�� − ��� |

2 +
�

2
|�� |

2
)

���� (7)

+

2︁

�=1

�
∫

0

∫

Γ

(

�� ((−1)��� − �) +
�

2
| (−1)��� − � |2

)

����

+

2︁

�=1

�
∫

0

∫

Γ

(

�� (�� − �) +
�

2
|�� − � |2

)

����.

We then look for a saddle-point of the problem

min
(�,�,�) ∈Σ, (�,�) ∈�2

Γ

max
�,�

��,�,�,� (�, �, �, �, �;�, �). (8)

As in primal-dual optimization, we introduce the Lagrangian

L(�, �, �, �, �;�, �, �) := ��,�,�,� (�, �, �, �, �;�, �) (9)

+

2︁

�=1

�
∫

0

∫

Ω�

(�� �� �� + ∇��∇�� − �� ��) ����.

In order to solve the corresponding saddle-point problem iteratively, we invoke

the Uzawa-type algorithm given by Glowinski and LeTallec [9][Alg.3] which is a

fractional step algorithm,where �� , �� > 0, � = 0, 1, ... are given numbers.

Algorithm 1. 1. Given ��−1, ��−1, �� , �� ,

2. Solve for �� , �� , �� and �� the equation

��,�,�, �L(�, �, �, , ��−1, ��−1�, �� , ��) = 0.

3. Update �� and �� (fractional step)

�
�+ 1

2

�
= ��

� + �� (��� − ��−1), �
�+ 1

2

�
= ��� + �� ((−1)���� − ��−1).

4. Solve for �� and �� the equation

��,�L(�� , �� , �� , �, �, �� , ��+ 1
2 , ��+

1
2 ) = 0.

5. Complete the update of ��+1 and ��+1,

��+1
� = �

�+ 1
2

�
+ �� (��� − ��), ��+1

� = �
�+ 1

2

�
+ �� ((−1)���� − ��).

6. Check the convergence and stop if satisfied, otherwise increase � → � + 1 and

return to 1.
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Remark 2 It should be noticed that in steps 2. and 4. one can use a gradient procedure

instead of solving the corresponding optimality systems. As in [4], we can resort to

the reduced approach, where one uses the solution operator, denoted by �(�, �),

�
�,�,�,�

���
(�, �, �, �;�, �) :=

2︁

�=1

∫

Ω�

( �

2
|�� (�, �) − ��� |

2 +
�

2
|�2

�

)

���� (10)

+

2︁

�=1

�
∫

0

∫

Γ

(

�� ((−1)��� − �) +
�

2
| (−1)��� − � |2

)

����

+

2︁

�=1

�
∫

0

∫

Γ

(

�� (�� (�, �) − �) +
�

2
|�� (�, �) − � |2

)

����.

In particular, as seen in Glowinski and LeTallec [9, Algorithm 3], one can replace

step 2. by

Find ��� , �
�
� s.t. J

�,�,�

���
(�� , �� , ��−1, ��−1, �� , ��) ≤ J

�,�

���
(�, �, ��−1, ��−1, �� , ��),

∀(�, �) admissible , while step 4. is replaced by

Find �� , �� s.t. J
�,�,�

���
(�� , �� , ��−1, ��−1, �� , ��) ≤ J

�,�

���
(�� , �� , �, �, �� , ��),

∀(�, �) admissible . The (reduced) algorithm above can thus also be used in the

decompose-then-optimize framework, and adds to the new procedure from [4].

We are however going to show now that for a special choice of �� , �� , namely

�� = �, ��
= � =

1
�
, Algorithm 1 can be interpreted as an optimize-then-decompose

method, i.e. a domain decomposition method for the global optimality system (2).

To do so, we go back to Algorithm 1, with the special choice of �� , �� , and derive

for (9) the optimality conditions, namely

�� �� − Δ�=�� , in � := Ω� × (0, �),

�� �� + Δ�� = �(�� − ��� ), in � := Ω� × (0, �),

�� = 0, �� = 0 on �Ω \ Γ × (0, �), (11)

��� �� = �� , ��� �� = −�� − �(�� − �), on Γ × (0, �),

�(·, 0) = �0, �(·, �) = 0 in Ω,

for the state and the adjoint state, and
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�� =
1

�
�� , in Ω� × (0, �),

�� = ��� − (−1)� (��� − �) on Γ × (0, �), (12)

� =
1

2�

2︁

�=1

�� +
1

2

2︁

�=1

�� on Γ × (0, �),

� =
1

2

2︁

�=1

(−1)��� +
�

2

2︁

�=1

�� on Γ × (0, �),

for the controls (virtual and real). We now solve, in step 2. of Algorithm 1, the system

(11) for (��
�
, ��

�
) given the values of ��−1, ��−1, �� , �� . After the fractional step 3.

of Algorithm 1, we obtain

�� =
1

2�

2︁

�=1

�
�+ 1

2

�
+

1

2

2︁

�=1

��� , �� =
1

2

2︁

�=1

(−1)���� +
�

2

2︁

�=1

�
�+ 1

2

�
. (13)

The major step now is the update 5., where we use step 3. and (13),

��+1
� = �

�+ 1
2

�
+ �(��� − ��) =

(

��
� −

1

2

2︁

�=1

��
�

)

+ 2�

(

��� −
1

2

2︁

�=1

��� )

)

.

This shows that ��+1
�

= −��+1
�

. Similarly, we obtain

��+1
� = �

�+ 1
2

�
+

1

�
((−1)���� − ��) =

(

��� −
1

2

2︁

�=1

���

)

+
2

�

(

(−1)���� −
1

2

2︁

�=1

(−1) ���� )

)

,

which shows similarly that also ��+1
�

= −��+1
�

.

We can now move to the next step � + 1. We obtain ��+1
�

, ��+1
�

and, using the last

identity

��+1
� = ���+1

� − (−1)�
(

−���+1
� − ��

)

= ���+1
� − (−1)�

(

−���� − 2(−1) ���� + ��−1
)

= ���+1
� − (−1) �

(

���� − ��−1
)

−2���

= ���+1
� − ���� − ��� .

We therefore obtain for the normal derivatives

��� �
�+1
� = ��+1

� = ���+1
� − ���� − �� �

��� ⇐⇒

��� �
�+1
� − ���+1

� = −���� − �� �
��� . (14)

We now look at the interface condition for ��+1
�

,
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��� �
�+1
� = −��+1

� − �(��+1
� − ��)

= −���+1
� + ���� + ��

� + �(��� − ��−1) (15)

= ���+1
� + ���� − �� �

��� ,

which shows that

��� �
�+1
� + ���+1

� = ���� − �� �
��� .

We can now rewrite the local optimality system (11) at step � + 1 using (14), (15) as

�� �
�+1
� − Δ��+1

� =
1

�
��+1
� , in � := Ω� × (0, �),

�� �
�+1
� + Δ��+1

� = �(��+1
� − ��� ), in � := Ω� × (0, �),

��+1
� = 0, ��+1

� = 0 on �Ω \ Γ × (0, �), (16)

��� �
�+1
� − ���+1

� = −���� − �� �
��� ,

��� �
�+1
� + ���+1

� = ���� − �� �
��� on Γ×, (0, �)

�(·, 0) = �0, �(·, �) = 0 in Ω.

This leads to the following important remarks:

• The system (16) corresponds precisely to the non-overlapping domain decompo-

sition method suggested by P.L. Lions for elliptic problems.

• The iteration (16) is, thus, also the result of a non-overlapping domain decompo-

sition method applied directly to the global optimality system (2), which puts the

method into the optimize-then-decompose framework.

• Based on the derivation of (16) from the augmented Lagrangian saddle-point

iteration, however, we see that only the local optimality system (11) in the step

2. of Algorithm 1 comes into play, while the decomposition is governed by the

updates of the Lagrange multipliers and the virtual controls at the interface. In

this sense, the iteration can also be seen as a decompose-then-optimize technique,

in particular if one relaxes the computation of the solution of (11) to gradient

descent steps as indicated in Remark 2.

• The proof of convergence of the method can be done along the lines of e.g. [13],

[14].

• The optimal choice of the parameters � and � has been discussed already in

[7][Thm. 5.4], where convergence rates are given, and [8].

• In [11], under-relaxation of a similar scheme in the context of PDE-constrained

optimal control problems has been discussed.

• Complexitiy and performance of augmented Lagrangian algorithms have been

considered for instance in [2].

• The method can be extended to the parabolic p-Laplace equation (see [13]).

Moreover, currently for 1-d problems, we can extend the method to space-time-

fractional parabolic problems on graphs, which, in fact, was the subject of the

presentation at DD28 of the second author.
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• We also note that given the iteration at step � , the system (16) can be interpreted

as the optimality system of a local optimization problem on the domain Ω� . Due

to space limitations, we can not elaborate on this feature further and refer to [13].
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