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1 Introduction

The EMI model [22], also known as cell-by-cell model, is based on three essential
components in electrophysiology: the extracellular space (E), the cell membrane
(M), and the intracellular space (I). In this framework, subdomains boundaries (i.e.,
biological membranes) are encoded explicitly, enabling physiological simulations
in heterogeneous environments and resolving complex cellular-scale geometries. In
contrast, traditional PDE-based physiological models, such as mono- and bidomain
models, are homogeneous and are not viable at the cellular scale.

The EMI model has been previously used to study neurons [21]] and cardiac tissue
[20]. In our work, we simulate electrical conduction on myelinated axons, to an
unprecedented level of detail, in three dimensions. In fact, previous computational
work in this context considers some degree of idealization in the geometrical setting
(such as considering a small portion of axon and/or a 2D geometry) 7,19} 17,[18}19].
In particular, we analyze two biological scenarios in which spatial and temporal dy-
namics are necessary to accurately model the propagation and induction of action
potentials. Specifically, we investigate the effects of myelination and ephaptic cou-
pling in axon bundles. Studying ephaptic coupling, or signaling trough extracellular
spaces, can improve our understanding of network-level feedback under healthy and
pathological conditions.
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2 The EMI model

The EMI model describes the evolution of electrical potential in cellular geometries.
It consists of a system of PDEs in the bulk and a system of ODEs on the cellular
membrane. The domain is Q@ = Q; UQ, UT c R3, where Q; and Q, are the intra-
and extra-cellular domains, respectively, and I = 9Q; /€ is the cellular membrane.
For each physical region Q,, with r € {i, e}, we model the electrical potential
¢r:Q, x[0,T] = R, forz e (0,7]:

-V (0+V¢r(x,1) =0, for xeQ,, (1)
O-eV(z)e(x’ t) ' ne = _O-iv¢i(x’ t) : ni = IM(x7t)’ fOI' X € F? (2)

where 0., 0; € R, are conductivities and n; (resp. n.) is the outer normal on 9€Q;
(resp. 0Q,). Note that n, = —n;. The membrane current I, : I' X [0,7] — R can
be written as the sum of two contributions, a capacitive and a ionic current:

0
[M = lcap + Iion = CMﬂ + Z ]ion,k» (3)

ot keK

where the membrane potential ¢pr = ¢; — ¢, stems from the capacitor-voltage
equation, given a capacitance Cps € R,. For the ionic currents oy i, describing
membrane dynamics of axons, we consider the Hodgkin-Huxley equations [14] for
the set of ions K = {Na*,K*}, as in [17, 8] [10} 24} [13} [18], [7, 23]]. In particular,
Lion.k = 8otk (¢ — Ex), where g« collects all contributions to conductivity for
ion k € K, and Ej € R is the ion-specific reversal potential. The total ionic current
is then given by

Lion = Z Lion .k = gotPm — Erot, 4

keK

where giot = Dxek otk and Ewor = D rek otk Ex- Equations (I) represents of two
Poisson problems coupled at the interface I" via a time-dependent Robin condition in
(2)-(@). We close the system by imposing an initial membrane potential ¢i1\'}1 e L>(I):

¢m(x,0) = ¢y (x),  forx €T,
and homogeneous Neumann boundary conditions for r € {i, e}:
Vo, (x,t) -n,. =0, for x € 0Q. ®))

Note that given the elliptic-parabolic nature of the system (I)-(2)), we cannot set an
initial condition for ¢, in Q,, r € {i, e}. Furthermore, the solution is defined up to a
constant, thus the system is singular.

The EMI model is the combination of a system of PDEs and ODEs, corresponding
to domains of different dimensionality (3D and 2D, respectively). In this sense, it
can be regarded as a multi-dimensional or mixed-dimensional model. Combining
multiple submodels into a global model, enforcing consistent interface conditions,
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has been the central focus of domain decomposition (DD) research in recent decades.
In the context of EMI, the DD is physiologically motivated, yet the resulting algebraic
structures resemble those arising from DD preconditioners.

3 Numerical strategy

We consider a single-dimensional weak formulation [22]), using the current-voltage
relation (B) to eliminate the membrane current /7. The weak forms are then dis-
cretized in time with first order finite difference and in space via linear Lagrangian
finite elements.

3.1 Variational formulation

Assuming the solution ¢,, for r € {i, e}, to be sufficiently regular over Q,, we
multiply the PDEs in (I)) by test functions v, € V., where V,(Q,) is a sufficiently
regular Hilbert space whose elements satisfy the boundary conditions in (3)). In
practice, the standard choice is H'(Q,). After integrating over Q, and applying
integration by parts, using interface fluxes definitions (2)) and boundary conditions
(E]), the weak EMI problem reads (with ‘+; =+’ and ‘+, = =’):

a’,/ V¢, - Vv, dx =, /IMvrds =0.
Q, r
Eliminating the membrane current I via the current-voltage relation (3), we obtain:
o / V¢, - Vo, dx + Cy /6,[[¢r]]vr ds =+, /Iionvr ds =0,
Q, r r
with the jump [[¢, || = £, ¢y = ¢ — @) for v’ = {i, e}/r. We refer to [12] and [22]
Section 6.2.1] for boundedness and coercivity results for this formulation. Making

the ionic current /o, explicit, according to (d), we obtain the following variational
problem: for r € {i, e} find ¢, € V, such that

Or / Ve, - Vo, dx + /(CMat + gtot)[[¢r]]vr ds = %, /Etotvr ds, (6)
Q, r r

is satisfied for all test functions v, € V..
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3.2 Time discretization

We partition the time interval [0, 7] uniformly into N, subintervals:

tp, =nAt, with n=0,...,N;, At=T/Ny,
and define time-discrete solution as ¢£") = ¢, (x,1,) forx € Q,. For the membrane
dynamics, given the initial potential ¢>£"—1) at the previous time step (for n > 0),
we first solve numerically the gating variables ODEs in the Hodgkin-Huxley model
using the Rush-Larsen method. This is performed with Nopg steps and a step size of
At /25. The updated gating variables are then used to compute gt(or:) and Et(o';). Next,
we apply implicit Euler to (6), and obtain the following semi-discrete variational

problem: forn = 1,...,N,, given ¢, gf(ﬁ), and Et(o'?, find ™ € V, satisfying:

C
o [ e (G
Q, r At

7
Cu (n-1) (n) @
A r[[¢r Jo- ds =, g E vy ds,

for all test functions v, € V..

3.3 Space discretization

We discretize ; and Q, by conforming tetrahedral meshes 7; and 7, matching on I".
The Hilbert space V,. is approximated by the finite element space V. ;, of continuous,
piecewise linear Lagrangian basis functions. For a more general description and
derivation of the resulting algebraic structures and their spectral properties, we refer
to [6] and to [4] for many-cell systems. We remark that the resulting EMI linear
system is symmetric positive definite. The overall geometrical setting and mesh are
illustrated in Figure[I]for a single myelinated axon. The membrane I" is located only
at the Ranvier nodes. Myelin, where the conductivity is negligible (i.e., opye ~ 0), is
not resolved by any mesh, with and advantage in terms of computational efficiency.

3.4 Solution strategy and implementation

The implementation’] is based on the well-established FEniCS finite element soft-
ware [2], using the multiphenics libraryP| to handle variational problems coupled
across multiple subdomains. The implementation is flexible in terms of ionic models

Thttps://github.com/pietrobe/EMIx
2https://github.com/multiphenics/multiphenics
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Fig. 1: Single axon geometry, showing a section of a Ranvier node mesh, where
intra- and extracellular spaces are in contact. A triggering stimulus is applied at# = 0
at the leftmost part and an output one is recorded at the right end. Myelin sheaths
are simply treated as holes in the domain, enforcing boundary conditions in (3)).

of arbitrary complexity. For meshing we used the fTetWild library [13]]. As linear
algebra backend, FEniCS uses PETSc. Using a fast and scalable solution strategy
is crucial to handle realistic 3D setting. To this end, we use a single iteration of
monolithic algebraic multigrid to precondition the conjugate gradient method. For
the details of this solution strategy, we refer to [6,[3]], or for a recent proposal. As
stopping criterion, we set a tolerance of 10~ for the preconditioned relative residual.

4 Numerical experiments

We simulate spreading potentials in two bundles of nine unmyelinated and myelinated
axons arranged on a 3 x 3 grid, as shown in Figure2h, considering 10 Ranvier nodes.
Table[T]presents the geometric parameters used in the simulations. For the membrane
model parameters, we refer to [14]]. In the myelinated case, we multiplied conductivity
gtot by 10, since the ionic channels are concentrated only on the Ranvier nodes [[7].
The eight axons on the boundary of the myelinated and unmyelinated axon bundles
are stimulated only in the first section of length /;,o4e, While the axon in the middle of
the bundle was not externally stimulated. Changes in membrane voltage in the central
axon are observed to determine evidence of ephaptic coupling [1]]. Figure 2b shows
how ephaptic coupling takes place when an action potential is induced in the central
axon in the unmyelinated case. There is a noticeable delay between the spike in the
peripheral and central axons. Figure 2k shows that ephaptic coupling also occurs
in the myelinated case, but with a very small time delay. The contrast between the
induced action potentials in each case is highlighted in Figure 2ld, which shows the
unmyelinated and myelinated central axons side by side. We observe that although
all peripheral axons were initially stimulated in the same way, the transmission of
action potentials along them was not uniform. Interestingly, there is a slight delay
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Symbol Value Unit

intracellular conductivity o 2.01 S/m
extracellular conductivity o 1.31 S/m
axon length 1 10 mm
intracellular radius ¥in 0.2 mm
extracellular radius Tex 1 mm
myelin thickness Tyl 0.2 mm
internodal distance Inyel 1 mm
length of the nodes Lhode 0.1 mm
global time step At 0.01 ms

Table 1: Physical and geometrical parameters.

in the conduction of action potentials in axons that are closer to the central one.
Furthermore, within each axon, the nodes that are closer to the central axon also
show delayed propagation, as illustrated in Figure[3] We hypothesize that this is due
to the unstimulated central axon, which has an inhibitory effect on the neighboring
axons, thus causing the observed delay in the transmission of action potentials.
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Fig. 2: Plot showing the action potentials induced in the central axon alongside (a
chosen) peripheral axon in both the myelinated and unmyelinated cases.
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Fig. 3: Comparison of the action potential at different points (shown in the figure on
the right) along the peripheral axons in the myelinated case.

5 Discussion

Our work is a step towards cellular scale modeling of excitable tissue with high spa-
tial resolution, resolving realistic geometries. We analyzed how myelination affects
electrical conduction in neuronal axons bundles, for the first time (to the best of
our knowledge) in realistic 3D geometries. We observe increased speed in myeli-
nated axons (as physiologically observed). Moreover, we highlight a small, but not
negligible, effect of ephaptic coupling between neurons in both cases. This prob-
lem spans different scales (from pum to mm), coefficients jump, and requires ad
hoc efficient solution strategies. An extended examination might consider the effect
of varying geometrical parameters (such as the thickness of the myelin sheath), or
myelin retraction. Moreover, we foresee further research using the more detailed
KNP-EMI model [3, [11]], an extension of the EMI model that takes into account ion
concentration distribution and diffusive effects on excitable cells.
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