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1 Introduction

Subspace correction methods [15, 16] offer a unified framework for designing and
analyzing modern iterative methods in scientific computing. These algorithms em-
ploy a divide, conquer, and combine strategy: they decompose a target problem into
smaller local problems defined on subspaces, solve each subproblem independently,
and then combine the solutions. In particular, in parallel subspace correction meth-
ods, all subproblems can be solved simultaneously, making them well-suited for
implementation on parallel computers. Notable examples of parallel subspace cor-
rection methods include additive Schwarz methods (see [4, Chapter 7] and references
therein), the Bramble—Pasciak—Xu preconditioner [3], and a training algorithm for
federated learning [11].

While the theory of subspace correction methods was originally developed for
symmetric positive definite linear problems [15], it has been extended to a wider
range of problems, including indefinite linear problems [7, 16], variational inequal-
ities [2, 13], and convex optimization problems [1, 8, 14]. Focusing on convex opti-
mization, early results for convex optimization under strong convexity and smooth-
ness assumptions can be found in [5, 12]. The convergence theory under weaker
conditions, such as uniform convexity and weak smoothness [10], was first consid-
ered in [14], and later extended to constrained and nonsmooth settings in [1, 8, 9].

The aim of this paper is to propose a new convergence theory for parallel subspace
correction methods for smooth convex optimization. This work is motivated by the
well-known linear theory [15, 16], where the parameter w, which measures the
stability of local problems in subspace correction methods (the precise definition
can be found in Assumption 1(c)), is allowed to be in the interval (0, 2); see [15,
Corollary 4.2] and [16, Equation (A2)]. However, to the best of our knowledge,
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existing works on subspace correction methods for convex optimization do not
explain this range of (0,2). Previous studies either considered only exact local
problems [1, 5, 12, 14] or dealt with inexact local problems with w € (0, 1) [8, 9].
In this paper, we propose a new theory for parallel subspace correction methods
that accommodates a broader range of local problems. When restricted to linear
problems, this corresponds to w € (0, 2), thereby aligning with the linear theory.

This paper is organized as follows. In Section 2, an abstract framework of par-
allel subspace correction methods for smooth convex optimization. In Section 3,
we present the main convergence theorems. In Section 4, we discuss comparisons
with existing works on the convergence theory of subspace correction methods for
convex optimization. In Section 5, we apply the proposed convergence theory to
the numerical solution of a nonlinear partial differential equation. In Section 6, we
conclude the paper with remarks.

2 Parallel subspace correction methods

In this section, we present an abstract framework of parallel subspace correction
methods for smooth convex optimization. Let V be a reflexive Banach space equipped
with a norm || - ||. The topological dual space of V is denoted by V*, and the duality
pairing of V is written as

(p,vy =p), veV,peV.
We consider the following abstract convex optimization problem on V:

ruréi‘r/lF(u), @))]

where F: V — R is a Giteaux differentiable and coercive convex functional. Due
to the coercivity of the energy functional F, (1) admits a solution u* € V. For each
v € V, we denote the Gateaux derivative of F atv as F’(v) € V*.

We assume that the solution space V of (1) admits a space decomposition of the

form
N
v=>v;,
j=1
where each V;, j € [N] = {1,2,..., N}, is a closed subspace of V. By a simple
application of the open mapping theorem, we have (cf. [16, Equation (2.15)])

1

q

Z lwill? | < oo, @)

||w|| 12, 1"’1— j=1

for any ¢ € [1, ), where w and w; are taken from V and V;, respectively.
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Since the energy functional F is convex, the following inequality, known as the
strengthened convexity condition [8, Assumption 4.2], holds for some 7 > 0:

N N
(1—TN)F(U)+TZF(U+U)]')ZF U+Tij ,veV,wijeVi. ()
j=1 j=1

We define the constant 79 > 0 as the maximum 7 that satisfies the strengthened
convexity condition. Namely,

79 = max {7 > 0 : The inequality (3) holds} . @)

Given the convexity and coercivity of F, it follows that 7p € [1/N, 1]. In many
applications, better estimates for 79, which are usually independent of N, can be
obtained; see [8, 14].

Subspace correction methods involve local problems defined in the subspaces
{Vj}j.": ,- For a given v € V, the optimal residual in the subspace V; that minimizes
the energy functional F' is determined by a solution of the minimization problem

Jnin, (v+w)) (5)
Generalizing (5) to account for scenarios with inexact local problems [8, 9], it is
natural to consider the following general local problem:

wggl&f Fi(wj;v), (6)

where F;(-;v): V; — R is a Giteaux differentiable and coercive convex functional
for each v € V. The parallel subspace correction method for solving (1) with the
inexact local problem (6) is presented in Algorithm 1. Note that the upper bound 7
for the step size T was given in (4).

Algorithm 1 Parallel subspace correction method
Given the number of subspaces N and the step size 7 € (0, 7¢]:
Choose u® e V.
forn=0,1,2,... do
for j € [ N] in parallel do

w'™Y € argmin F; (wj;u™)
J w; eV

end for
N

um+) — ) +"'Zw,(-n+l)

Jj=1
end for

To ensure the convergence of the parallel subspace correction method, we need
several assumptions on the local energy functional F;. These assumptions are sum-
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marized in Assumption 1. In what follows, we introduce some notation for the sake
of convenience:

drp(w;v) = F(v+w) — F(v) = (F'(v),w), v,weV,
dj(wj;v) = Fij(w;;0) = Fi(0;0) = (F;(0;0),w;), veV, w; eV,

Assumption 1 (Local problems). For any j € [N] and v € V, the local energy
functional F;(-;v): V; — R in (6) satisfies the following:

(a) (Convexity) The functional F;(-;v): V; — Ris Gateaux differentiable, coercive,
and convex.
(b) (Consistency) We have
F;(0;0) = F(v),
and
(Fi(0;0),w;) = (F'(v),w;), w;€V;.
(c) (Stability) For some w € (0, 1] U (1, p), we have

dp(wj;l)) Swdj(wj;v), wjer, @)
where the constant p is defined as

' , (d (w3 ), wj)
= min inf. ——MM— ®)
JE[N]dj(wjw)#0 dj(wj;v)
(d) (Smoothness) For some ¢ > 1, each F;(w;;v) is v-locally uniformly w;-locally
g-weakly smooth around w; = 0, i.e., for any bounded and convex subsets K C V
and K; C V; satisfying 0 € K, we have

di(wi;v
sup —"( :0)

UGK,ijKj\{O} ||w]||q

Under Assumption 1(a, b), one can prove that the constant p defined in (8) is
always greater than or equal to 1. Moreover, its value can be explicitly determined
in many cases. We present some of these examples below.

Example 1 Throughout this example, we assume that the solution space V is a Hilbert
space equipped with an inner product (-, -). Suppose that the local energy functional
F; is given by

1
Fj(wj;v) = F(l)) + (F’(v),wj) + E(Ajwj,wj), vevV, w;j € Vj,

where A;: V; — V; is a bounded, symmetric, and positive-definite linear operator.
This formulation corresponds to the cases of general subspace correction methods for
linear problems [8, Section 4.1] and gradient descent methods for convex problems.
It is straightforward to verify that Assumption 1(a, b) holds. Moreover, it readily
follows that
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(d(wjs0),wy)
di(wj;v)
for any v € V and w; € V; \ {0}. Hence, we deduce that p = 2.

Example 2 Suppose that the local energy functional F; is given by
’ M S
Fy(wji0) = F@) + (F/ (0 w)) + —llw " ve V. w, eV,

for some s > 1 and M > (. We readily observe that Assumption 1(a, b) holds.
Moreover, it follows that (see, e.g., [18])

(dj(wjsv), wy) ~
dj(wj;v)
for any v € V and w; € V; \ {0}, which implies p = s.

The assumptions on the local problem (6) summarized in Assumption 1 ensure
that solving (6) contributes effectively to minimizing the energy functional F. The
following lemma establishes a sufficient decrease property for (6).

Lemma 1 (Local sufficient decrease) For j € [N] andv €V, let

;€ argmin F;(w;;v). )
wj€V;

Under Assumption I(a—c), we have
w ! A A
F(v)-F(v+w;) > (1 - —) (d}(@j30),0;) > 0.
Jo

Sketch of proof. Using the optimality condition of i}, written as
(F'(v), w;) +(d(@j30),w;) =0, w; €V,
the desired result is obtained by invoking (7) and (8). a

In [8, Lemma 4.5], it was proven that the parallel subspace correction method for
solving (1) can be interpreted as a gradient descent method equipped with respect
to a certain nonlinear metric-like function. We state this result for our purposes in
Lemma 2. Note that this generalizes a fundamental result on the theory for linear
problems, often referred to as the additive Schwarz lemma, as given in, e.g., [16,
Lemma 2.4].

Lemma 2 (Generalized additive Schwarz lemma) Suppose that Assumption 1(b)
holds. Forv € V, we have

N
:Z argmm{(F'(v) w)+ in Zd (w,,v)} (10)

/leJ
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where ij was given in (9). Moreover, we have

nf Zd(wj,v) Zd(wj,v) (11)

1
li) jle]

Combining Lemmas 1 and 2 yields the main result of this section: a descent
property of the parallel subspace correction method, which is presented in Theorem 1.
Due to the page limit, we only provide a sketch of proof of Theorem 1.

Theorem 1 Suppose that Assumption 1(a—c) holds. In Algorithm 1, we have

F(u™D) < F(u("))+1'9m1n{(F (™), wy+ inf Zd (wjsu u ))} n >0,

w= Z] L W) =1
where the constant 6 is given by
1, if w € (0, 1],
0=1p-0 lf (0.1 (12)
F’ lfw € (l’p)

Sketch of proof. Take any n > 0. Thanks to (4), it suffices to estimate Zj.v:  F (u™ +

wj("+1 )) The case w € (0, 1] is straightforward by invoking Lemma 2, while the case

w € (1, p) additionally requires Lemma 1 to obtain a bound for (F’ (1), w("+1))

O

3 Convergence theorems

In this section, we establish convergence theorems for the parallel subspace correction
method in general convex optimization settings. Thanks to Theorem 1, it suffices to
estimate

mln{(F ™), w)y+ inf Zd (wjsu ("))} (13)

w= ZJ 1wi o

to derive a convergence rate of the parallel subspace correction method.

The following lemma provides an important result for estimating the d;-term
in (13), demonstrating that a stable decomposition can be found for the subspaces
and the corresponding local problems. Related conditions can be found in [8, As-
sumption 4.1], [14, Equation (13)], and [16, Equation (2.17)].

Lemma 3 (Stable decomposition) Suppose that Assumption I(a, b, d) holds. For
any bounded subset K C V, the following holds:

K dj(w)iv)
Ck =¢q sup inf ———— < oo, (14)

v,0+weK, w#0 w:Zj.V:l wj lw||4
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Sketch of proof. The desired result follows from combining (2) and Assumption 1(d).

O

Given u® € V, we define
Ko = {u eV:Fu) < F(u<°>)}, (15a)
Rozinf{R>o:Koc§(u*;R)}, (15b)

where B(u*; R) is the closed ball of radius R centered at u*. By the convexity and
coercivity of F, the set Ky is bounded and convex, ensuring Ry < oo. Moreover,
Theorem 1 implies that the sequence {u")} generated by Algorithm 1 is contained
in Ky. Consequently, for any n > 0, by Lemma 3, we get

N
Ck,
inf di(wj;u™) < —"Jw]|. (16)
W=z, w; ; Y q
Using a similar argument as in [8, 9] with (13) and (16), we are able to derive
the following convergence theorem for the parallel subspace correction method for
solving (1).

Theorem 2 Suppose that Assumption 1 holds. In Algorithm 1, let ¢, = F(u™) —
F(u*) forn > 0. If {p > CKORg, then we have

1 < (1—T9(1—l))§0,
q

where 0, Ck,, and Ry were given in (12), (14), and (15). Otherwise, we have

< a0

(n+(Cle)BY "

where

g \27!
B=qg-1, Cz(ﬁ) CK(]Rg.

Meanwhile, in many applications, the energy functional F satisfies the sharpness
condition [8, Assumption 3.4], which characterizes the growth rate of F around its
minimizer u”*.

Assumption 2 (Sharpness). For some p > 1, the following holds: for any bounded
and convex subset K C V satisfying u* € K, we have

F(u) — F(u)

in 17
ueK\{w} |lu—u*||P (an

KK =P

Example 3 As in Example 1, we assume that the solution space V is a Hilbert space
equipped with an inner product (-, -). Suppose that the energy functional F is given
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by
1
F(v) = §<Av,v> —{f,v), vevV,

where A: V — V is a bounded, symmetric, and positive definite linear operator, and
f € V. In this case, we have u* = A~! f. Forany u € V '\ {u*}, it follows that

Fu)—F(u*) 1{(A(u—-u"),u—-u") S 1

=P "2 w72

/lrnin(A)a

where Apin (A) denotes the minimum eigenvalue of A. This implies that Assumption 2
holds with p =2 and ug = Amin(A) for any K. In particular, if we equip the space V
with the energy norm || - ||4 = ({(A-, '))%, then we can deduce that ugx = 1 for any K.

If we additionally assume that Assumption 2 holds, then we are able to derive
the following improved convergence theorem for the parallel subspace correction
method for solving (1).

Theorem 3 Suppose that Assumptions 1 and 2 hold. In Algorithm 1, let ¢, =
F(u™) = F(u*) for n > 0. Then we have the following:

(a) In the case p = q, we have

|\ n
1 =i
{n < (1—T9(1——)min{1, K }q ) lo, n>0,

q qCk,

where 6, Ck,, and uk, were given in (12), (14), (15a), and (17).

. P
; p \P™9 ~p-q
(b) Inthe case p > q, if {o > (MKO) CKO , then we have

oo

< a0

T (n+(ClLo) B

Otherwise, we have

where
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4 Comparison to existing works

In this section, we compare the convergence theory proposed in this paper with
existing works on the theory of subspace correction methods for convex optimiza-
tion [1, 8, 9, 14].

In [1, 14], the convergence analyses were based on the assumptions that exact
local problems are adopted and that the energy functional F is locally p-uniformly
convex and g-weakly smooth [10] for some p,q > 1, i.e.,

dr(w;v) and sup dr(w; )

(18)
veK,wek\{0} ||w||P vek,wek\(0} llwll?

for any bounded subset K c V; see [1, Equation (2.8)] and [14, Lemma 2.1]. It is
straightforward to observe that (18) implies Assumptions 1 and 2 if the exact local
problems are used. This means that the proposed convergence theory requires weaker
assumptions than [1, 14].

Meanwhile, the convergence rates of the energy error established in [1] and [14]

_a-l ___alg-h) . .
are O(n~ r=a) and O(n~ w-o(P+a-0), respectively. Since

q(g—1) <q—1<p(q—1)
(p-a9)p+q-1) p-gq P—q

for 1 < g < p, we conclude that Theorem 3 offers a sharper estimate than [1, 14].
We note that a similar discussion was presented in [8, Section 6.1].

Next, we compare the proposed convergence theory with those presented in [8, 9].
The local stability condition introduced in [8, Assumption 4.3] and [8, Assump-
tion 2.4] corresponds to the case w € (0, 1] in Assumption 1(c). Hence, the proposed
convergence theory can accommodate a broader class of local problems than those
considered in [8, 9]. Furthermore, the proposed theory aligns with the linear theory
introduced in [15, 16], where the allowed range of w is (0, 2); see [15, Corollary 4.2]
and [16, Equation (A2)].

In addition, the constants appearing in the convergence theorems are improved
compared to [8, 9]. In Theorems 2 and 3, the set associated with the stable decom-
position parameter is Ky (see (15a)). However, in [8, 9], the corresponding set is a
superset of Ky that depends on the step size 7; see [8, Equation (4.14)] and [9, Equa-
tion (2.5)]. Consequently, the proposed convergence theory provides better estimates
than those in [8, 9].

S An application

In this section, we present an application of the proposed convergence theory to
the numerical solution of the following boundary value problem involving the s-
Laplacian (s > 1):
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—div(|Vul*?Vu) = f  inQ,
u=0 ondQ,

where Q c R? is a bounded polygonal domain and f € W~1%"(Q) with % + Yl =1.
The weak formulation of the above problem reads as

1
i - Vul® dx - {f, . 9
min {fg|u| : <fu>} (19)

ueW,* (@) \'S

To numerically solve (19), we employ a finite element discretization of (19). Let
71 be a quasi-uniform triangulation of Q with & the characteristic element diameter.
The lowest-order Lagrangian finite element space with the homogeneous essential
boundary condition defined on 7}, is denoted by S;,(€2). Then the finite element
approximation of (19) defined on S;(Q) is written as

min {l/|Vu|de—<f,u)}. (20)
s Ja

ueSy (Q)

We see that (20) is an instance of (1). Namely, we obtain (20) from (1) if we set

V =Sp(Q), F(u)zé‘/QWude—(f,u).

In what follows, we analyze a two-level overlapping Schwarz method for solv-
ing (20) [6, 14] based on the proposed convergence theory. Let 75 be a quasi-uniform
triangulation of Q such that 7, is a refinement of 7z, where H stands for the character-
istic element diameter of 7z . In addition, let {€;} jV: | be aquasi-uniform overlapping
domain decomposition of , such that each subdomain €; is a union of 7;-elements
and it has diameter of order H. The overlap width among the subdomains is mea-
sured by a parameter ¢. In the two-level overlapping Schwarz method, we define the
subspaces as follows:

Vo=10Su(Q), V;=1;5,(Q;), jel[N], (21
where Sy (Q) and each S;,(Q;) are defined similarly to S;(€2). The operators

Io: Sp(Q) — S,(Q) and I;: S,(Q;) — S,(Q) are the natural embedding op-
erators. In this setting, we readily get the two-level space decomposition

N
V=Vo+ )V,
j=1

For the local problem (6), we employ the exact one (5), i.e.,

Fi(wj;v) =F(v+w;), veV, w;eV;.
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Now, we verify the required assumptions and estimate the parameters in the
proposed convergence theory. Since we adopt the exact local problems, Assump-
tion 1(a—c) is obvious with w = 1. Moreover, thanks to [8, Eqations (6.6) and (6.7)],
Assumption 1(d) and Assumption 2 hold with p = max{s, 2}, ¢ = min{s, 2}, and
Uk = 1. The strengthened convexity parameter 7y in (4) enjoys a lower bound 1y > é
due to a usual coloring argument [8, Section 5.1]. Finally, invoking [14, Lemma 4.1],
we deduce that the stable decomposition parameter Cx admits an upper bound whose
geometric dependence is only on H/§.

In conclusion, Theorem 3 implies that the two-level additive Schwarz method for
solving (20) satisfies the following convergence rate:

F(u™) - Fu*) <

rlg-1)"~
n p-a

where Cpy/ is a positive constant depending on H /6.

6 Conclusion

In this paper, we proposed a new convergence theory of parallel subspace correction
methods for smooth convex optimization, accommodating a broader range of local
problems that align with the linear theory [15, 16]. We demonstrated that, compared
to existing works [1, 8, 9, 14], the proposed theory provides better estimates on
the convergence rates. Additionally, we applied our theory to a two-level additive
Schwarz method for solving a nonlinear boundary value problem.

Several fundamental directions for future research remain. One natural exten-
sion is to develop the proposed convergence theory for nonsmooth convex optimiza-
tion [8]. Another task is to design a corresponding convergence theory for successive
subspace correction methods [7, 16], which is challenging given the nonlinearity in-
herent in convex optimization problems. Establishing such a convergence theory for
successive methods would be particularly useful for designing efficient multilevel
algorithms [17] for convex optimization.
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