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1 Introduction

To solve a fluid–structure interaction (FSI) problem, monolithic and segregated ap-
proaches are both commonly used, where segregation means that fluid and structure
problems are solved separately; see [1] for a summary of the different methods
and the references therein. For the monolithic approach, the FaCSI block precondi-
tioner [4] can be used. The fluid component in the FaCSI block preconditioner is
preconditioned by the SIMPLE block preconditioner. In [9], monolithic and block
overlapping preconditioners were compared for fluid flow problems modeled by the
incompressible Navier–Stokes equations. The same geometry of a realistic artery
as in [9] is used. The inverses arising in the FaCSI factorization are approximated
by two-level overlapping Schwarz preconditioners. For comparison, we will replace
SIMPLE with a monolithic preconditioner. The primary focus of this paper is to
analyze whether the findings in [9] can be applied to the fluid subproblem in the
context of an FSI problem.

We will briefly describe the FSI problem, the FaCSI factorization that is used for
the monolithic solver, and the preconditioners. Let us note that, here, the denomi-
nations “monolithic” and “block” preconditioners refer only to the fluid subproblem
and not to the complete coupled FSI problem. We can observe in Figure 3 that the
monolithic approach for the fluid subproblem in contrast to the block preconditioning
one offers a lower average iteration count and more robustness for high flow rates.
Additionally, we can observe good strong scaling properties; see also Table 2.

Axel Klawonn · Jascha Knepper · Lea Saßmannshausen
Department of Mathematics and Computer Science, and Center for Data and Simu-
lation Science, University of Cologne, Germany, e-mail: {axel.klawonn, jascha.knepper,
l.sassmannshausen}@uni-koeln.de

529



530 Axel Klawonn, Jascha Knepper, Lea Saßmannshausen

2 Fluid–Structure Interaction Problem

For a thorough description of FSI problems as discussed in this section, we refer
to [7, 3]. Let 
C ⊂ R3 be the union of the fluid domain 
C

5
⊂ 
C and the solid

domain 
CB ⊂ 
C at time C. The initial or reference configuration is at time C = 0,
that is, 
0 = 
0

5
∪ 
0

B . The interface between the fluid and solid domains is defined
as � = m
0

5
∩ m
0

B . The solid problem is modeled by an isotropic nonlinear neo-
Hookean material model. The displacement dB of the solid domain in the reference
configuration is governed by

dB
m2dB
mC2

− ∇ · (FS) = dBfB in 
0
B × (0� )]� (1)

where dB is the volumetric mass density of the solid, and FS are the first Piola–
Kirchhoff stresses. To model the fluid in the moving domain 
C

5
, the ALE (arbitrary

Lagrangian–Eulerian) map is used. We define an ALE mapping A 5 from 
0
5

to 
C
5

via

A5 : 
0
5 → 
C5 � A5 (X) = X + d5 (X) ∀X ⊆ 
0

5 �

where X are the ALE coordinates, and d5 is the displacement of the fluid domain.
The transient incompressible Navier–Stokes equations – to model a Newtonian fluid
on the moving domain 
C

5
– are then written in the ALE formulation as

d5

� mu5
mC

���
X
+

�
(u5 − w) · ∇

�
u5

�
− ∇ · 𝝈5 (u5 � ?) = 0 in 
C5 × (0� )]�

div(u5 ) = 0 in 
C5 × (0� )]�
(2)

with the fluid density d5 , fluid velocity u5 , and pressure ?. Then, w =
md5

mC

��
X describes

the velocity of the moving fluid domain. Note that the time derivative is taken with
respect to the ALE coordinates, as indicated by X. The Cauchy stress tensor is given
by 𝝈5 (u5 � ?) = ‘5 (∇u5 + (∇u 5 )) ) − ?I, where ‘ 5 is the dynamic viscosity.

The displacement d5 of each point in the fluid domain with respect to the reference
configuration
0

5
is determined by a harmonic extension of the moving fluid–structure

interface, i.e., by solving the problem

�d5 = 0 in 
0
5 � with d5 = dB on �� and d5 · n5 = 0 on m
0

5 \ �� (3)

n5 is the outward normal vector field of the fluid domain; nB is the corresponding
field for the solid domain. We refer to (3) as the geometry subproblem. The geometric
adherence of the fluid domain and solid domain is given by d5 = dB on � × (0� )],
and the coupling conditions for the velocities and the stresses on the interface are

mdB
mC

= u ◦ A5 � and (det[F])−1F−)𝝈5 n5 ◦ A5 + (FS)nB = 0�
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The finite element method is used for the spatial discretization of the FSI problem.
The domain is partitioned into tetrahedral elements. Here, we consider a P2–P1 dis-
cretization for the fluid subproblem and a P2 discretization for the solid subproblem.

3 The FaCSI Block Preconditioner for an FSI Problem

The name of the block preconditioner originates from Factorized FSI block system,
with static Condensation and use of the SIMPLE preconditioner for the fluid problem
and was introduce in [4] by Deparis, Forti, Grandperrin, and Quarteroni. The FaCSI
block preconditioner can be combined with different strategies for the approximation
of the fluid subproblem; see [12] for a combination with a monolithic two-level
overlapping Schwarz preconditioner. We will give a brief definition of FaCSI. In [4] a
detailed derivation can be found. The preconditioner is based on an incomplete block
factorization. The Newton linearization of the FSI system gives the Jacobian matrix,
which consists of the discretized fluid subproblem F from (2), solid subproblem S
from (1), geometry problem G from (3), coupling blocks C8 (for details, see, e.g.,
[12, Sec. 5.3.]), and shape derivatives D. Then, the block preconditioner

'›››«
S 0 0 C4
C5 G 0 0
0 D F C3

C2 0 C1 0

“fififi‹ ≈
'›››«
S 0 0 0
0 �G 0 0
0 0 �F 0
0 0 0 ��

“fififi‹|           {z           }
BS

'›››«
�S 0 0 0
C5 G 0 0
0 0 �F 0
0 0 0 ��

“fififi‹|           {z           }
BG

'›››«
�S 0 0 0
0 �G 0 0
0 D F C3

C2 0 C1 0

“fififi‹|             {z             }
BF

= BFaCSI (4)

is defined. The approximation in (4) is obtained by decoupling the different physical
problems and neglecting the block C4. Due to its block-diagonal structure, for an
approximation of the inverse of BS , only an approximation of S−1 is required.
The block components BF and BG are factorized further, until the inverses can be
approximated efficiently. BG can easily be split in two factors; see [4, eq. (19)]. The
fluid component BF is factorized as

BF =
'›››«
�S 0 0 0
0 �G 0 0
0 D �F 0
0 0 0 ��

“fififi‹
'›››«
�S 0 0 0
0 �G 0 0
0 0 �F 0

C2 0 0 ��

“fififi‹
'›››«
�S 0 0 0
0 �G 0 0
0 0 F C3
0 0 C1 0

“fififi‹ = BF1BF2BF3 �

The factors BF1 and BF2 can be inverted exactly. The following type of 2 × 2 block
system in BF3 remains to be solved:�

F C3
C1 0

� �
G

_

�
=

�
AF
A_

�
� (5)
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Since �1 restricts to the velocity interface degrees of freedom, and since �3 = �
)
1 ,

one can show that _ can be eliminated, and a condensed system of the type

F� �G� = A� − F��G� (6)

needs to be solved, where � and � denote the interior and interface degrees of
freedom, respectively. The inverse of F� � in (6) can now be approximated with
a monolithic or block preconditioner. For the approximation of the other arising
inverses, two-level overlapping Schwarz preconditioners are used; see Section 4.

3.1 The SIMPLE Block Preconditioner for a Fluid Problem

The SIMPLE (Semi-Implicit Method for Pressure-Linked Equations) preconditioner
was originally introduced by Patankar and Spalding [14] to solve the Navier–Stokes
equations; the SIMPLE block preconditioner is based on this algorithm. Derived from
a block factorization of the saddle-point problem, the preconditioner is constructed
as follows

BSIMPLE =

�
� 0
� (SIMPLE

� �
� 1
U
���

)

0 1
U
�

�
�

with the Schur complement ( = −� − ���) of the Navier–Stokes system approxi-
mated by (SIMPLE = −� − ����) , and under-relaxation parameter U. The diagonal
matrix �� depends on the specific SIMPLE variant. We denote the matrix of the
default variant SIMPLE as ��

�
and the one of SIMPLEC as ��

�
:

��� = diag(�)−1 (SIMPLE) � ��� = X
8 9

� #DÕ
:=1

|�8�: |
�−1

(SIMPLEC)�

4 Additive Overlapping Schwarz Preconditioners

We will solve the discretized FSI problem in Section 2 using a Newton–Krylov ap-
proach. More precisely, we solve the linear tangent system in each Newton step using
a preconditioned GMRES method. In our implementation, we use the Trilinos [15]
package FROSch [10] for the Schwarz preconditioners. A detailed description of all
libraries and packages involved can be found in [9, Sec. 5].

We give a brief introduction to two-level overlapping Schwarz precondition-
ers, which are used to precondition the subproblems arising in (4). Since the fluid
subproblem is a 2×2 saddle-point system, it can either be preconditioned by a mono-
lithic or block preconditioner. In both cases, overlapping Schwarz preconditioners
are used to approximate the arising inverses; see [9, Sec. 4] for a detailed descrip-
tion. Let 
 be an arbitrary domain and let it be decomposed into nonoverlapping
subdomains {
8}#8=1. To construct the overlapping subdomains we extend them by :
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layers of finite elements, resulting in an overlapping domain decomposition {
′
8
}#
8=1.

Based on the overlapping domain decomposition, we define a restriction operator
’8 : +� → +�

8
, 8 = 1� � � � � # , to map from the global finite element space +� (
) to

the local finite element space +�
8
(
) on the overlapping subdomains 
′

8
. The corre-

sponding prolongation operator ’)
8

is the transpose of the restriction operator and
extends a local function on 
′

8
by zero outside of 
′

8
. Using both operators, ’8 , ’)8 ,

we can define local overlapping stiffness matrices  8 := ’8 ’)8 , 8 = 1� � � � � # . The
one-level Schwarz preconditioner does in general not scale with the number of sub-
domains, since the number of Krylov iterations increases with a growing number of
subdomains. To define a numerically scalable overlapping Schwarz preconditioner,
which yields a convergence rate independent of the number of subdomains, a coarse
level needs to be introduced. With a coarse interpolation operator � : +0 → +�, the
additive two-level overlapping Schwarz preconditioner reads

"−1
OS-2 = � 

−1
0 �) + "−1

OS-1� "−1
OS-1 =

#Õ
8=1

’)8  
−1
8 ’8 � (7)

Here,  0 = �
) � is the coarse matrix, which is a Galerkin projection of  into the

coarse space. The columns of � are a basis of the coarse space +0. In this paper, we
use GDSW-type coarse spaces, which originate from [5, 6, 9]. Additional insights
and more in-depth explanations can be found in related work: The first comparison of
monolithic and block overlapping Schwarz preconditioners for saddle-point problems
was made in [13]. In [8, 9], two-level overlapping Schwarz preconditioners are
considered and compared for fluid flow problems. In [11], two-level overlapping
Schwarz preconditioners are investigated for the solid subproblem in FSI.

5 Results

The parallel results in this section were obtained on the Fritz supercomputer at
Friedrich-Alexander-Universität Erlangen-Nürnberg. The following solver setting
with respect to Newton and GMRES were used: Newton’s method terminates when
the relative residual or the Newton update reach a tolerance of 10−8. Newton’s
method is used with GMRES along with an adaptive forcing term [: ; see [9] for
more details. The value of [:�min is set to 10−4, and [:�max is 10−8. The initial mesh
partition defining the nonoverlapping subdomains is constructed by METIS, which
results in an unstructured partition of the mesh. We use an overlap of X = 1. We
consider the realistic, patient specific artery in Figure 1, which was obtained for the
work in [2]. The interior (lumen) diameter of the artery varies between 0.2 cm and
0.34 cm. The solid component contains layers of plaque, media, and adventitia. Here,
all components are modeled homogeneously. The outer diameter varies between
0.44 cm and 0.47 cm. More details can be found in [9, Sec. 6.1.2.]. In Table 1, the
full list of FSI parameters is shown. We impose a boundary condition on the outlet of
the fluid domain to prescribe a pressure value – the absorbing boundary condition;




