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1 Introduction

Given samples {(x?), y())}M with x() € R and y{) € RP, we train a neural
network (NN) by solving for § € R"

- AN RNGNING
min £0) = 37 2, £ (N2, ).
where £ : RP XR” — Ris a per-sample loss and N (6; -) maps inputs to predictions.
In modern applications, f is large-scale, nonconvex, and typically evaluated under
sampling noise.

First-order methods such as stochastic gradient descent (SGD) and Adam remain
the default [8, 10], with performance largely governed by step-size and momentum
schedules. This leads to many hyper-parameters that must be tuned and does not
exploit the pipelined execution of the model across multiple devices, where a NN is
split into sequential blocks placed on different GPUs and activations are forwarded
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from one device to the next. These issues motivate the study of algorithms that
explicitly exploit such multi-device pipelines, and rely on globalization strategies
which adapt parameters (e.g., step sizes) automatically.

Domain decomposition (DD) enables model-parallelism by partitioning parame-
ters into subdomains and updating restricted subproblems in parallel with additive
recombination[2, 14, 7]. This mirrors classical DD for PDEs [14] and aligns with
modern model-parallel pipelines [1, 12]. For globalization, trust-region (TR) strate-
gies provide robust control for nonconvex problems [13, 3] and have been adapted to
multi-level and mini-batch regimes [6, 11]. Within DD, additive updates with a TR
safeguard underlie the Additively Preconditioned Trust-Region Strategy (APTS)[9].

In this paper, we extend the APTS framework [4, 9, 5, 15] by incorporating the
principles of non-monotone TR (NTR) methods, resulting in the Non-monotone
Additively Preconditioned Trust-Region method (NAPTS). NAPTS compares trial
steps against a sliding reference value, which relaxes strict monotonic decrease,
accommodates noisy mini-batch objectives, and enables more persistent coarse-
space directions.

2 Foundations of NAPTS

This section describes the subdomains structure, the local solves, and the globaliza-
tion strategy.

2.1 Additive domain decomposition update

Let {C4} (11V=1 be a partition of {1, ..., n} with restriction and prolongation operators
R,: R"™ — R™ and RE : R"™ — R" satisfying RdR; =1, Rng, =0ford # d’,
and ZS’:] RER , = I,. This is the non overlapping parameter space analogue of an
additive Schwarz decomposition, where the “domain” is the NN parameter space.

To make this concrete, Figure 1a shows an example of such a decomposition with
N = 3 for a fully connected NN, where each color identifies one subdomain of the
parameter partitions Cy.

To let the subdomains operate independently, we first expose them to global
information. Therefore, given a global iterate 6% at iteration k of NAPTS, we compute
the objective value f(6*) and its gradient V f (§%) by running a single forward and
backward propagation through the full NN, during which we cache the activation
values and downstream gradients (black/red arrows in Figure 1b). To illustrate this
idea for the simple case of the NN in Figure 1, let us define the subdomains D as:
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Fig.1 A NN decomposition example. (a) Hardware-based partition into three blocks. (b) Black/red
arrows denote cached boundary activations/downstream gradients.

Di(x;01) = o1 (Wh,x + bp,),
Subdomains: D;y(x;05) = O'2(WH2 3(Wax + by,) + sz),

D3(x;63) = oou (Wout 04 (WH4X + bH4) + bout) s
Full NN: N (x;0) = D3(D2(D1(x))),

where o; are the activation functions and 6 contains all the network parameters
04 = R40 Vd, which split into weights W and biases ». By the chain rule and
linearity, the gradient V f(6) can be factored into a downstream gradient and a local

derivative, as summarized in Table 1 where § denotes the NN output on the full
dataset or current minibatch.

Parameter 6,;| Downstream gradient G, | Gradient 60f
d

af  aof af D3

2] = — = — _—= _—

3 Gs= %5 = aps 00, - % a0,

6 G, =L 95 _of |of . 9Ds

2 2T 958D, oD, |06, a6

af 0y aD, If | of D,

0 G =—F—————=""|7—=G—

! '~ 99 9D, 0D, _ oD, |96, ' 86,

Table 1 Stored downstream and blockwise gradients for each 6.

Thus, during local iterations, the cached forward activation from the previous
subdomain provides the input needed to evaluate the local derivative 9D ;/ 9364, while
the stored backward gradient from the next subdomain, G g4+1 = df /9D 441, allowsus
toreconstruct G 4. Starting from 95’0 = R, 0%, during the { inner iterationst = 1, ..., ¢,
we keep the stored downstream gradient GS fixed, while recomputing the local

derivative 0D ;/06, using cached boundary activations. This yields approximate
block—gradients of the form



148 Andrea Angino, Bindi Capriqi , Shega Likaj , Ken Trotti, Rolf Krause

~k,t
Y= G ——
§ d 20,

k (XZ; stt) ~ ﬂ(@k’t)’ t = 1,...,5, (1)

20,

where xfl denotes the cached input of subdomain d at the iteration k.

For the local subdomain updates, we use an Adam-type method where the gra-
dients are computed through equation (1) and Adam step is truncated to satisfy the
per-step bound A% := AK/E e,

~k,t
§k

k.t _ - ~k,t k d kit _ pk,t-1 k.t

Sy _mm{”sd w,Ad}—J(t and update 0, =0, +s, 2)
5, .

Therefore, after ¢ local iterations, the subdomain d yields sfl = Zle s’;”, such that
lIs%lle < AX. The global trial step is the additive lift of the N local updates {s%}7_ .

N
= 3 RISk, G)
d=1

Finally, we note that communications are not needed during the subdomain train-
ing and that this construction is not tied to the NN structure in Figure 1 and generalizes
to more complex architectures.

2.2 Non-monotone trust-region as globalization strategy

In this section, we follow the NTR framework [3, Alg. 10.1.1]. Given the pro-
posed additive search direction sk in (3), the NTR mechanism acts, in NAPTS, as a
globalization strategy deciding whether to accept the global step s*. In contrast to
previous APTS variants [4, 5, 15] with exact gradient and based on monotone TR
schemes, we deliberately switch to a non-monotone variant to increase the likelihood
of accepting coarse space steps, and thereby avoid expensive recomputation of the
search direction. This is particularly appropriate in our setting, where the coarse-
space updates are inexact and potentially batch-based, and are therefore inherently
non-monotone. Preliminary experiments in [15] suggest that aggressively accepting
coarse-space directions can accelerate loss decrease even at the price of temporary
objective increases, but this comes at the cost of an indiscriminate acceptance policy.
In NAPTS, we therefore introduce a more robust NTR mechanism that selectively
accepts non-monotone coarse-space steps in a controlled way.
We introduce a local model m* that approximates f in the global trust-region

BL = {seR" sl <A*},  AF>o.

Classically, TR methods employ a quadratic model and define the trial step as
an approximate solution of the corresponding trust-region subproblem over B’C‘;.
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However, in our large-scale setting, forming and manipulating exact second-order
information is prohibitive, and using approximate second-order terms introduces
additional complications. For simplicity, we therefore focus on a first-order model

m*(s) = f(ek) + VY (ek)Ts,

and use step s* in equation (3) as trial step that satisfies ||sk”oo < Ak,

Let v € N be the memory parameter and let ‘WX be the set that keeps track of the
indices of the most recent v successful iterations, i.e.

"Wf = {j € {max{0,k —v},....k} | iteration j is successful } ()
We then define the reference-index map r : N — N as

r(k) := argmax f (¢7),
jews

so that r(k) € WE. The corresponding history term o} > 0 is defined as the
cumulative predicted expected decrease among successful iterations between the
reference index (k) and the current one,

k-1
0',]1‘ = Z [mi(O) - mi(si)]. %)
i=r(k)
iewk
Once s* is computed, the quality of the model prediction is assessed via two

agreement ratios

v _ 09 - (05 +s) v _ f(O) - f (0% +5Y)

T mk(0) — mk (sk) Pr = ok +mk (0) = mk (s%)

(6)

where the subscripts ¢ and h refer to current and historical quantities, respectively.
Specifically, we set p* := max { ok, pZ} and use this combined ratio in place of the
classical TR ratio p¥ to decide step acceptance and to update the global radius A*.

By construction, f (67¥)) > f (6%), so pk may be larger than p¥ and accept the
step even in the case where f (6% + s*) > f (6%). Hence, the sequence {f (6%)}, is
not required to be monotonically decreasing, while the reference values { f (9’”‘) ) } k
and the history term o-{f still enforce a long-term descent behaviour. The additional
overhead with respect to a standard monotone TR scheme is negligible: maintaining
the window ‘W, the index r(k), and the scalar 0'}’; requires only simple updates per
iteration, yet this non-monotone mechanism can substantially increase the number of
accepted steps coming from coarse spaces, thereby reducing the need for expensive
global corrections of the search direction.
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2.3 The NAPTS Method

The NAPTS method, summarized in Algorithm 1, combines parallel subdomain
updates with two NTR stages. Each iteration naturally decomposes into two phases:
parallel subdomain computations, preconditioning, and NTR steps. In the first
phase, lines 4-6, each subdomain D, performs in parallel ¢ local constrained
Adam(CAdam) steps. This produces local steps sfi which are lifted and combined to
form the global proposal s¥ as in (3).

The second phase (lines 7-9) applies the NTR update strategy to the obtained
proposal s*. Using the reference quantities WX, r(k), and o*, we compute the
current and historical agreement ratios p’cc and pﬁ and combine them into p* =
max{p’g, pﬁ } (cf. (6)). p* is then used to decide whether to take the step s* or a
corrected step ¢X, and to update the global radius A*. The correction c¥ in line 8 is a
convex combination of a steepest descent step of length A* and the global proposal
sk, for some ay, Bx € [0, 1], namely,

ko — ) -ak YL K
o = o[- o0 (-2 ) + o @
Coeflicients (a,B) € {(0.8,%),(0.6, %),(0.4,%),(0.2,%),(0,%)} are tested

through a for loop. This construction avoids wasting the costly subspace updates
and gradient computations when the proposed step s¥ would otherwise be rejected.

In the third phase at line 10, a classical NTR step is performed, as described
in Section 2.2, starting from (9k+%, Ak"%) and using a search direction based on
a first-order model. We note that setting v = 1 recovers the APTS method studied
in [15] with approximated subdomains.

3 Numerical examples

We consider image classification on the CIFAR-10 dataset. For this task, we use a
convolutional NN (CNN') with four convolutional blocks and two fully-connected
layers (1.2M parameters) trained in a multi-GPU distributed setting on a compute
node with four Nvidia A100 GPUs using data mini-batches of size 1,000. The model
decomposition is layer-based, with each subdomain corresponding to a contiguous
block of layers, consistent with the schematic illustrated in Figure 1.

A rejection is counted whenever a search direction fails a TR acceptance test, either
at the globalization level or within the internal correction loop used to construct c¥.

Left panel of Figure 2 reports the training loss and validation accuracy, and
the right panel the rejection counts per batch, for TR (53.65s/epoch), NTR
(47.26s/epoch), APTS (169.14s/epoch), APTS# (152.39s/epoch), and the proposed
method NAPTS (115.88s/epoch). Training loss is an optimization diagnostic and

L' A CNN is a feedforward architecture that applies learned convolutional filters; see [8, Ch. 9].
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Algorithm 1 NAPTS: Non-monotone Additively Preconditioned Trust-Region Strategy

Input: f:R"™ — R, initial iterate §° € R”, restriction operators { Rd}fi\’:I

Output: Approximate minimizer 6* of f

Constants: inner iterations £, memory v, NTR parameters (771, 172, Vdec» Vincs A%) > See [3]
1: Set k « 0 and initialize NTR history (0'2, r(0), W) > cf. Section 2.2
2: while not converged do
3: Compute f(6%), V.£(6%), block gradients g’; — R,V F(6%)

4: foralld =1,..., N in parallel do > Phase I: parallel subdomains
5: sZ — CAdam(gg, £, AZ) > local step, cf. (2)
6: Form the global proposal s* = Zgzl R‘Tlsf,
7: Compute p¥, pk, p* = max{p¥, pk} > Phase 2: NTR, cf. (6)
8: Step update . . > cf. (7)
. . incA%, if p* > 1,
ok + k’ fok > ) ] Yinc
ok = k sk s ARF3 = JAK if p* € 11, m),
0% + ¢, otherwise, P
YaecA, if p% < 7.
9:  Update Wk, r(k), ok, > cf. (H)-(5)

10: @k AR+  NTR(6%+3,AK*3 V£(0%+2))  » Phase 3: Smoothing NTR iteration
11 kek+1
12: return 6* := 6%
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Fig. 2 Loss and accuracy (left) and rejected steps per batch (right). NTR and NAPTS use v = 100,
and the superscript A denotes always accepting the global step in (3).

does not, by itself, imply better predictive performance. For this reason, we assess
performance primarily through the validation accuracy, i.e., the fraction of correctly
classified samples on the held-out validation set.

The baseline TR and NTR schemes struggle to reach high accuracy. Although
they require roughly half the backpropagations per epoch relative to the APTS-based
methods, they still fall short of comparable accuracy even after twice as many epochs.
Nevertheless, NTR improves over TR, with about half the rejected directions and
better loss and accuracy. This gap motivates a non-monotone globalization within
APTS, which is well suited to the nonconvex and noisy training landscape.

In contrast, the preconditioned variants APTS and NAPTS achieve lower training
losses and substantially higher validation accuracies, suggesting improved optimiza-
tion without loss of generalization. As shown in [15], the aggressive-acceptance
variant APTSA is also effective, yielding about a 10% reduction in CPU time rela-
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tive to APTS by always accepting the global step in (3). Moreover, NAPTS provides
a clear improvement over APTS by retaining a controlled loss-based acceptance
mechanism that enhances robustness, while delivering a further ~ 20% reduction in
CPU time compared to APTS# (about 30% relative to APTS). This gain follows di-
rectly from the marked decrease in rejected steps visible in the right panel, indicating
that the preconditioned step is almost always accepted.

In our setup, Adam/SGD requires = 40s/epoch (about 3x faster), but typi-
cally needs learning-rate and schedule tuning across multiple runs. In contrast,
APTS/NAPTS uses trust regions to adapt step sizes automatically. Overall, NAPTS
improves acceptance of coarse-space proposals, reducing rejections and CPU time.
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