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1 Introduction

Incompressible fluid flow problems appear in different physical applications. The
finite element (FE) discretization of such problems may result in large and ill-
conditioned linear systems requiring effective preconditioning techniques to accel-
erate their iterative solution.

We consider a two-level overlapping additive Schwarz (OAS) preconditioner with
areduced dimension generalized Dryja-Smith-Widlund (RGDSW) coarse space [5],
a variant of the generalized Dryja-Smith-Widlund (GDSW) coarse space [3, 4]
originally proposed for elliptic problems. The GDSW and the RGDSW coarse spaces
have been successfully applied in a monolithic framework for a mixed formulation
of incompressible flow problems [8, 9]. Similar preconditioners with a Lagrangian
coarse space [11] as well as multigrid approaches [14, 15, 17] have been introduced.

In this work, we examine as a model problem the Stokes equations in three
dimensions. We seek the velocity u € V, = {v € (H' (Q))3 lvag, = g}, where
dQp denotes the Dirichlet boundary of Q, and the pressure p € Q = L?(Q) of an
incompressible fluid such that
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/Vu:Vvdx+/divupdx=/fvdx Yv € V,
Q Q Q

ey
/divuqu:O Vg € L*(Q).
Q

For the discretization of the problem in eq. (1) we employ a reduced integration
method with a high order Lagrangian finite element space noted as Py for k > 2. The
incompressibility constraint is approximated by a penalty term allowing us to solve
the problem for the primal variable u only thus reducing the size of the resulting

linear system [12, 14]. The modified bilinear form is given by

ah(u,u):/vu:vudx+e—1/divuhdivuh dx, @)
Q Q

where € € (0, 1] is the penalty parameter and mh represents an element-wise
averaging of the divergence on the finite element mesh.

This article is structured as follows. In section 2, we introduce the two-level OAS
preconditioner with the RGDSW coarse space for the Stokes equations. Next, in
section 3, we discuss the parallel implementation of the proposed preconditioner
based on the FROSch package in Trilinos [6] and the NGSolve library [13]. Finally,
in section 4, we present numerical results to evaluate the parallel performance of the
proposed preconditioning schemes.

2 Two-level Schwarz preconditioners for saddle point problems

Let Au = b be the system of linear equations resulting from the discretization of
eq. (2) on a computational domain €. Furthermore, let Q2 be decomposed into N non-
overlapping subdomains Qi, . .., Q. Each non-overlapping subdomain is extended
by layers of mesh elements to obtain an overlapping decomposition €/, ..., <}, .
The corresponding two-level OAS preconditioner can be written as

N
Mgps, = PAG @ + Z RIAT'R;, 3)

i=1

where R; are the restriction matrices to the overlapping subdomains Q}, A; = R; AR/
are the corresponding local subdomain matrices, and Ay = ®TA® is the coarse
problem matrix. The coarse problem is defined on the coarse space spanned by a
set of coarse basis functions which form the columns of the prolongation operator
®. In general, a coarse problem is required for the numerical scalability of domain
decomposition methods; see, for instance [16].

In order to define the coarse space, let the interface of the non-overlapping domain
decomposition be defined as
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Fig. 1 Interface of a non-overlapping domain decomposition in two (a) and three (b) dimensions.
The vertex, edge and face interface components are marked in red, blue and green, respectively.

N
r=| |o\aop.
i=1

We may thus reorder the degrees of freedom (dofs) in the system matrix A and the
prolongation operator ® according to the division of the domain into interface (I")

and interior (I = Q \ I'):
A Arr @
A = s (I) = . 4
(AFI AFF) (@r) ®

As usual, if the boundary dofs have not been eliminated, we treat them as interior.
The value of the coarse basis functions in the interior @ can be expressed as discrete
harmonic extensions of the interface values ®r

Al
q>=( A}Ir FAIF ) or., (5)

where I is the identity matrix of dimensions || X |T'|. Multiple coarse spaces may
be characterized based on different definitions of ®r. This construction is employed
in the definition of the GDSW coarse space [3, 4].

2.1 The RGDSW coarse space

The reduced dimension generalized Dryja-Smith-Widlund (RGDSW) [5] coarse
space is a variant of the GDSW [3, 4] coarse space with a smaller number of
interface components used in the construction the coarse basis functions. While in
GDSW, the interface I" is decomposed into vertex, edge and, in 3D, face components,
in RGDSW, these components are grouped based on the subdomains that share them.
An example of decomposition of the interface is illustrated in fig. 1.

Let N; be the set of nodes shared by the same subdomains, referred henceforth
as a nodal equivalence class (nec). In addition, let S N; be the index set of the
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subdomains that share the nodes in N;. A nec N; is said to be an ancestor of another
nec Ny if Sy, C Sp;. Conversely, N is an offspring of N;. A nec with no ancestors
is called a coarse node. The RGDSW coarse basis functions are thus associated with
the coarse nodes.

The value of the coarse basis functions on the interface are set as the restriction
of the null space of the global Neumann problem, to each interface component I';
multiplied by a partition of unity function (POU). This is required by the theory on
Schwarz methods [16]. The interface operator can be written as

QROPSW = (RT @, ... R] @) = (R S¢,Ze, ... R] S¢,Zc,), (©6)

where @, is the matrix whose columns are the coarse basis function associated with
the coarse node c;, R, is a restriction matrix from I" to ¢; and its offspring, Z, is
the restriction of the null space to c; and its offspring, and S, is a scaling matrix
whose diagonal entries are the evaluation of the POU. For a given node k, the value
of the POU is given by

I )

1 if k is a coarse node,
@(k) = herwi
m otherwise,
where Cy is the index set of coarse nodes that contain k in its offspring. This is the
option 1 described in [5]. Furthermore, for the Stokes flow problem studied in this

work, the null space is spanned by

rur=(1,0,007, r,2=(0,1,0)", and r,3 = (0,0, 1) . (8)

3 Parallel implementation

The numerical examples discussed in the next section were implemented using the
Fast and Robust Overlapping Schwarz (FROSch) package in the Trilinos toolkit [6]
and the NGSolve library [13]. The former implements, among others, the two-level
Schwarz preconditioner described previously, while the latter provides an implemen-
tation of FE formulations, geometric modeling and mesh generation. In addition, we
have developed an interface to integrate NGSolve’s Python frontend to Trilinos’ C++
implementation thus allowing linear systems arising from the discretization using
different FE spaces to be solved with FROSch. We have used Trilinos version 16.2.0
and NGSolve version 6.2.2501. Moreover, the solution of the local subproblems and
the coarse problem were computed using MUMPS 5.5.1 [1]. The examples were run
on the DelftBlue supercomputer [2].

The decomposition of the interface into vertices, edges, and faces described
in section 2 is provided by FROSch based on an algebraic procedure to identify
the interface dofs. Given a non-overlapping domain decomposition, a graph that
represents the mesh connectivity is obtained from the system matrix. The interface
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Fig.2 Velocity field solutions for the proposed examples. Left: flow in a unit cube (slice at x = 0.5);
right: flow around a cylinder in a channel.

dofs are then identified by performing a breadth-first search on each subdomain to
find the dofs that are not owned by the subdomain itself. Finally, the interface entities
are defined based on the description in section 2.1. In our implementation, the non-
overlapping domain decomposition was computed using METIS [10]. In addition, a
global indexing of the dofs is provided by NGSolve.

4 Numerical results

We study two numerical examples to evaluate the performance of the proposed
preconditioning schemes. As a first example, we consider the Stokes equations
in a unit cube Q = [0, 1] with homogeneous Dirichlet boundary condition u =
(0,0,0)" and a body force term f = (0, x — 1/2, 0). For the second example,
we consider the flow around a cylinder with circular cross-section such that Q =
Qchannel \Qcylinder’ with Qcpanner = [0, 2] X [0, 0-41]2 and Qcylinger = {y, 2| (x—
0.5)2 + (y —0.2)2 < 0.05 A0 < z < 0.41}. The prescribed velocity values are

.
(L4040 0, 0) on 6 = {(x,7,2) | ¥ =0},

(0,0,0)7 elsewhere,

with a body force term f = (0, 1, 0)". The velocity field solutions for both examples
are shown in fig. 2.

The problem was discretized using the formulation in eq. (2) with a second-
order Lagrangian finite element space (P,) and the penalty parameter € = 1074,
The resulting linear system was solved with the preconditioned conjugate gradient
(PCG) method and the two-level OAS preconditioner described in section 2 with two
layers of algebraic overlap. As a convergence criterion, we have adopted a reduction
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Fig. 3 Numerical scalability results for the flow in a unit cube (left column) and around a cylinder
(right column). Top row: number of iterations; middle row: total time to solve the system of
equations (setup of the preconditioner and application of the PCG iterations); bottom row: time to
set up the preconditioner (assembly and factorization of the local and coarse problems).

of the initial residual #© = b — Au® by a factor of 1076, where u(® is the initial
guess to the PCG iterations. We refrain from making any comparisons to the GDSW
coarse space since the overall computational time is higher due to the larger size of
the coarse problem; see, for example, [7, 9].

The weak scalability results for the two examples are presented in fig. 3. In both
cases, the RGDSW preconditioner shows good numerical scalability when compared
to the one-level method. The total time to solve the system of equations also scales
well. The increase in the total time of the RGDSW preconditioner is mainly due to
the setup of the preconditioner itself, as it can be seen in the bottom plots in fig. 3.

Next, we investigate the influence of the penalty term parameter € on the perfor-
mance of the RGDSW preconditioner. We consider the flow in a unit cube with 448
subdomains given known velocity u,.r and pressure pr solutions defined as

Ueer = (21 = xH)%(2y — 8y* +6)°), —y* (1 — yH)?(2x — 8x® + 6x°),0)7,
prcf = -x(l _x)»
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Table 1 Iterative performance of the RGDSW preconditioner for different values of the penalty
term parameter €.

€ ||etrer — 1| 12(0) Number of iterations  Total time (s) Setup time (s)
1071 0.029 32 12.27 9.94
1072 0.011 44 13.19 10.00
1073 0.004 50 13.53 9.99
1074 0.003 49 13.51 10.02

such that f = =V2us + Vprer. We vary the value of € and compute the L?-norm of

172
the error |[urer — |72y = ( Az [Uer — 1] dx) in each case. The remaining solver

parameters are kept the same. The results are summarized in table 1.

Fromeq. (2), we see that, as € — 1, the influence of the penalty term is reduced and
the formulation approaches the type of symmetric positive definite elliptic problem
for which the two-level OAS preconditioner was originally designed. Conversely,
when € — 0, the penalty term becomes dominant. The results in table 1 show this
effect, with an increase in the number of iterations as € decreases. There is a slight
increase in the total time to solve the problem, mostly due to the higher iteration count,
since the setup time remains approximately constant. Moreover, the constancy of the
total time allows for the parameter € to be adjusted based on the desired accuracy
without significantly affecting the performance of the preconditioner. An appropriate
value of € may thus be chosen to balance accuracy and performance.
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