Domain Decomposition for Integral Equations:
Schwarz, Methods of Reflections and Elasticity

Stéphanie Chaiuat[OOOO—OOOl —8478-4647] ,
Marion Darbas[0000—0002—6420—2153] ,
Martin J. Gander[OOOO—OOOl—8450—9223]’
Laurence Halpern[0000700027787777130]

1 Domain Decomposition for Exterior Problems in Elasticity

We are interested in solving the Navier equations in the frequency domain for
modeling an unknown displacement vector field u in high frequency elasticity,

—pAu— (A + p)V(V-u) —’pu=f inQ, 1)

where the strain-stress relationship of the material is described by the Lamé param-
eters A and u, p is the density, and w is the angular frequency of the excitation wave.
We focus on exterior problems, where the domain Q is the complement of some
obstacles, as illustrated in Fig. 1 (left), with outgoing radiation conditions at infinity,
f = 0, and Dirichlet conditions on the boundaries of the obstacles, u = g; on 40;.
For orientation, we briefly recall the classical volume-based domain decompo-
sition approach for such problems, solely to contrast it with the boundary integral
equation—based approach studied here. In the volume-based approach, the unbounded
domain is truncated by an artificial boundary dQ2 with a suitable boundary condi-
tion, see Fig. 1 (middle), and the resulting bounded domain is decomposed into
subdomains, e.g. Q = Q; U Q, U Q3, see Fig. 1 (right). Any standard domain de-
composition method can then be applied. Note that the number of subdomains
can be much larger than the number of obstacles O;. Schwarz methods for (1) have
been studied in [2, 3], and the equations are even harder to solve than Helmholtz
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Fig. 1 Exterior problem with three obstacles O;, i = 1,2, 3, on an unbounded domain Q :=
R? — U;0; (left), truncation by an artificial boundary condition at 9Q (middle), and a possible
domain decomposition in volume into subdomains ;, j = 1, 2, 3 (right).

problems [7]; note that the simpler elastostatic case! (w = 0) has a well-established
domain decomposition literature [23, 12, 6].

In contrast to classical volume-based domain decomposition, we consider bound-
ary integral formulations of (1). Their discretization leads to a block-structured
linear system associated with obstacle interactions, to which domain decomposition
methods can be applied at the algebraic level; numerical experiments with Additive
Schwarz for Laplace and Helmholtz problems can be found in [18], an example in
electromagnetics in [22], and a first analysis in [1].

This setting differs from boundary integral equation formulations in the Boundary
Element Tearing and Interconnect (BETI) methods [14], see also the earlier develop-
ment in [11]%, which use boundary integral equation techniques for the subdomain
solutions in volume, and can have advantages if some subdomains are unbounded
[21]. This approach was also followed in part one of the PhD thesis [19], while part
two is related to our approach here, but in an abstract Schwarz setting, see also the
earlier work [25] and [10].

We now introduce a boundary integral formulation for our approach. To make
it accessible to a domain decomposition audience, we interprete the single-layer
potential §(3)(x) as a transmission problem solver?: given Neumann (traction) jumps
3; on 90, the function u(x) := S(3)(x) is the continuous solution of the elastic
problem (1) in R? with the given Neumann jumps 3; on 90;. Here 3 := (3, 35, 33)
denotes the three Neumann jump traces on the three obstacles O;, i = 1,2, 3 in our
example in Fig. 1. In domain decomposition, one is used to seek solutions which are
continuous and have continuous fluxes at interfaces between subdomains. In integral
equations, potentials represent solutions with jumps, in the traces and/or the fluxes,
since for such solutions there are elegant integral representations. In our case,

3 3
u(x) =S3)(x) = Y Si(B)(x) = ) /a L GYHI@ . x¢o2 @
i=1 i=1 i

! The difference being like between Laplace and Helmholtz problems [7], or static and high
frequency time harmonic Maxwell problems.

2 We cite: “The approach proposed in this paper uses boundary integral representations for solutions
on the subdomains. . .”

3 There are many more integral equation formulations, we choose this indirect single layer potential
technique as an example, and avoid possible resonances in our numerical tests.
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where (X,y) is the fundamental solution of the Navier equation. The precise form
given in (2) is however not needed for understanding the domain decomposition
methods for integral equations we are interested in here.

To solve the exterior problem (1) using the integral representation (2), we need to
solve the linear system which imposes the given Dirichlet boundary conditionsu = g;
on the boundaries dO; of the obstacles on our solution formula u(x) := S(3)(x), i.e.

¥15(31,32,33) = g1,
v2S(31,32,33) = g, (3)
¥38(31,32,33) = g3.

Here y;, i = 1,2, 3 denotes the Dirichlet trace operators on d0;. If we rewrite the
system (3) in component form, and apply a Block Gauss Seidel method, we obtain
the iterative solver
Su3t+ 812357+ 8513307 = g,
S2137 + 820235 + 823377 = gy, 4)
$3137 + 8323) + 53335 = gs,

which is a first natural domain decomposition method for the integral equation (3).
Here, by linearity, S;; is the Dirichlet trace y; of the single layer potential S; for the
single obstacle O, j = 1,2, 3, see (2), and the method iterates on Neumann traces in
physical space. Algebraically, (4) is a multiplicative Schwarz method, and a parallel
version could be naturally considered as well in the form of a Block Jacobi iteration.
We refrain here from calling this an additive Schwarz method, since this refers to a
preconditioner which is not converging in general when used as an iterative solver
with overlap, for details, see [8].

We start by a numerical experiment to illustrate the method and give a geometrical
interpretation. We show in Fig. 2 at the top left the solution scattered by the three
obstacles for an incoming plane wave from the top, g; := —u;,., and the first solve
with S1; in the Gauss-Seidel iteration (4) for the first obstacle O; when starting
with a zero initial guess, followed by the solve with S», for obstacle O;;, and then
in the second line on the left the solve with S33 for obstacle O3, finishing the first
Gauss-Seidel, or alternating Schwarz sweep. This is followed in the middle by the
second solve with Sy for O etc.

We observe from Fig. 2 that this Schwarz domain decomposition method for the
integral equation formulation computes solutions one obstacle at the time: in the top
middle plot, obstacles O, and O3 are not visible to the incoming wave yet. In the
top right plot, obstacle O3 is still not visible, but obstacle O, now reflects the first
reflection that was produced by obstacle O;. In the middle line on the left, a first
Schwarz sweep is finished, and we see a rather good approximate solution, which
can however be further corrected by continuing the iterative process. In the bottom
line, the process seems to have converged.

We also see that natural domain decomposition methods for integral equations are
based on a decomposition of the boundary of the obstacles, and most naturally this
is done at first in our example here by forming three subdomains, for each obstacle
boundary one.
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Fig. 2 Real part of the y component of the solution for an incoming plane P-wave from the top
withp =1, u=1,1=2, w = 24n, followed by the three steps of the first Gauss-Seidel iteration
(4), and by the three steps of the second Gauss-Seidel iteration (4) and so on.

2 Relation with the Method of Reflections

The domain decomposition method we discovered naturally for boundary integral
equations in Section 2 has a historical brother, namely the method of reflections.
It goes back to Murphy’s lecture notes [20] from 1833, which were “for the use
of students in the university”, and where he constructs with this approach series
solutions in the distance r of the objects, obtaining a further term with each iter-
ation. Sir Horace Lamb then states in [13] in 1906 that “the images continually
diminish in intensity, and this very rapidly if the radius of either sphere is small
compared with the shortest distance between the two surfaces.” Just a year later,
Hendrik Antoon Lorentz then writes in [16] “z.B. kann man die Storung oder, wie
man auch sagen kann, die ’Zuriickwerfung’ eines bekannten Bewegungszustandes
durch eine ruhende Kugel immer bestimmen.”* and *Zuriickwerfung’ means reflec-
tion. Four years later, Marian Smoluchowski provided in [24] a first mathematical
study, where he says “Um die Wechselwirkung zweier Kugeln zu studieren, kann
man eine Annidherungsmethode anwenden, welche auf sukzessiver Superponierung
partikuldrer Losungen beruht, analog den Spiegelungsmethoden zur Losung ver-

4 For example can one always determine the disturbance or, as one might also say, the "reflection’
of a known state of motion by a stationary ball.






