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1 Introduction

The Helmholtz equation is one of the fundamental partial differential equations
(PDEs) which found its application in a variety of domains. It is used to describe
pressure fields in acoustics, electromagnetic fields in space, modes of resonance in
structural dynamics, and neutron dynamics in reactors. Many numerical schemes
have been developed, but most of the legacy codes are based on schemes like finite
difference methods (FDMs), finite element methods (FEMs), discontinuous Galerkin
(DG) methods or finite volume methods (FVMs), which require fine mesh or complex
nodal dependency for desired levels of accuracy [4, 9]. The resulting matrix system
with these methods are very large and badly conditioned, and make it inefficient to
use iterative solvers for large wave numbers, see e.g. [2, 3, 6] and references therein.
It is also well established that Helmholtz problems pose significant challenges when
solved using iterative methods [10]. To address these issues, we present here a 2D
Nodal Integration Method (NIM) based on domain decomposition for the Helmholtz

equation, 5
Au(x,y) + k7u(x,y) = f(x,y), )

where (x, y) is the spatial position, & is the wave number, u represents the wave field,
typically a pressure distribution, and f is the source term. NIM is a semi-analytical
coarse mesh numerical scheme. NIM was originally developed for the solution of
neutron diffusion equations to find the distribution of neutrons in a nuclear reactor,
and due to its high accuracy with coarse meshes, NIM found its acceptance in other
engineering domains as well, see e.g. [5] and references therein. In NIM, first the
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PDE is averaged in one direction by merging all other directional derivatives into the
source, which is called pseudo source. These pseudo sources are then expanded using
Legendre polynomials and the order of the scheme is dependent on the number of
terms kept in the expansion. For example, expanding up to constant terms results in a
second order scheme. This expansion gives us a set of ordinary differential equations
(ODEs) with constant source and makes the analytical solution of the resulting
ODEs possible [5]. The ODEs are solved analytically within cells called nodes.
After the integration, neighboring analytical solutions are connected using coupling
conditions. Classically, Dirichlet continuity is imposed by imposing a common
(unknown) value, which is then determined imposing Neumann continuity, like in
a sub-structuring domain decomposition method. This results in two three-point
schemes, one in the x-direction and the other in the y-direction. From these three-
point schemes, the pseudo source is finally eliminated using constraint conditions,
which results in the final set of algebraic equations for the scheme, see [7] for more
details. This analytical pre-processing in NIM provides a distinct advantage over
other numerical schemes and makes the scheme closer to the underlying physics of the
problem, in contrast to basis-function—driven approaches such as the finite element
method. NIM schemes are closely related to Trefftz methods [11], introduced
by Erich Trefftz in 1926. Trefftz methods use basis functions that exactly satisfy
the homogeneous equations within each element (see [3] and references therein),
whereas NIMs satisfy only one-dimensional averaged equations. We refer to [7] for
the details of the derivation of such a classical NIM scheme for the two dimensional
Helmholtz equation, and present the resulting system of algebraic equations and
their coefficients in the Appendix. Discretization in numerical schemes inherently
introduces dispersion errors. Due to their analytical pre-processing, NIM schemes
exhibit significantly lower dispersion than conventional methods (see [7, 13], and
references therein for details on dispersion correction). Although the original NIM
scheme for the Helmholtz equation is functional, its matrix elements exhibit a strong
dependence on the wave number k and for some values of k face division by zero.
To address this issue, we design here a new Helmholtz NIM that avoids in its
construction the solution of Helmholtz problems with Dirichlet conditions that can
become ill-posed. This can be achieved by using impedance conditions instead, like
it was proposed in the seminal work of Després and his non-overlapping Schwarz
method for Helmholtz problems [8].

We propose here a new NIM scheme for the Helmholtz equation in 2D to improve
the conditioning of the resulting system matrix, and further reduce dispersion. This
study extends our previous work conducted in one dimension [1]. Our new approach
uses impedance (or Robin) conditions in its construction, in contrast to the classical
Dirichlet and Neumann conditions in earlier NIMs for Helmholtz problems. Instead
of the unknown Dirichlet values u ; in the original Helmholtz NIM, now the unknowns
are impedance traces, which means that we construct directly a right preconditioned
system in this new Helmholtz NIM design.
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Fig. 1 Arrangement of 4 nodes in 2D, o*, 0¥, 2* and A¥ are traces of impedance conditions at
the node interfaces.

2 NIM scheme using impedance transmission conditions

In order to derive the NIM scheme for the 2D Helmholtz equation given in (1), the
domain is divided into (n x n) square elements of size (/1 x h) called nodes, shown in
Figure 1. For each node, a local coordinate system is defined with origin at the node
center. Equation (1) can be written with reference to node (m, n) as

h h h h
Bity (5.3) + Rty (5.3) = frax3), ey) € (= 5.5)x(=5.5) @

First the PDE is averaged within the node to remove the dependency in one spatial
direction, which results in a transverse averaged ODE. This is called the trans-

verse integration process (TIP). It is performed by averaging (2) with the operator
1 +h/2

7 np dx in the x-direction, resulting in a y-dependent ODE,

1 2 0% 0 (x,y)  0Pumn(x,y)
- s b " s > + k2 o (X, = fon(x, dx, 3
h/_h/2 ( Ax2 dy? Um.n (X, ) f,(xy)) )
T ') B <
— O o () =Sha) @

Similarly, the operator % /_ 2;;/22 dy is used for averaging in the y-direction, resulting
in an x-dependent ODE,

1 *+hi2 62um,n(x’ )’) 62Mm,n(xa Y) 2
E /h/2 ( axz + ayz + k Mm,n(x’ )’) - fm,n(X, )’))dX, (5)
4?23, (x)

S KT (0) = 5,0, (©)

Here, the variables iy, , and iy, , Tepresent averaged quantities,
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and the source term f;, , is averaged along with the remaining transverse term as,

—x 1 +h/2 92 I/tmn 1 +h/2 azum,n
S I e L e £

—h/2 —h/2

which we call pseudo source terms. Next, we expand the pseudo source in Legendre
polynomials and truncated at zeroth order which results in a second order accurate
scheme [5] . Next, the ODE given in (4) is solved analytically over the node (m, n)
with impedance conditions,

aﬁ?’l)fn —ax —x 8ﬁux —ax 7%
~ 5 + ki, =0 pnot’ R + tku = A (D
) /2

which gives us an analytical expression for i)

m n’
a Syt e T (=S — V(S k) — kT )
X () = e L ®

The same process is repeated for node (m, n + 1) using impedance conditions, and

gives us an analytical expression for i, ", .|,

—X k(h+2y)
—_ 2k ko=
2Sm,n+1 +e” ( Sm n+l — € y(Sm nel T Lk/lm n+l) O-m,n)

2k?

m n+1 (y) =
)

Similar steps are repeated in the x—direction, to get analytical expressions of i;, , (x)
for node (m, n) and > (x) for node (m + 1,n),

+1 n
e 28y e T (=S, = (S, kA, ) — kT, )
Up.p(X) = %2 , (10)
_ Lk(h+2x) 2ka —y
_yg 2Sm+l n te ( Sm+1 n (Sm+1 n + Lk/lm+l n) Lko—m,n)
m+] n(x) .
2k

(1)
Here, u*“ is the analytical solution for the x-averaged ODEs and u”“ is the analytical
solution for the y-averaged ODEs. Now in order to connect the consecutive nodes
in the x-direction, impedance matching condition are imposed at the interface. This
leads to a finite difference like stencil for the unknown /1m ,.» Which contains in its
coefficients information about the physical problem that is solved,

—X mn( ) 5%
O-m n+l — (Lkuxa (y) -

— dw,? ()
— . Xa _ m,n+1
—dy )h/2’ myn+l = (lkum’n”(y)

dy )_h/z‘
(12)
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This leads to

—X _ hk—x
(S, ., e S,
> s —x —thk—x _
0t Z +o,,—e oy, =0, (13)
—X _ hk—X
LSm n+1 e m,n+1 =X =
s > —thk7* —
— + T =€ Ay = 0. (14)

Similarly, to get the node stencil in the y-direction, an impedance matching condition
is imposed at the interface, which leads to

< kY
Sy, te thkg

mn  —y _—ithk—=y —
i + 3 + O —e Toptn = 0, (15)
o —thk oY
LSm+l n te”! Sm+l n 3y =y
> > —thk>yY
— . + A, —e TR =0 (16)

Next, we need to eliminate the pseudo source terms from (13), (14), (15) and (16).
For this, we use constraint conditions,
W, =y Sh L S, =L (% f;;/; U (X, y)dy)dx = Spn. (17)

m,n mmn_ h —h/2

The pseudo source terms are obtained by solving (17), and putting the pseudo source
back into (13), (14), (15) and (16) we get the final form of the NIM equations,

Ln + D/lfnﬂ’n + BAX,,  + O D)+ Aoy + ESpern = 0, (18)

N m+1,n—

Ay + BAY, + 0 ) + Oy + Do |+ ESpn, = 0, (19
Ay + DA+ Ao, + B+ 0 )+ ESpa = 0, (20)
ARy, + oy + Do+ By, + 0 )+ ESun = 0, 2D

with the coefficients A, B, D, E given in the Appendix. A Taylor expansion of the
scheme for 1 — 0 shows first-order convergence.

To complete the linear system, we need to derive expressions for the boundary nodes
as well. We assume the boundary condition to be of impedance type. To derive
the expression for the left and right, the original impedance boundary condition
is applied to u;,, from (10) and for the top and bottom, the impedance boundary
condition is applied to u,,", from (8). This gives us four equations, and completes
the matrix system (L, R, T, and B denote the left, right, top, and bottom boundaries),

o, o,
_ D ke, -0, l L KT ~0. (22)
- ;
(-4)->wp Y (4)->®mD

To recover the original solution u from the Robin traces o, A, we take the average
of the two traces, i.e., u = (o + 1)/ (2tk).



366 Martin J. Gander, Niteen Kumar

Matrix norm
2

Matrix norm
3

; —— Classical NIM ;
10 —NewNIM 10 —— Classical NIM
— New NIM

. . . . . .
0 50 100 150 200 0 50 100 150 200
Wave number (k) Wave number (k)

h=0.1 h=0.06

Fig. 2 Comparison of the matrix norms between the classical NIM and the new NIM for a range
of wave numbers k = (1 : 200), with two mesh sizes (h = 0.1, 0.06)

3 Numerical Experiments

We use a classical wave field problem with impedance boundary conditions to
demonstrate the properties of the new NIM method developed here. We show in
Figure 2 the /; norms of the classical and new NIM for two different mesh sizes and
many values of the wave number k. We see that for the new NIM, the matrix norms
stay nicely bounded below 2, whereas for the classical NIM the matrix norms are of
the order of 10°. The presence of the multiple poles in the plots indicates that the
matrix norm is extremely sensitive to the wave number & in the classical NIM, and this
does not improve when the mesh is refined. This strong dependence is numerically
not desirable, especially when the mesh resolution is not changed as in our example,
there is too much sensitivity with respect to the wave number in this discrete problem.
We can see the reason for this also looking at the stencil entries in the appendix: in
the interior stencil, the stencil coefficients contain a division by cot(k#), and this
quantity becomes zero for k = 7(2n+1)/2h, n = 1,2, ..., which explains the poles
in Figure 2, and more generally the sensitivity of the classical Helmholtz NIM matrix
norm on the wave number. We can now also explain the reason for this sensitivity: in
the construction of the classical Helmholtz NIM, we solved 2D Helmholtz problems
on each node, imposing Dirichlet boundary conditions, and if k> corresponds to an
eigenvalue of the two dimensional Laplacian, then this problem is not well posed, a
fact that manifests itself in the division by zero in the stencil coefficients.
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4 Conclusions

We presented a new 2D nodal integration method (NIM) based on domain decom-
position techniques for the Helmholtz equation. In our new Helmholtz NIM, instead
of Dirichlet and Neumann transmission conditions that are usually used in the con-
struction of the NIM, we used impedance transmission conditions. This modification
changes the coefficients as well as the resulting system matrix structure, and we ob-
serve that the new system matrix has nicely bounded norms for all wave numbers,
while the original NIM system matrix norm presents singularities. However, the new
system matrix is now twice the size of the old system matrix, since we are solving for
the Robin traces as unknowns. We gain stability at the cost of a bigger system matrix.
We are currently developing our new Helmholtz NIM in three spatial dimensions,
and also investigate if it is possible to use impedance conditions without increasing
the system matrix size. We are also studying the dispersion relation properties of our
new Helmholtz NIM, and investigate its potential for dispersion correction.

Appendix

If we do not merge k%u(x, y) into the pseudo source, the classical NIM scheme from
[7] is given by
E(Smn + Smn+1) + H(ly +ﬁﬁl7n+1 + E}yn_l’n +ﬁﬁl_1,n+1)

—X —Xx —x _
+ Fity, , + G(umﬁ_1 + ”m,n+1) =0,

—Xx —x —X —x
E(Sm,n + Sm"'l,”) + D(um,n + um,n—l + um+l,n + um+l,n—l)
—y =Y =Y —
+ Fuy, , + G(um_hn + ”m+1,n) =0,

tan(hk) 2 1
E=——= F=k(-1 - - @
T k(-1 + cot(hk)” + 3~ 2hk cot(hk) ) tan(hk),
3 k tan(hk) G = k(2 cot(hk) — 2hkcosec(hk)? + tan(ak))
"~ —4 + 4hk cot(hk)’ B —4 + 4hk cot(hk) '

From the coefficients, we see that there is a singularity when /4 cot(hk) = 1. This is
why we observe in Figure 2 that for k = 7(2n + 1)/2h, n = 1,2, . . ., the coeflicients
shoot up, leading to severe deterioration in the conditioning of the system matrix.
The coefficients of the new NIM are

A (-1 + eihk)3 b —1 4 2k (1 4 e~k _ gihk _ 2p2k2)
T Deihk _ 4glikk 4 2e3ihk (1 + h2k2)’ T Deihk _ glink 4 2e3ihk (1 + h2k2)
i(—1+ J(e7hk 4 elhk)) hk _ (<1+e")n

B = . - . . ) = .
—2 — L(emihk — eihk)p2[2 4 L(e=ihk 4 pihk) (2 + ph2k2) -1+ e (1 +ihk)
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From these coeflicients, we can see that for 4 # 0 and real k, there is no singularity
present any more, and thus the system matrix conditioning does not have sensitive
dependence on the wave number k any more.
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