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1 Introduction

An abstract construction of coarse spaces for non-Hermitian problems and non-
Hermitian domain decomposition preconditioners based on extended generalized
eigenproblems was proposed in [7] and analyzed on the matrix formulation. Build-
ing upon this work, we consider instead here the specific case of heterogeneous
Helmholtz problems, and the derivation and analysis is performed at the continuous
level. Albeit different from its derivation, its use of oversampling and the underlying
eigenproblems, our approach shares similarities with the methods in [4, 6].

2 Optimized Restricted Additive Schwarz method

Model problem. Let d € {1,2,3} and Q c R be an open and bounded domain.
We consider the heterogeneous Helmholtz equation for w > 0

-V - \v} 2 — inQ
Find u € H'(Q) such that: (pVu) —wivu = f, inQ, )
Uopu —1u = g, on 0Q,

where y and v are two variable but positive and bounded coefficients, f € L?(Q)
and g € L?(9Q) model the source terms, and n is the outward unit normal vector to
the boundary dQ. The model problem (1) takes the following variational form
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Find u € H' (Q) such that:  aq(u,u’) = lo(u’), Vu' € H(Q), (2)
where we introduced, for any D C Q and any u,u’ € H 1 (D):

ap (u,u") := (uVu, Vu') 2 (pya — wz(vu,ut)Lz(D) — 1w, u)29progy.  (3)

Ip(u') := (f,u")12(p) + (& u) 12(8DN00) - “)

The above model problem (2) is well-posed using standard arguments based on the
Fredholm alternative and a unique continuation principle.

One-level domain decomposition algorithm. We introduce a decomposition of Q
into J € N, J > 0, overlapping open subdomains Q;, j = 1,...,J, associated to a
partition-of-unity function y; € whe(Q ;) such that

Q=U,Q;, x5 20, xjlag; 00 =0, 2 Ejxjule; = u, VMGHI(Q),S
)
where E; is an extension-by-continuity operator. More precisely, we require that
E; : H'(Q)) — H'(Q) continuously, E;u;|q, = u; and supp(E;u;) c Q; for any
uj € H (Q ;) and for some extended open subdomain Q ; such that Q; ¢ Q i C Q.
Starting from an initial guess u? € H'(Q), the one-level (the index | stands for
one-level) Optimized Restricted Additive Schwarz (ORAS) algorithm defines the
sequence
wt = uf + N Epx ot 20, (6)

where v;.’” is solution of: Find v;.‘” € H'(Q;) such that:
bo, (v}, 0h) = lo(Ejv}) — aq(u, E;vt), vl e H'(Q)), (7
where we introduced, for any D ¢ Q and any v,v* € H'(D):

bp(v,0") := ap(v,0") —10(v,0") 12 (9p\50) - (8)

By similar arguments as for the model problem, the local problem (7) is well-posed,
and we remark that the right-hand-side in (7) can be computed locally in ; so that
v"*1 is equivalently solution of

ba, (0 0)) = I (Ejv)lg,) - ag, (uflg,. (Ejo))lg ). Vo) € HI(Q)). (9)

For general partitions (where at least three subdomains overlap in some part of the
domain €), the sequence of u;' depends a priori on the choice of E; (which is
not unique), since it affects the right-hand-side of (7) (in (6), the presence of the
partition-of-unity y; implies that E; extends by zero, which is uniquely defined).

One-level error analysis. For n > 0, the one-level error e? =u - uf‘ satisfies

e =u—ut = ef - > Ej)(jv;?“ =Y Eixj(eflo; - v;?“). (10)
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From (9), we have,

b, (ef'la, — v, v}) = bg,(efla;, v}) = ag, (eflg, (Ejv;)lﬁj), Vo', € HY(Q)),
(11)
so that
where R; : Hl(ﬁj) — H'(Q;) is defined for any 7; € Hl(ﬁj) as
bg_’. (Rjij,v;) = bgj (Fv'jlgj, 1)3) - aﬁj (FU-J', (Ejl);-)lﬁj), VU; S H1 (Qj) (13)

The operator R; is well-defined since the local problems (13) are well-posed.
We measure the error in the energy norm given by the following sesquilinear
form: for any D c Q and any u,u’ € H'(D), let

ep(u,u') = (uVu, Vu') 2 pya + 0*(vu,u') 2y, Nl == epu,u). (14)
The error can be estimated as follows
n+l12 n 2 n 2 ny2
le ™ 115 < ko 2 s Ryeflsllo, < koé 2 lletls, s, < kokiéllefly, (15

where we introduced

CEaul? X llulg 1%
kO - || Z,] J ]2”9’ k1 = sup 2" Q.I , (16)
@) gl orucH' (@ llullg
OiquHé(Qj) ’
||XjRj“j||522j
£:=supé;, £ = sup  ————" (17)
J OiﬁjEHl(é_,’) ||u]||§,

The estimate (15) shows that a sufficient condition to have convergence of the
algorithm is that kgk £ < 1, which is unlikely to be satisfied. The two constants kg
and k; can be bounded uniformly of the parameters , v, w of the problem and only
depend respectively on the maximum number of neighbors for a subdomain (see
e.g. [2, Lem. 7.9]) and the maximum number of subdomain intersection multiplicity
(see e.g. [2, Lem. 7.13]). For reasonable partitions, both quantities can be bounded
uniformly of the number of subdomains. On the other hand, ¢ depends on the
parameters of the problem. In the next section, we propose the construction of a
coarse space and associated two-level domain decomposition algorithm that allows
to control each ¢; independently, hence &.
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3 Two-level ORAS method

Local generalized eigenproblem The definition of &; suggests considering the
following local generalized eigenproblem: Find (i;,1;) € H'(Q;) X R such that:

co, xRty X RjY) = Ajeq (i), Vi, € H'(Q)), (18)

This problem is equivalent to the following saddle-point formulation:
Find (ﬁj, Uj,O'j,/lj) S HI(QJ) X HI(QJ) X HI(QJ) X R such that:

ca; (x;jvj, x;v5) = ba, (v}, o) =0, Vol e H'(Q)),

—ba; (vj,0}) + ba, (ujla;, 0}) - ag (), (Ejoy)lg ) =0, Voje€ H! (S}j)7

bgj(mjlgj,Uj) - aﬁj(ﬁ’j, (Eja'j)|§j) = ﬂjcﬁj(ﬁj’%)’ VIF,Z; € Hl(Qj).
(19)

The following result shows that each £; (hence £) is finite and that the eigenvalues
4; solutions to (18) converge to 0.

Proposition 1 The operator K : u; € Hl(ﬁj) = yjRjuj € Hl(Qj) is compact.

Proof. The result is based on a Caccioppoli inequality which we establish next (see
also [5, Lem. 2.7]). From (13) we have, for any u; € H! (Q)),

bo, (Rjitj, x7R;it;) = 0, (20)
which implies (adding (20) and its conjugate) that
(#XjVRj’l:[j’XjVRjﬁj)Lz(Qj)d + (/JRJ'JJ'V)(J',)(jVRjij)LZ(Qj)d
+ (/,t)(jVRjﬁj,RjﬁjV)(j)Lz(Qj)d - a)z(VRjﬂj,ij-Rjﬁj)Lz(Qj) =0. 21
On the other hand, we have, for any #; € H! Q ),
s R;itjlls, = ca; (xjRjitj X R;it;) = (R Y xjs Rji; VX ) 12,
+ (/,t)(jVRjﬁj,)(jVRjﬁ'j)Lz(Qj)d + (/JRjﬁjV)(j,XjVRjFMVj)Lz(Qj)d
+ (/,t/\/jVRjﬁj,RjﬁjV,\{j)Lz(Qj)d + wZ(V)(jRjij,)(jRjﬁj)Lz(Qj)
= ('L[Rjﬁjv/\/j,RjngXj)LZ(Qj)d + 2w2(VRjﬁj,X]2-Rjﬁj)L2(Qj) < C”Rjﬁj”iz(gj)’

for some constant C > 0 depending on w, upper bounds on the coefficients u, v
and the partition-of-unity ;. The result then follows by application of the Rellich—
Kondrachov theorem. O

Coarse space. For a user-defined parameter 7 > 0, we introduce the coarse space

U := (D, span{E;x;R;ut; : (i}, A;) solution of (18) such that 4; > v}. (22)
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The coarse space U is made of local Helmholtz solutions R i that are extended-by-
zero globally thanks to E; after being multiplied by the partition-of-unity function
x;-Indeed, for u; solution of (18), we have R ju; = v; solution of (19) which satisfies
(testing with o} € H}(Q;) in (19))

(uVo;, VU;)LZ(QJ.)(I - a)z(vvj,v;)Lz(Qj) =0, Vo' € Hy(Q;)). (23)

Moreover, thanks to the partition-of-unity, the coarse space is conforming, namely
U, c H'(Q). Finally, Proposition 1 ensures that U, is finite dimensional.
Two-level domain decomposition algorithm. Starting from an initial guess ”?1 €
H'(Q), we define a sequence of solutions uy € H 1(Q) (the index y; stands for
two-level),

n+l ._ n o apntl n+1
uy .—uH+Z]~E])(]wj +wg™, n >0, 24)

where w;‘“ is solution of: Find w;.‘“ € H'(Q;) such that:
bo; (W™, wh) = lo(Ejuw}) — ag(uf}, Ejwt),  Vul e H(Q)),  (25)

and w(’)“rl is solution of: Find w(')“rl € U, such that:

ag(w6’+l,w6) = lo(w)) — ag(uf + X Ej)(jw;.‘”, w)), Vw) € Us. (26)

Assumption 1. For any anti-linear form L on H'(Q), consider the two problems

Find u € H (Q) such that:  ag(u,u’) = L(u'), Yu' € H(Q), 27
Find uy € Uy such that: aq(uo, ug) = L(uf), Yuj, € Us. (28)

In the following, we assume that the coarse problem (28) is well-posed and that there
exists o > 0, independent of T and L, such that the following stability bound holds

lu —uolle < ollullq. (29)

Assumption 1 implies that the problem (26) is well-posed. The validity of As-
sumption 1 can be argued for large enough coarse spaces U, (i.e. taking the user-
controlled parameter 7 sufficiently small). For instance, well-posedness of the coarse
problem and a quasi-optimality estimate implying (29) can be obtained using the
so-called Aubin—Nitsche duality trick and Schatz argument, see [3, Lemma 5.1].

Two-level error analysis. For n > 0, the two-level error eﬁ =u- uﬁ satisfies

n+l _ n+l _ n v+l n+l
ey =u—upg —u—uH—ZjE]ijj wy™ (30)

From (25), we have,

bg, (eyla; _w;m’ w') = bo, (efl,, w}) —ag, (€ﬁ|§j, (ij})|§j), V', € H'(Q)),
(31

and from (26), we have
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ag (g™, wh) = aa(X; Ejxj(eflo, —wi*h), wh), Vwhe U,  (32)

so that
et = (1= Po) 3, Ejx;R;eflg, (33)

where we introduced Py : H'(Q) — H'(Q) defined as: for any u € H'(Q),
Pou € U, such that:

ao(Pou,uf) = ag(u,up), Vufy € Us. (34)

Provided Assumption 1 holds, the operator P is well-defined. Besides, Py is an
oblique projection on the closed space U, and the operator norm of I — Py for cg is
bounded by the stability constant o (see (29)) of the coarse problem, namely

oy 10=Poulla )

ozuer' @  llulle

We can now state our main result, which is the counterpart for the heterogeneous
Helmholtz problem of the matrix formulation result stated in [7, Th. 2.12].

Theorem 1 [f the user-controlled parameter 1 is taken to be sufficiently small such
that Assumption 1 holds and p = oVkok1T < 1, then the iterative solution uj
defined in (24) converges towards the exact solution u of the model problem (2), in
the norm given by cq defined in (14), and with rate p, namely

lu = uiillg < p"lu —ugllg,  n20. (36)
Proof. LetIl; be the g, -orthogonal projection on the finite dimensional space
span{u; : (u;,A;) solution of (18) such that A; > 7}. (37

Then, by construction of the coarse space, the image of }; E;jx;R;I1; is in the
kernel of I — Py, hence

el = (I-Py) 2 EjxjR; [Hj"'(I_Hj)]eﬁlﬁj = (I-Po) X; EijRj(I—Hj)Eﬁlﬁj,
(38)
and moreover (see e.g. [2, Lem. 7.7])

IRy (L= Teqlg llg, < 7ll(T-Teqls I < lleflg l5 - (39
Recalling (16) and (35), the error can hence be estimated as follows
lefi? 15, = 1= Po) £ i Ry (1 = T)elilg e
<o |2 Epi R (1-Tefls o < ko 3 iR, (1= Hf)€ﬁ|§,||g22j
< kot 3; ||e;;|§j||§~2j < o 2koki7 [|et ]2, (40)

O
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In practice, Krylov acceleration is used, and one iteration of the above algo-
rithm (24) is used as a preconditioner. Theorem 1 also implies convergence of the
Krylov iterative method with this preconditioner.

4 Numerical illustrations

We conclude with some numerical experiments on the Marmousi model, which
represents a realistic geological structure with varying velocity ¢ (see Figure 1) and
fits within the model problem (1) with v = 72, u = 1. A homogeneous Dirichlet
boundary condition is applied on the surface and Robin boundary conditions are
imposed on the remaining boundaries. The source term f is a regularized Dirac
mass (sharp Gaussian function) centered near the surface (and g = 0).

The implementation is performed in FreeFEM using the FFDDM framework. The
discretization consists of P, Lagrange finite elements. We perform a weak scaling test
using a frequency ramp, so that the number of degrees of freedom in each subdomain
remains constant around ~ 36000 (~ 780 on the subdomain boundary). We compare
results for the one-level ORAS preconditioner and the two-level preconditioners for
three coarse space sizes. In practice, instead of using the parameter 7 to filter the
eigenvalues, we compute a fixed number of eigenpairs per subdomain given as a
percentage of the number of degrees of freedom on the boundary of the subdomain
(which is an upper bound on the meaningful eigenvectors to include on the coarse
space). This strategy avoids computing too many unnecessary eigenpairs and allows
more sensible run time comparisons. The numerical results are reported in Table 1
and in Figure 2.

The results show the poor scalability of the one-level preconditioner for increasing
w. For a large enough coarse space, the second-level preconditioner converges in a
much reduced number of iterations, albeit still growing with respect to w. This is
however achieved at the expense of a larger setup time (including factorization of
local matrices, computation of eigenvalues, assembly and factorization of the coarse
problem). At some point, the reduction in iterations obtained by increasing further
the coarse space is offset by the larger computational effort for building the coarse
space and solving the coarse problem.

Additional numerical results providing a numerical comparison with alternative
methods (including the coarse spaces in [4, 6]) are given in [1].
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of GMRES iterations to reach a relative residual of 10~8 (It), setup time (Tgewp) and solver time
(Tsolver) for the one-level preconditioner and two-level preconditioners for three coarse space sizes
(CS) given as a percentage of the number of degrees of freedom on the skeleton (X%).
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Fig. 1 Velocity profile (top) and real part of the solution u for w = 607 (bottom).
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Fig. 2 GMRES iteration count (left) and total run time (right) with respect to w.
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