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1 Introduction

Numerical simulations of brain electrophysiology pose numerous computational
challenges due to the need for accurate discretizations and efficient, scalable solvers.
Electrophysiological computational models are derived from multiscale systems of
differential equations that describe the spatio-temporal evolution of the transmem-
brane potential in neural tissue [9, 14]. The monodomain model, coupled with
detailed conductance-based ionic models, is widely used in this context, since it
offers a compromise between biophysical accuracy and computational tractability
[14, 13]. However, its numerical approximation is challenging because the solu-
tion exhibits sharp traveling wavefronts, whose evolution is influenced by the ionic
currents nonlinearities and brain tissue heterogeneity and anisotropy. To cope with
this complexity, realistic simulations require high-order discretizations on very com-
plex geometries, motivating the use of high-order polytopal Discontinuous Galerkin
(PolyDG) methods [4, 8]. This method naturally supports high-order approximations
needed for the simulation of brain electrical activity [13]. On the other hand, it is
known that Discontinuous approximations lead to larger linear systems to be solved
at each time step, making the design of robust and scalable preconditioners key
for efficiency. Domain decomposition techniques, and in particular non-overlapping
Schwarz methods, are well suited for addressing this challenge [11, 1, 5, 6]. Two-
level Schwarz preconditioners on polytopal agglomerated meshes can significantly
reduce the condition number of the resulting discrete system, ensuring, therefore,
scalable algebraic solvers [1, 6].

In this work, we consider the monodomain equation coupled with the Barreto-
Cressman ionic model [9] discretized in space with high-order PolyDG methods and
in time with the Crank-Nicolson scheme (with ionic term explicit extrapolation).
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For the resulting algebraic system, we numerically investigate the performance of
a two-level non-overlapping Schwarz preconditioner [11, 1, 5, 6]. The coarse mesh
employed for the construction of the coarse correction in the preconditioner is ob-
tained by agglomeration of the fine mesh. Numerical experiments are presented to
assess the performance of the proposed preconditioner and to investigate its robust-
ness with respect to the discretization parameters (mesh granularity and polynomial
degree).

2 The mathematical model

We consider the monodomain equation [15] coupled with the Barreto-Cressman
ionic model [9]. Given an open, bounded domain
 ∈ R𝑑 , (3 = 2� 3) and a final time
) ¡ 0, we introduce the transmembrane potential D = D(x� C) : 
× [0� )] → R, and
the vector y = y(x� C) : 
 × [0� )] → R𝑛� = ≥ 1� containing the ion concentrations
and gating variables of the ionic model. The coupled multiscale problem reads as
follows: For any time C ∈ (0� )], find D(x� C) and y = y(x� C) such that:8>>>>>>>>><>>>>>>>>>:

j𝑚�𝑚
mD

mC
− ∇ · (�∇D) + j𝑚 5 (D� y) = �ext in 
 × (0� )]�

my

mC
+ m(D� y) = 0 in 
 × (0� )]�

�∇D · n = 0 on m
 × (0� )]�
D(0) = D0� y(0) = y0 in 
�

(1)

Here, j𝑚 is the membrane surface-to-volume ratio,�𝑚 is the membrane capacitance,
and �ext denotes an externally applied current. Here, 
 = 
𝐺 ∪ 
𝑊 , being 
𝐺
and 
𝑊 the grey and white matters, respectively, such that 
𝐺 ∩ 
𝑊 = ∅. The
conductivity tensor is defined as � = f𝑙1 + (f𝑛 − f𝑙)n ⊗ n and is assumed to be
constant in time and piecewise constant in space. More precisely, for any G ∈ 

let l = l (x) be the direction of axonal fibers and let n = n(x) be its normal
vector. Then, f𝑙 = f𝑙 (x) and f𝑛 = f𝑛 (x) correspond to the conductivity along the
principal axonal directions and along the orthogonal direction, respectively. In the
numerical test cases, we employ a fully isotropic conductivity tensor for the grey
matter tissue (f𝑙 (x) = f𝑛 (x)� ∀x ∈ 
𝐺) and anisotropic conductivity for the white
matter (f𝑙 (x) ¡ f𝑛 (x)� ∀x ∈ 
𝑊 ). To close the system, we supplement (1) with
homogeneous Neumann boundary conditions on m
 and suitable initial conditions D0

and y0. Finally, the dynamics of y is modeled by the Barreto-Cressman ionic model,
a system of ordinary differential equations that describes a neuron’s membrane
potential and the interactions between intra- and extracellular ion concentrations [9].
Specifically, the three ionic concentrations modeled are the intracellular sodium, the
extracellular potassium, and the intracellular calcium, together with the respective
gating variables that drive the opening and closing of ion channels. A detailed
description of the model and its parameters can be found in [13, 12].
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3 Fully discrete scheme

We first present the PolyDG semi-discrete formulation of problem (1). Let Tℎ be
a polytopal mesh of the domain 
, consisting of disjoint polygonal/polyhedral
elements  . For each element  , we define its diameter as �𝐾 and set � =

max𝐾∈F� �𝐾 � 1. We denote by F 𝐼
ℎ

the set of all interior faces and by F 𝑁
ℎ

the
set lying on the boundary m
, where the definition of a face � ∈ Fℎ = F 𝐼

ℎ
∪ F 𝑁

ℎ
is

the one given in [8]. Let P𝑝 (Tℎ) be the space of piecewise (discontinuous) polyno-
mials of degree at most ? ≥ 1 on each element  ∈ Tℎ, we set +DG

ℎ
= P𝑝 (Tℎ)� We

define the penalization parameter [ : F 𝐼
ℎ
→ R+ as follows:

𝜂 = 𝜂 (𝒑, ℎ, �) = 𝜂0{� }�
𝑝2

{ℎ }�
on 𝐹 ∈ F�� , (2)

where �𝐾 = ∥
p

� |𝐾 ∥2
𝐿2 (𝐾 ) , and {·}𝐴 is the arithmetic average, and {·}𝐻 is the

harmonic average. We remark that [0 should be chosen large enough to ensure
stability. We introduce the following bilinear form A(·� ·) : +DG

ℎ
×+DG

ℎ
→ R:

A(D� {) =
„



�∇ℎD · ∇ℎ{ 3G −
Õ
𝐹∈F�

�

„
𝐹

�
{{�∇D}} · [[{]] + [[D]] · {{�∇{}}

�
3f

+
Õ
𝐹∈F�

�

„
𝐹

[ [[D]] · [[{]] 3f ∀D� { ∈ +DG
ℎ � (3)

where ∇ℎ is the element-wise gradient and, for regular enough scalar-valued and
vector-valued functions, the jump {{·}} and average [[·]] operators are defined as in [7].
We denote by Aℎ the matrix representation of (3), by Mℎ the matrix representation
of the !2 inner product (mass matrix), and set Kℎ = �𝑚j𝑚Mℎ + �𝑡

2 Aℎ � The
fully-discrete formulation is obtained by partitioning the interval [0� )] into #𝑇 sub-
intervals (C (𝑘 ) � C (𝑘+1) ], each of length �C, such that C (𝑘 ) = :�C for : = 0� � � � � #𝑇 −1.
Let U(𝑘 ) and Y(𝑘 ) be the vectors of expansion coefficients approximating the fully
discrete solution in C (𝑘 ) . Let also U0 and Y0 be the coefficient of the projection of the
initial conditions D0 and y0, respectively. For time discretization, we adopt a second-
order Crank-Nicolson scheme for the linear part, with the ionic term discretized with
a second-order explicit extrapolation, as in [12, 13], leading to the following fully
discrete system8>>>>>><>>>>>>:

K�U(:+1) =

�
𝜒<𝐶<M� − �𝑡

2
A�

�
U(:) − 𝜒m�𝑡I(:+1) + �𝑡F(:+1) ,

M�Y(:+1)
;

= M�Y(:)
;

− �𝑡G(:)
;
, ∀𝑙 = 1, · · · , 𝑛 ,

U(0) = U0, Y(0) = Y0.

(4)

where = = 6 is the number of equations in the single neuron ionic model. Thanks to
the explicit treatment of nonlinearities, their discretization leads to = linear systems of
dimension of the monodomain discretization, which can be efficiently approximated
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numerically since Mℎ is block diagonal. On the other hand, the monodomain equation
involving Kℎ has to be solved at each time step by a suitable Krylov-type solver (e.g.,
conjugate gradient). In the next section, we will present a non-overlapping Schwarz
preconditioner to accelerate its convergence.

4 A massively parallel, non-overlapping Schwarz preconditioner

In this section, following [6], see also [10], we introduce a massively parallel,
two-level non-overlapping Schwarz preconditioner for the efficient solution of (4).
Starting from our problem defined over fine mesh Tℎ, we first agglomerate our fine-
mesh elements to obtain a subdomain partition T𝑆 consisting of # non-overlapping
subdomains such that each 
𝑖 is the union of some fine mesh elements  ∈ Tℎ,
and 
 =

—𝑁
𝑖=1
𝑖 . We assume that such a decomposition is aligned with possible

discontinuities of the coefficients. Notice that in the massively-parallel case that we
investigate in this paper, each subdomain can consist of just one fine mesh element
 ∈ Tℎ, that is T𝑆 = Tℎ. For any 8 = 1� � � � � # , let +DG

𝑖
be the DG space defined

as before, but associated only to the elements  ∈ Tℎ that are contained in 
𝑖 . We
denote by ’⊤

𝑖
: +DG

𝑖
→ +DG

ℎ
the natural extension by zero operator, and by ’𝑖 its

adjoint (with respect to the !2 inner product).
Next, we introduce a coarse mesh T𝐻 , of granularity � ¡ �, still based on employing
agglomeration of fine-grid elements. By construction, it holds Tℎ ⊆ T𝐻 . For 1 ≤ @ ≤
?, on the coarse mesh T𝐻 , we define +DG

0 = P𝑞 (T𝐻 ). Let ’⊤
0 : +DG

0 → +DG
ℎ

denote
the !2-projection operator i.e.,„




’⊤
0 {0 |ℎ 3G =

„



{0 |ℎ 3G ∀|ℎ ∈ +DG
ℎ �

and let ’0 : +DG
ℎ

→ +DG
0 be its adjoint (with respect to the !2 inner product). In the

following, with a slight abuse of notation, we will denote by ’𝑖 , and ’⊤
𝑖

, 8 = 0� � � � � #
both the operators defined as before, as well as their matrix representations (in the
chosen basis). We define the local and coarse components of the preconditioner as
K𝑖 = ’𝑖Kℎ’⊤

𝑖
, 8 = 0� � � � � # . The additive Schwarz preconditioner is defined as

𝐵−1
ad =

#Õ
8=0
𝑅⊤
8 K−1

8 𝑅8 . (5)

The corresponding two-level additive Schwarz operator is given by %ad = �−1
ad Kℎ.

The linear system (4) is then solved, at each time step, using the Preconditioned
Conjugate Gradient (PCG) method, with the additive Schwarz operator �−1

ad defined
in Equation (5) as preconditioner. We remark that, in the purely stationary diffusive
case, the spectral analysis of the massively-parallel, two-level additive Schwarz
operator %ad is provided in [6]; we also refer to [11, 1] for the analysis in the case of
nested subdomains and coarse partitions, and to [5] for its high-order DG extension.
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Remark 1 If the subdomain partition coincides with the fine mesh, i.e. # = #ℎ,
where #ℎ denotes the number of elements of Tℎ, then the preconditioner �−1

ad reduces
to a Block-Jacobi preconditioner (with each block corresponding to the elemental
local approximation space) augmented by a global coarse correction.

5 Numerical results

In this section, we present numerical experiments designed to evaluate the perfor-
mance of the non-overlapping Schwarz preconditioner (5) for the efficient solution
of (4). The implementation is based on the lymph library [2]. The agglomeration
process required to construct the coarse spaces is performed using the MAGNET li-
brary [3]. We investigate the robustness and scalability of the preconditioned iterative
solver with respect to mesh refinement, polynomial degree, and the ratio of coarse-
to-fine mesh sizes. All simulations are carried out on sequences of nested polytopal
meshes, as shown in Figure 1, where we show an example of a fine mesh Tℎ consist-
ing of 512 elements (� ≈ 0�087) together with three examples of coarse meshes T𝐻
obtained by agglomeration and with� = 2�� 4�� 8�. We simulate the evolution of the

Fig. 1 Example of a sequence of nested polygonal grids obtained by successive agglomeration of
a fine mesh T� consisting of 512 elements (ℎ ≈ 0.087).

transmembrane potential in an idealized two-dimensional square domain 
 of size
(0 cm� 1 cm)2. The domain is divided into two sub-regions, modeling grey and white
matter regions, each characterized by a different conductivity value, cf. Figure 2(a).
In the grey matter, we set f𝑙 = f𝑛 = 0�63 Sm−1 where in the white matter part we
take into account anisotropy with respect to the vertical direction f𝑙 = 0�69 Sm−1

andf𝑛 = 2�571Sm−1. We define
0 =
�
(G� H) ∈ 
 | (G − 0�5)2 + (H − 1)2 � 0�016

	
and we impose an initial localized potential imbalance in 
0 (D0 |
0 = −50 mV).
In the presence of an elevated extracellular potassium bath concentration ( bath),
this localized perturbation acts as a triggering mechanism, leading to unstable elec-
trophysiological dynamics and abnormal neuronal excitability. The initial value for
the potential is D0 = −67 mV in the remaining part of the domain. Throughout the
section we set �C = 2�5 ‘s and ) = 10 ms. We consider a sequence of polygonal
fine grids with � ≈ 0�087� 0�061� 0�043� 0�031, respectively. For each fine mesh with




