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1 Introduction

Many scientific and engineering applications require the solution of partial dif-
ferential equations (PDEs). Classical numerical methods, such as finite element
(FE) discretizations, are accurate but can become computationally prohibitive for
high-dimensional, multiscale, or data-driven problems. Neural network-based dis-
cretization methods, such as Physics-informed neural networks (PINNs) [12, 17],
offer a mesh-free alternative that can naturally incorporate observational data by
enforcing physical constraints through the training loss. This comes at the cost
of a challenging, non-convex optimization problem for training the PINN. While
standard PINNS struggle with multiscale or highly oscillatory solutions, finite-basis
PINNs (FBPINNGs) [15, 4] mitigate these difficulties through an additive, domain-
decomposition (DD) inspired architecture defined on overlapping subdomains, in
which collocation points are split and shared across neighboring subdomains.

The training of PINNS, including FBPINNS, has predominantly been carried out
using stochastic gradient descent (SGD) and its variants. Alternatively, quasi-Newton
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methods, such as the limited-memory Broyden-Fletcher-Goldfarb-Shanno (LBFGS)
algorithm [14], have been considered due to their ability to incorporate curvature
information [9]. In FBPINNS, the additive structure of the model allows the forward
and backward passes to be computed in parallel across subdomains. However, a
parallel implementation of the LBFGS optimizer still requires global synchroniza-
tion at each iteration, which can lead to communication-dominated execution and
limit overall parallel scalability. In this work, we propose to address this difficulty
by introducing a multi-preconditioned LBFGS (MP-LBFGS) method that enables
multiple local optimization steps prior to global synchronization, thereby increasing
local work while reducing the communication overhead.

The proposed MP-LBFGS algorithm is motivated by the nonlinear additive
Schwarz method [2] and explicitly exploits the FBPINN decomposition of both
the computational domain and the model parameters. The method performs a se-
quence of local LBFGS iterations on each subdomain, followed by a global LBFGS
synchronization step. To aggregate the resulting local corrections, we introduce a
subspace minimization strategy for scaling and combining subdomain updates. This
is particularly essential in the FBPINN setting, where standard scaling strategies from
classical DD may be ineffective due to fundamental structural differences between
neural network models and FE discretizations. As demonstrated by our numerical ex-
periments, this novel scaling mechanism enables stable aggregation of local updates
while preserving the benefits of localized desynchronized optimization.

This manuscript is organized as follows. Sect. 2 introduces the FBPINN archi-
tecture, Sect. 3 presents the multi-preconditioned LBFGS algorithm, and numerical
results and conclusions are given in Sect. 4 and Sect. 5, respectively.

2 Finite Basis PINNs (FBPINNSs)

PINNs are neural network (NN) models that approximate solutions of differential
equations. To this aim, let Q ¢ R? be a bounded domain with boundary Q. We
then consider the following abstract boundary value problem:

Plul(x) = f(x), Vx € Q,
u(x) = g(x), Vx € 0Q,

where P denotes a differential operator, and f is a forcing term. Note that other
boundary conditions can be treated analogously.

We aim to approximate the unknown solution u : Q& — R using an NN model AV :
R? x Q — R, which is parameterized by a set of weights 8 € R”, where p denotes
the number of trainable parameters. To determine suitable network parameters, we
sample a set of n collocation points D := {x;}!" ; C Qlocated in the interior of Q. In
addition, we consider a boundary dataset Dy, with n2€ collocation points sampled
on the boundary dQ. The optimal network parameters are obtained by solving the
following nonlinear minimization problem:

ey
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0" := arg n}}in Aphy Lphy (6; D) + Ape Loc(0; Doe), 2

where Appy, Abe € R* are weighting parameters. The physics loss Ly : RP XD — R
quantifies the violation of the governing differential equation, i.e.,
1 < A 2
Lony(8:D) = — > (P[a(6:x0)] - f(x0))
i=1
where i denotes the NN approximation of the solution. Similarly, each boundary
loss Lpe : RP X Dy — R enforces the boundary conditions and is defined as

»Cbc(a;Dbc) = nB;CnZ (ﬁ(o;xj) _g(xj))z'
J

The weights Aphy and Apc in (2) are used to balance the contributions of the different
loss terms. In practice, however, it can be challenging to choose these parameters
so that the boundary conditions (BCs) are enforced with sufficient accuracy while
simultaneously ensuring a satisfactory decrease of the physics loss [12]. To overcome
this difficulty, we enforce BCs by designing the solution ansatz such that they are
automatically satisfied [12]. By choosing a function ¢ : & — R which vanishes on
the boundary 9Q, we define the network solution approximation as

1(0;x) := C(x) + £(x) N (0;x), 3)

where the function C(x) encodes the prescribed BC through data g. With this
construction, the BC are satisfied by design,
and (2) can be reformulated as

0" = argmoin L(6;D) := Lony(0;D). 4

2.1 FBPINN architecture

Similarly to standard neural networks, PINNs also suffer from spectral bias [15],
meaning that they tend to learn low-frequency components efficiently while strug-
gling to capture high-frequency features. To address this limitation, a domain-
decomposition-motivated architecture, termed the finite-basis PINN (FBPINN), was
introduced in [15]. FBPINNs decompose the computational domain into several
overlapping subdomains, within which high-frequency components are effectively
rescaled to lower frequencies, thereby improving their resolution during training.

Let us decompose the domain € into ng subdomains, such that U';il Q; =Q,
and the width of the overlap between neighboring subdomains is denoted by the
parameter 6 > 0; see also [5, 15].

For each subdomain Q;, we introduce a dataset D; of collocation points, with
D= Ul;; 1 Dj-

For each subdomain Q;, we define a corresponding space of functions as

Vi ={N; | N;:RPI xQ — R}, )
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u=wuy +uwruy + wius

-(2)

A

Fig. 1 FBPINN with collocation points decomposed into three overlapping subdomains. Each sub-
domain is associated with a subnetwork, and each subnetwork takes as input the spatial coordinates
x and, possibly, additional physical features q.

where N denotes a DNN associated with the j-th subdomain and parameterized
by p, trainable parameters. To restrict the support of each local network A/ to
its corresponding subdomain €2; and to appropriately weight the overlap between
subdomains, we introduce a collection of “window” functions {w j};fil Q>R
such that supp(w;) ¢ Q; forall j € {1,...,n,} and Z;.I;I w; = 1 on Q; this means
that they form a partition of unity. Then, we define the global approximation space
as V= Z?; ,w;j V;. The solution u is then approximated by a global network N,
obtained by combining the predictions of all subnetworks, i.e.,

N(6;x) =ij(x)./\/j(0j;normj(x)). (6)
j=1
Here, the global parameter vector is given by 8 = (64, ..., 8, ). We use restriction

operator R; : R? — RPJ to extract 8; from 6, i.e., ; = R;0. Conversely, RJT
is used to assign local parameters to the global network, i.e., § = }, j R]T.O j. Note,
there is no overlap between the parameters of different subnetworks, see also Fig. 1.
Furthermore, to mitigate the spectral bias, the normalization function norm; : Q —
(~1, 1)4 s used to rescale the input coordinates on Q ; in order to map high-frequency
features in the global domain to lower-frequency representations on each subdomain.
The FBPINN is then trained by inserting (6) into the loss function (4); cf. [15, 4].

3 Multi-preconditioned LBFGS (MP-LBFGS)

Quasi-Newton (QN) methods are widely used for training PINNs, as they exploit
curvature information without requiring the explicit computation or storage of the
Hessian matrix. At each iteration k, the network parameters are updated as
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gk+1) — g(k) _ (k) (B(k))_lV£(0(k)), (7

where B(%) is a low-rank Hessian approximation and a¥) is obtained by line-search
method with strong Wolfe’s conditions [18].
Traditionally, approximation B(¥) is constructed to satisfy the secant equation:
B+ g(k) = (k)

where s(©) := 9+ _ (k) and y(K) .= Vo £(0F+D) — Vo £(67). Since the secant
equation alone does not uniquely determine B(**!) additional conditions must be
imposed, leading to different variants of QN methods. In this work, we focus on the
Broyden-Fletcher-Goldfarb-Shanno (BFGS) method [16], as it is the most widely
used in the context of PINNs [9].

In particular, we consider the limited-memory variant (LBFGS) [16], which
approximates the Hessian using only the last Q secant pairs (sx_g,y k—q)z?:l' A
standard compact representation of the LBFGS is given as

SKYTRO gk &) 17 (k) TRO)
(LT _p® RR

where ) = [s*-2+D)  s(®) ] and YK = [y*k-Q+D 3] for k > 1.
Note, that the secant pair (s%), y(¥)) is added to the L-BFGS memory only if
(y ) Ts(®K) > 0. Otherwise, the pair is discarded to preserve positive definiteness of
the Hessian approximation [16]. The symbols L% and D %) denote the strictly lower
triangular and diagonal parts of (¥ ¥))TS®) while B is an initial approximation,
e.g., B(Y) = yI, where y > 0.

Note, to compute the search direction in (7), (B(/‘))_1 is required. Rather than
solving the associated linear system, the product (B*)) =1V £(8®)) can be computed
efficiently using, for example, the well-known two-loop recursion algorithm [16].

B+ = BO _ [BOg®) y0] |{

3.1 Nonlinearly preconditioned LBFGS

Minimizing the loss £ leads to the following first-order optimality condition:
VL(6;D) =0. (®)

To accelerate convergence of LBFGS, we introduce a nonlinear preconditioning
operator P : R? — RP that approximates the inverse of the gradient mapping, i.e.,
P~VL

While such an operator cannot be constructed explicitly, it can be defined implic-
itly via a nonlinear fixed-point map of the form § = P(6; D).

Following a right-preconditioning strategy [10, 11], we reformulate the optimality
system by introducing the preconditioned gradient as 7 (6; D) := VL(P(6; D); D).
The original nonlinear problem (8) is thus replaced by F (6; D) = 0, which we solve
using an LBFGS method. Note, the preconditioner P induces a nonlinear change of
coordinates in the parameter space, while the quasi-Newton method operates on .
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Algorithm 1 Multi-Preconditioned LBFGS (MP-LBFGS)

Require: (¥ ¢ R?, D, N :RP x Q - R, kpax € N
1: for k=0,..., knix do

2: for j € {1,...,ns} do > Parallel preconditioning step
3 05.]"“/2) — LBFGS (N}, RjH(k) , 1) > Perform 7 steps of local LBFGS
4 ¢; — 0 _Rp®

5 end for

6: U112 gk) 4 Z';;l ,8](.k>RJT. cj > Compute 8% using approaches from Sect. 3.2
7 0k+1) = LBFGS(N, 6%+1/2) 1) > Perform one step of global LBFGS
8: end for

At the k-th iteration, the right-preconditioned LBFGS method proceeds in two
steps. First, we perform a nonlinear change of variables, thus the current iterate § %)
is mapped through the nonlinear preconditioner, which defines an intermediate (pre-
conditioned) iterate, i.e., Qk+1/2) — P(H(k); D). Second, a quasi-Newton correction
is applied to the preconditioned gradient, yielding

g+ — gk+1/2) _ (k) (B;_I_C))*lf(o(kﬂ/z);p). )

Here, the update is taken around the preconditioned iterate § **!/2) and the LBFGS
correction is applied in the preconditioned coordinates associated with F. The
approximate Hessian B(Fk) is constructed using the standard LBFGS update with
secant pairs s(¥) = (k+1) — g(k+1/2) "and y (k) = F(gk+D)y — F(gk+1/2)),
To define the fixed-point operator P, we exploit the FBPINN structure, i.e.,
ng
k). _ gk k () k
P@O®;D)=0% + g0 N RT (61 - R;01), (10)
j=1
where %) € R* and 05.*) is a solution of the local minimization problem
07 = argmin £;(0;:D;), (1
J
with the local loss function

2
L;(8;;D;) = ﬁ Z (P[wj(x)J\/j(Hj;normj(xj))] - f(xi)) ,
J x; €D;
where w; corresponds to hard enforcement of homogeneous Dirichlet boundary
conditions on € ;. The set of interior collocation points is denoted by D; C Q;.
Eq. (10) corresponds to a nonlinear additive Schwarz preconditioner in parameter
space. In practice, the local problem (11) does not need to be solved exactly. Instead,
an approximate solution suffices and can be obtained, for instance, by performing a
fixed number i of L-BFGS iterations initialized at 0}]{) =R jO(k). Here, we remark
that local and global LBFGS maintain separate secant memories. The resulting
right-preconditioned LBFGS algorithm is summarized in Alg. 1.
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Table 1 Estimates of the parallel number of loss function evaluations (#L£.), gradient evaluations
(#g.), update cost (UC), and memory cost (MC) per iteration.

|Meth0d |#,Ce |#ge |UC |MC

LBFGS 1 +itsy 1 p+40p p+0Op

MP-LBFGS (UniS)|1 + its;s + 7(#L.,) |2 + 11(#ge,) |2p + 40p + nUC; |2p +20p + MC;
1 + #itsjs+ 2+ 2p +40p+ 2p +20p+

MP-LBFGS #Le; + 2+ 17#ge; + 2+ [7UC; + 2.2+ MC; +2p+

(SPM) Hitsnewton (1 + #itsis) [Hitsnewion | HitSnewton (2 + #itsyg ) |2n5 + n?

3.2 Scaling of Subdomain Corrections

The preconditioning step (10) yields a set of directions {Cj}?ip where each

cj = 05.*) -R;0 (k) 1In this section, we discuss how to optimally update the global pa-
rameters using these search directions. Therefore, at each iteration k, we are looking
for scaling parameters 8 = [,81, B, ..., BnS]T , such that

j=1

We emphasize that the choice of the scaling parameters f is critical due to the
intrinsic structure of FBPINNs and their differences from classical DD methods.
In particular, classical DD methods, originally proposed for elliptic PDEs, exploit
structural properties of finite-element/difference discretizations, such as locality of
basis functions and sparse, spatially localized coupling between degrees of freedom.
This ensures that subdomain corrections mainly affect local error components, while
global modes are handled through coarse-grid or global synchronization steps.

In contrast, machine-learning problems involve nonconvex minimization, for
which only a few domain-decomposition methods have been developed, e.g., [6].
Moreover, locally defined physical degrees of freedom are replaced by globally cou-
pled parameters, fundamentally altering error-propagation mechanisms. As a result,
classical DD assumptions, such as convexity, locality, and spectral separation, no
longer hold, which often leads to degraded convergence of conventional DD methods.

For the FBPINNS considered in this work, spatial overlap induces indirect cou-
pling, leading to desynchronization of parameters during the preconditioning step
and motivating the design of novel scaling strategies for the subdomain corrections.
In particular, we investigate three such strategies:

* Uniform scaling (UniS): As a first approach, we consider uniform scaling by a
constant By, i.e., B; = Bo, for all j = 1,...,ns. The value of By is typically set
to 1 in non-overlapping DD methods, but it can be fine-tuned. This approach has
a low computational cost and is naturally parallel. However, it has been shown
in [13] that it does not yield an efficient preconditioner for NN problems.

e Multiplicative line search scaling (LSS): Following [13], we also investigate
a line search approach, where we start with a search direction ¢; on the first
subdomain, and look for the biggest value B; that satisfies £(6 + 8iR]¢;) <
L(6). We then iterate through all search directions (subdomains) and seek their
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corresponding scaling factors such that
' i-1

i—1
£(0+ZﬁjR}-Cj +BiRchi) <E(0+ZﬁjR;Cj), Vi=2,..,n,. (13)
Jj=1 j=1

In practice, to ensure a sufficient decrease of the loss, we employ a line search [18].
The LSS scheme introduces two challenges: first, its inherently sequential, and
second, the scheme implicitly depends on the ordering of the search directions.
¢ Subspace minimization (SPM): Given the limitations of the previous ap-
proaches, we propose determining the subdomain scaling parameters £ by solving
a low-dimensional subspace minimization problem. Motivated by linear multi-
preconditioning strategies [1], we define C := [Rchl R; cy - R,T,Sc,,s].
The scaling vector 8 € R can now be obtained by solving the subspace problem

H}gin P(B) = L(0+CP). (14)

To solve (14), we perform a few iterations of a simplified Newton method [3],
updating B at iteration m using the following update rule:

B = B — 1 (o)) TV a (B,

where ™ is a damping parameter chosen by line search [18]. The gradient and
Hessian of ¢ are given by Vé(8) = CTVL(0 + Cp), and V2 ¢(B) = CTV>L(6 +
CpB)C, respectively. To avoid explicit Hessian computations, we approximate the
action of V2£(6) on C using finite differences and precompute (V2¢(,B(0)))71
at m = 0. Since V?¢ has size ng X ng, the resulting system remains inexpensive
to solve. Moreover, although each Newton step requires multiple forward and
backward evaluations, these operations are fully parallel across subdomains.

Tab. 1 compares the estimated parallel computational costs of LBFGS and MP-
LBFGS. Here, the word parallel refers to the per-device computational cost assuming
a parallel implementation of FBPINN (one subdomain, one subnetwork per device),
LBFGS, and MP-LBFGS. Notably, communication cost is not included in this es-
timate. For LBFGS, each epoch involves one forward and one backward pass to
evaluate the gradient. In addition, the line search in (7) requires #itsjs forward eval-
uations. The computational cost of the LBFGS update scales with the number of
stored secant pairs Q as 2p + 4Qp, while the memory requirements accounting for
the parameters, secant pairs, and momentum terms scale as 2p + 20 p.

The cost of MP-LBFGS depends on the choice of scaling strategy. In all cases,
n forward and backward passes are required for each subnetwork, denoted by #Le;
and #g.,, respectively. Since the training of each subnetwork can be performed in
parallel, the local L-BFGS update cost is denoted by UC;, and the corresponding
memory requirements by MC;. The cost of global L-BFGS step corresponds to that
of LBFGS, with an addition of computing and storing the gradient at §%+1/2)

For SPM, two additional loss and gradient evaluations are needed to compute
V2L(6)C. Moreover, at each Newton iteration, we require gradient evaluation
to compute CTVL(0 + CP) as well as #itsys loss calls to find ™). Storing the
quantity V2£(0)C requires storing p parameters per compute node. Each product
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Fig. 2 Convergence of relative error L;’al for Burger’s equation. Problem is trained using MP-
LBFGS with different subdomains scaling strategies. We consider 4 x 2 (top left), 4 x 4 (top right),
2 x 2 (bottom left), and 4 x 1 (bottom right) subdomains.

VZ,C(O)RJT. ¢; can be computed and stored locally, after which V24 is assembled by
multiplying with CT and concatenating the resulting columns. In addition, the vectors
,B('”) and Newton’s search direction, as well as the Hessian matrix V2¢ € Ri%sXNs
must be stored. The UC further includes cost associated with Hessian evaluation.

4 Numerical results

In this section, we investigate the numerical performance of our MP-LBFGS algo-
rithm. To this aim, we consider two benchmark problems, namely:

Poisson’s equation:
We consider one- and two-dimensional Poisson equations with homogeneous
Dirichlet boundary conditions, i.e.,

—Au=f, VxeQ

(15)
u=0, Vx € 0Q.

For Q = (0,1)%, f is chosen such that the exact solution is uyye(X) =
sin(4nx ) sin(4nx;). For Q = (0, 1), the exact solution is uyye(x) = sin(207x ).
Validation is performed using the relative L, error with respect to uye.

Burgers’ equation: Let Q = (0, 1) X (-1, 1), we consider the Burgers’ equation:

P
8—1:+uVu—vV2u:0, V (,x) € (0,1] x (=1, 1),

u(0,x) = —sin(nx) Vx e [-1,1], (16)

u(t,1) =u(t,-1)=0 Vte(0,1],
where v = 0.01/7 is the kinematic viscosity. The accuracy of the FBPINN solu-
tion is assessed by comparison with a finite element reference solution obtained

on a mesh with 25,600 degrees of freedom, using the relative L, error as the
metric.
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Fig. 3 Convergence of MP-LBFGS method with respect to varying number of local LBFGS
iterations (77) for Burgers (top, 8 subdomains) and 1D Poisson (bottom, 20 subdomains), where the
value 77 = 0 corresponds to standard LBFGS method.

All problems are posed on uniform domains, with 2D decompositions performed
uniformly in both directions. The weighting functions are w;(x) := I—[‘,f:1 (1 +

2
cos (7 norm j(x)lk)) . Each subnetwork is a four-layer ResNet [8] of width 20 with

tanh activation. The datasets consist of 20,000 collocation points for 2D problems
and 3,000 for 1D, generated using Hammersley sampling [7].

4.1 Convergence properties of multi-preconditioned LBFGS

First, we investigate the impact of the scaling strategies discussed in Sect. 3.2 on
the performance of the MP-LBFGS method. Fig. 2 shows that, independently of
the chosen decomposition, the UniS strategy leads to unstable training. We further
observe that as the number of subdomains increases (e.g., from 2 x 2 to 4 x 4),
the SPM strategy significantly outperforms the LSS approach. This behavior can
be attributed to the increasing distance between successive iterates after each line-
search step. We also observe that, even for a fixed number of subdomains, the choice
of decomposition strongly affects MP-LBFGS performance. For example, moving
froma2x2toa4x1 decomposition significantly degrades the LSS method, whereas
the SPM strategy achieves an error reduction of more than one order of magnitude.

Next, we compare the performance of MP-LBFGS with standard LBFGS. Results
are reported in terms of epochs and effective parallel gradient evaluations (#g.).
The metric #g., approximately reflects the per-device computational work, while
excluding communication overhead, costs of parameter updates and loss evaluations
(see Tab. 1). The number of epochs serves as a proxy for communication cost. Here,
we also note that, for all presented experiments, the number of Newton iterations in
the SPM method, denoted as #itSnewton, 1S On average equal to two.
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Fig. 4 Convergence of MP-LBFGS (solid lines, 17 = 5) and LBFGS (dotted lines) for Burgers (top)
and Poisson (bottom) problem. Experiments terminate after #g,. of 20, 000 or 40, 000 is reached.

We first examine the performance of MP-LBFGS while varying the number of
local LBFGS iterations 1, with = O corresponding to standard LBFGS. As shown
in Fig. 3, all MP-LBFGS configurations converge significantly faster in terms of
epochs, thereby reducing communication cost. Moreover, MP-LBFGS requires a
comparable, and in several cases lower, number of effective gradient evaluations
(#g.). We also highlight, that for several values of , MP-LBFGS achieves up to an
order-of-magnitude reduction in the validation error L;al.

Second, we compare LBFGS and MP-LBFGS with n = 5 on the 2D Poisson
and Burgers problems using 2 X 2 and 3 X 3 decompositions, while keeping the
number of collocation points per subdomain fixed. As shown in Fig. 4, MP-LBFGS
consistently reduces the number of epochs while requiring comparable #g, and
achieving comparable accuracy across different decompositions. Note that, here,
one epoch of the MP-LBFGS algorithm with = 5 corresponds to seven gradient
evaluations; see Tab. 1 for details. The only exception is the Burgers problem with a
3% 3 decomposition, where LBFGS attains higher accuracy. Our empirical evidence
suggests that, for this particular example, the non-convexity of the problem causes
MP-LBFGS to converge to a local minimum with a larger error than L-BFGS.

5 Conclusion

In this work, we developed a multi-preconditioned LBFGS (MP-LBFGS) frame-
work for training FBPINNs. The proposed approach exploits the FBPINN archi-
tecture to compute local LBFGS search directions in parallel, while a global right-
preconditioned LBFGS iteration ensures consistent convergence of the global mini-
mization problem. A key component of the method is a novel subspace minimization
strategy (SPM) for scaling locally computed search directions. Numerical experi-
ments suggest that the proposed MP-LBFGS can achieve faster convergence, and
higher accuracy than the standard LBFGS, while maintaining lower communication
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overhead. Future work will focus on parallel implementation, allowing for wall-clock
comparison and the incorporation of more complex examples as well as on incorpo-
ration of coarse spaces; and on reducing the cost of solving the SPM subproblem.
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