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1 Introduction

We consider the one-dimensional heat equation in Q X (0, T), with Q = R and final
time 7 > 0,

Lu:=0u—voyu=f in Qx (0,7), (1a)
u(-,t=0)=uy inQ, (1b)
lim u(x,-) isboundedon (0,T), (1c)

X—+00

where f is a source term, u( an initial condition, and v a positive diffusion coefficient.

Let us consider a decomposition of the domain Q into two non-overlapping
subdomains Q; = (—co,0) and Q, = (0, +c0). Note that the analysis presented in this
article can be extended to the overlapping domain decomposition case. The OSWR
method for solving (1) is an iterative method defined in Algorithm 1, involving Robin
operators B := vd, + @ and B, = —vd, + @, where @ > 0 is a coefficient chosen to
accelerate convergence.

The usual analysis of the OSWR algorithm proves the convergence of the algo-
rithm whatever the initialization of f(l), fg. Moreover, when it comes to choosing the
Robin parameter, a Fourier analysis in time is used, and the parameter is defined as
the one that optimizes the convergence for the "worst" Fourier mode.

This parameter is calculated in [4] as a function of the time step A¢, and gives (for
1/4
ally > 0), ac = 47 (%) . This approach has met some success as reported in

e.g. [4, 10, 5, 9] but we point here two improvements. First, since actual numerical
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Algorithm 1 (OSWR)
Choose initial Robin data §10,§20 on (0,7T) at {x = 0}, and set Blug(0,~) = 510,
Bzu?(O, )= 520.
for(=1,2,... do
Solve the local Robin problems

Luf = flo,  inQix(0,7), Luf = flo,  inQx(0,7),
Biuf = Biu5~" on{x =0} x(0,7T), Boul = Boul™! on {x =0} x (0,T),
ul (+,0) = uolo, inQy, Ul (+,0) = ugla, in Q,
lim uf (x,+) is bounded, lirP uzp (x,+) is bounded.
X——00 X—>+00
end for

results that use Robin parameters obtained using Fourier transforms in time do
not always perform as efficiently as expected [12, 6], other approaches, based on
discrete-time analysis, were proposed in [3, 8, 2]. Secondly, in practical applications,
when one uses the OSWR method on the whole time interval or on time windows
(see e.g. [11, 12]) it is often usual to initialize the Robin data on the space-time
interval (or window) by a constant in time function equal to the Robin operator 5;
applied to the initial condition, see for example [7] and [9, Section 6.2]. This is
an appropriate choice, since it seems preferable to start as close as possible to the
solution, and a good candidate for this is the solution at the initial time. In practice,
we observe a significantly faster convergence than with random initial Robin data
(that is traditionally used to illustrate the Fourier analysis), which we will verify in
Section 4.

In this article, we aim to analyse the algorithm for such specific initial Robin data
(i.e. by applying the Robin operator to a solution constant in time, equal to the initial
condition). We do that by specializing the methodology of article [2] to initial Robin
errors varying linearly in time.

We recall the analysis methodology and the main results of [2] in Section 2. In
Section 3, we extend this analysis to the initialization of Robin quantities by the
Robin operator B; applied to the initial condition, as discussed above. This makes it
possible to define an optimized Robin parameter taking into account the initial Robin
data, which, to our knowledge, has never been proposed before. Finally, in Section 4,
we observe with various numerical cases that the parameter obtained is indeed an
accurate approximation of the optimal parameter for different initial Robin data.

2 A reminder about discrete time analysis

For the analysis, we rely on the methodology of [2]. The idea is to introduce a time
discretization with the backward Euler time scheme with N equal time steps At (the
methodology and analysis can be extended to other time stepping schemes along the
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same lines), to which we associate the sparse matrix A of size N, containing 1 on
the diagonal and —1 on the sub-diagonal.

We can then write a discrete-time coupled problem associated with (1):
Find U, € (H*(€))"N and U, € (H*(€))" such that

LU1 = F] in Ql, LU2 = F2 in QQ, (221)
B\U|, = BiU, at {x = O}, B,U, = BoU; at {x = O}, (2b)

lim Uj(x) is bounded, lim U,(x) is bounded, (2c)
X——00 X—+00

with, the following definitions for i = 1, 2:

. | .
* discrete heat operator L = 3= A — 0yx;

. . *(x,nAt) |,
e discrete source term F; = (F;y,...,Fin)T, with F;,(x) = w +
%6 1n,» (Where 01, is the Kronecker delta);

« discrete Robin operator B; being the extension of B; to vectors of (H>(€;))N.

Then, Algorithm 2 is a discrete-time version of Algorithm 1 that solves (2).

Algorithm 2 (Discrete-time OSWR)

Choose initial Robin data 29, Z) € R at {x = 0}, and set B,UY := 5, B,U) = E.
for(=1,2,... do
Solve the local Robin problems

LU = F inQ, LU, = F, in Q,,
BiU =B U™ at{x =0}, BUL = ByU™ ot {x =0},
lim U { (x) is bounded, lim sz (x) is bounded.
X—==00 X—+00
end for

We wish to analyse the convergence of Algorithm 2. We first introduce the
At

following notations: @ := Sa and, for each subdomain Q;, fori = 1,2:

* exact solution in subdomain: u; = ulg,;
* initial condition in subdomain: uo ; = uolg,;
 OSWR interface error: B¢ := U (0) — U;(0).

We recall here the main convergence theorem, obtained in [2].

Theorem 1 (OSWR convergence) Let ug € H'(Q), f € L*(0,T; L*(Q)), a > 0.
Then, Alg. 2 convergesin ((H'(Q1))N 0 (L= (Q0)N)x((H' ()N N (L*(Q))N)
to the solution (U1, Uy) of (2).
Furthermore, the relation between the first interface error vector and the initial di-
mensionless discrete Robin error on the interface is given, for alli = 1,2, by (see [2,
Equation (26a)])

Bl = (aly + VA)"'GY, 3)
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where Iy denotes the identity matrix of size N, VA denotes the matrix whose square
is A and with positive eigenvalues, and

GV = JAt/v(E) - (B;U;)(0)). 4)
Moreover, setting
2
M(@) = ((@IN + VA Naly - w/Z)) ,
the discrete-time interface errors are given, for all £ € N, by
B = (M(@) B} (5)

Relation (5) tells us that the convergence is driven by matrix M and thus,
for a given N, the convergence depends only on & and G?, and in [2] we de-

fined @pyoe+1] = argmin |M {(@)||c. But we also deduce that the initial error ﬂ}
@€]0,1]

weights the coefficients of this matrix. In an effort to estimate this influence, from (3)

we need to focus on the initial error G?, which can be done assuming a shape for

this error. This is the aim of the next part.

3 Taking into account the OSWR initialization

We now consider the case where Algorithm 1 is initialized, on (0, T), with,
& = Bi(ug)(x=0), i=1.2,

which is well defined if ug; € H*(€;). Similarly, if Up; € (H*(€;))" is the vector
of size N where all components are 1 ;, we choose in Algorithm 2,

&} = Bi(Up,i)(x = 0). ©)

1

We introduce here a discrete time analysis taking into account the choice (6),
from which we will deduce optimized Robin parameters.

Theorem 2 Let £ > 0, i = 1, 2. Suppose that the solutions of (2) verify

(Ui o u; (-, nAt) + O(TAt), foralln e {1,...,N}. @)

Let us define the vector K¢ (@) = (M (@) (aln + VA)~'(1,2,...,N)T.

If the initial Robin data are chosen with (6), and if the exact solution u is of
class C*([0,T]) on the interface, then there exist real constants (Cy, Ca) such that
the error vector on the interface verifies, for small T,

B! = CiKe(@)+0(T%), and B o = IGIIK(@)]leo +O(T?). (8)

—0



Discrete-Time Analysis of OSWR Taking into Account Initial Robin Values 181

Proof. Let £ > 0 and i = 1,2. From formulas (5) and (3), we need to estimate G"
in order to evaluate ,8?“1. For this, we start from (4) and from the choice (6) and
obtain, applying (7), foralln € {1,..., N}:

(G = VALV (Bi(Up,)n = Bi(Ui)) (x = 0)
=At/]v (Bi(uo,i) - Bi(ui(-,nAt))) (x=0)+O(TAr),

as T — 0. The sequel of the proof is based on a Taylor expansion around the initial
time. For short times 7, there exists a function (of space) D; such that the solution
of problem (1) is written in Q;,

u;(x,1) = u;(x,0)+ D;(x)t +O(T? on (0,7).

Thus, we obtain,
(Bi(uo,1) — Bi(ui(-,nAn)) (x = 0) = —(B;(D;)) (x = 0) nAr + O(T?),
which leads to

¢! = A ((—1)i+1\/Atv6x + a) (D) (x=0)(1,2,....N) +O(T?),
as O(TAt) is dominated by O(T?). Then, from formulas (5) and (3), we get (8)
with C; == Ar((=1)™*'"VAtvd, + @)(D;)(x = 0), which shows that the convergence
depends on @ and only weakly on v, at least for small VArv. O

We now have an estimate of the error at the interface. To minimize the algorithm
error, we define the optimized Robin parameter as follows:

ayqe) = argmin ||Kz (@)]] . )

ac]0,1]

This parameter is then calculated using the methodology described in [2, Section
4.5], with a similar calculation cost.

From equation (8), one can construct an abacus by plotting ||K% (are1)lle as @
function of ¢, in the spirit of [2, Section 5.3.2]. This allows to recommend a couple
(number of iterations, Robin parameter) to reach a given relative accuracy (e.g. the
expected accuracy of the numerical scheme).

4 Numerical results

We consider Q = [-1/2,1/2], uniformly meshed with mesh size Ax = 1073,
Final time is T = 1 or T = 5, and time steps are At = T/N, with N = 100
(similar results are obtained with other values of N, see [1, Section 7.1.2]). We use
a finite element discretization in space, and a backward Euler scheme in time. We
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consider a diffusion coefficient v = 0.05. For domain decomposition, the interface
is placed at {x = 0}. For this study, we consider two different cases of regular exact
solutions u(x, t), which defines the initial condition ug(x, #) = u(x, 0) and the source
term f(x,t) = (3; — vOxx)u(x,t). The OSWR algorithm is then initialized with
constant in time Robin data, defined by 5? = Bi(up,;), fori =1,2.

We want to verify that the shape of @ — ||K/(@)||«, in the interface error (8),
gives a good estimate of the shape of the actual numerical error, and therefore that
the discrete optimized parameter (9) is a close estimate of the optimal one. To do
this, we plot the ratios of the L*(]0, T'[)-norm of the errors on the interface between
the discrete monodomain solution and the OSWR-solution at a given iteration ¢,
over the L*(]0,T[)-norm on the interface of the discrete monodomain solution,
versus @, for solutions depending on time like sine and cosine. We consider two
different convergence regimes (see [2]): iteration £ = 7 (superlinear) and £ = 21
(linear).

We overlay the curve @ +— ||K¢(@)||oo/N (the scaling by N is for readability only,
as the bound is up to a constant; with the log-scale, this will not change the shape of
the curve, and thus the value of the optimal parameter) since this is the bound that
we actually minimize. We also superimpose the error curve obtained with a zero
initial condition and source term, starting from Robin quantity g?(t) = t. Indeed, it
is this error that we study in this analysis as a proxy for the actual error.

The triangles indicate the discrete-time optimized parameters @;[.] defined in (9),
the squares are for @p[.} (defined page 4) and the stars stand for @c = (At/v) 120c¢.
We obtain ac = 0.56, @7j7] = 0.27, @721 = 0.53, @p(7] = 0.40 and ap 21} = 0.56.

Sine in time

First, we can see from Figure 1 that convergence can be much faster starting
from a Robin data calculated from the initial condition than for randomly chosen
data, especially at iteration 7. It therefore seems appropriate to start with Robin
data calculated from the initial condition, and to choose a suitable Robin parameter,
which is significantly different from the one obtained with the random initialization.
We observe on Figure 2 that estimate (8) is really close to the real curve versus &,
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Fig. 1 Comparison of the relative L (]0, T'[)-error on the interface, versus @, starting from a
Robin data calculated with initial condition or with random values, at iterations 7 (left) and 21
(right), with N = 100, for T = 1, for the exact solution u(x, t) = sin(7¢)(sin(7x) + cos(7x)).
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which shows that this relation is a good estimation of the error obtained in practice.
The optimized parameter @;(.] gives a good approximation of the numerical optimal
parameter, and a better one that @p[.; and @c, especially at iteration 7, where the
error is about 10 (resp. 100) times smaller compared to &p[7] (resp. @c).

104 i L>(]0, T[)-error L()0,T)-error
: -=== Discrete-time estimate === Discrete-time estimate
10 R Error for the Robin data ¢t | | W e Error for the Robin data ¢
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Fig. 2 Relative L (]0, T'[)-error versus @ at iterations 7 (left) and 21 (right), for N = 100, with
T =1 (up) and T = 5 (down), for the exact solution u(x, ¢t) = sin(zt) (sin(7x) + cos(7zx)).

In the proof of Theorem 2, we assume that the time dependence of the exact
solution is of the form u( + Ct. This Taylor expansion is reasonable for short times,
but it appears from Figure 2 that even for large final times (T = 5), the results
we obtain are also satisfying. Similar satisfactory results were observed in [1, Sec-
tion 7.1.2.2] with the exact solution 1 +7+£% in time, with final time 7 = 1, mimicking
a situation in which higher order terms in the Taylor expansion are not negligible
on the whole time interval. Although these situations are outside the range of the
theorem, and the estimate is probably not as accurate as for short final times, the pa-
rameter obtained with (9) remains a very good choice, even if the final time 7 is large.

Cosine in time

With the exact solution taken in the form of a sine in time, we indeed had, for
short times, an exact solution of the form uy + Ct. But what if the exact solution has
no term of order 1, as with a cosine in time? We observe again on Figure 3 that the
discrete optimized parameter is still close to the numerical optimal parameter.
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Fig. 3 Relative L*(]0, T[)-error versus @ at iterations 7 (left) and 21 (right), with N = 100, for
T = 1, for the exact solution u(x, t) = cos(nt)(sin(zwx) + cos(mx)).
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