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1 Introduction

There has been an increased interest in finding space-time formulations for the wave
equation that lead to unconditionally stable discretizations. Some of them rely on an-
alyzing the exact mapping properties of the space-time wave operator in a variational
setting [4, 5, 6, 9], including weak and least squares formulations. These often lead
to a setting beyond standard Sobolev spaces, that is cumbersome to discretize. Others
though, stay in the framework of Sobolev spaces, adding stabilization terms [3, 7], or
applying special test functions [1, 2, 8]. The overall goal of all these approaches is to
open the door to adaptivity in space and time simultaneously and without additional
computational cost.

In this paper, we follow the idea from [8] and consider a second order ordinary
differential equation (ODE) u”” + puu = f with g > 0. This ODE can be linked to
the wave equation and used to find a transformation operator such that one obtains a
coercive and continuous bilinear form for the corresponding variational formulation.
However, unlike previous approaches, we take pains to make sure the resulting
transformation also depends on u, and thus, when extended to the partial differential
equation framework, can lead to a transformation that not only acts on time, but
also on space. Moreover, we are interested in keeping standard Sobolev spaces
as our solution spaces, such that the error analysis of future space-time methods
and understanding of the solution is straightforward. With this purpose in mind,
we deliberately insist on using the arising transformation to change the test space.
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Interestingly, this results in a variational formulation with a simple bilinear form,
while only the right-hand side becomes more involved.

This contribution focuses on the key ideas for finding this transformation and
therefore restricts attention to the ODE case. Ongoing and future work deals with
the extension to the actual wave equation.

2 Motivation

LetT >0, u>0and f: (0,7) — R be given and let us consider the ordinary
differential equation to find u : [0,7] — R such that

u’ () + pu(r) = f(r) fort e (0,T), u(0) =u’(0) = 0. (H
For the weak form, we multiply by a smooth function v and integrate by parts to get

T

T
/0 [u"(t)v(t) + ,uu(t)v(t)] dt = /0 [ —u' () (1) + ,uu(t)v(t)] dt +u' (T)v(T).

Now, in order to get rid of the term u’(T’), about which we have no information, and
to ensure well-defined integrals, we need the spaces

H; (0,T) := {v € H'(0,T)|v(0) = 0}, H{(0,T) := {v € H'(0,T)|v(T) = 0},

both endowed with the norm ||v||H(; 1) = ||v||H10(0’T) = V'l z2¢0,)- We consider
for f € [H},(0,T)]’, to find u € H} (0,T) such that for all v € H' (0,7)

T
butues) = [ (=8 O+ pur 0] i = F o pamyorre @

Theorem 1 [10, Lemma 4.2.1, Lemmata 4.2.3—4.2.4] The bilinear form
by : H) (0,T) x H'/(0,T) — R defined in (2) satisfies

(B1) Boundedness: For all u € H(l)’(O, T)andv € H’IO(O, T) it holds that

4T
Dy (u,v)| < (1 t ) ' 1207y V' 20,7 -

(B2) Bounded invertibility: For all u € H(l),(O, T) it holds that

b bl
sup pu(4,v)

2
——— W ll20.1) < -
2+T\u 0 0#veH! (0,T) v llz2(0,7)

(B3) Surjectivity: For all0 # v € HIO(O, T) there exists u,, € Hé (0,T) such that
b, (uy,v) #0.
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The above theorem guarantees that the weak formulation (2) admits a unique
solution u € Hé’(O, T) for all right-hand sides f € [H}O(O, T)]’ and fixed u > 0.
But, the obtained bounds depend on u > 0 and, in particular, they degenerate when
H — oo,

Our main contribution is to propose a formulation where we keep the solution
ue Hé, (0, T) in the standard Sobolev space but get u-independent bounds. For this,

we introduce

. 2 2
ol 2= AW 12207+ 0902 1

which resembles the space-time H'-norm, and defines an equivalent norm on
Hé (0,T) and H 10(0, T). In what follows, we will construct a transformation op-

erator T, : H} (0,T) — H',(0,T) such that the bilinear form satisfies
luallFyy = byt Ty ).

3 A space-time transformation!? Well, it’s complex...
Let (u,v) := /OT u(t)v(t) dt, which for real-valued functions represents the L>-inner
product and the induced L2-duality pairing. Now, using integration by parts, we get

W', vy + (u,v'y =0, Vu € Hy (0,T),Yv € H\(0,T). (3)
We introduce the operators

+ + . . . .
(D3;:dom(D})) := (i ++/u: Hy (0,T)), (D,:dom(D,,)) := (id,++: H}y(0.T)),
where i denotes the imaginary unit. Using (3), we have that
(D1, D,v) = —(u' V') + i, vy + i v) + (V') = byu(u,v).

Moreover, note that for any real valued function u € H(l) (0,7)

2
L£2(0,T)

2

(D, u,D;, u) = (D, u, D}, u) = | R (D} u)| #1305 ll;2 0.7,

2 2 2
= /'l”u”LZ(O,T) + HM’HU(O,T) = ”u”H‘ll

where, for any w, R(w), 3(w) and w denote its real/imaginary part and complex
conjugate, respectively. The above motivates us to introduce the operator

T o= (5;)_1 D, @)

since for v = 7, u we then formally have that

. B
by(u,v) = (D} u,D,) T ou=(D}u,D;,u)= ||u||§_ll11.
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3.1 The transformation operator: Its actual closed form formula

We proceed to compute the transformation operator defined in (4) acting on a function
in Hé (0,T). Moreover, in order to stay consistent, we would like that the operator

7, maps functions from Hé (0,7) to functions with zero terminal condition.
As the solution of

Diz:= iz +yHz = qin (0,T), z(T) =0,

can be explicitly computed to be
—\ -1 T
2(1) = ((D;) q) 0 =i [ Vg0 as
t
we have that for any w € H(l)’ (0,7)
5\ ' o-
v(1) = (T w)(1) = ((Dy) D, w) (1)

T
= i/ eVEU=S) (_iw/(5) + \Jaw(s)) ds. )

3.2 A convenient REALization

We are only interested in testing with real valued functions v. However, for any real
valued function w € H(l)’(O, T), we see from (5) that 7, w is complex valued. To
circumvent the use of complex functions, we now consider only the real part of the
transformation operator and define for w € Hé’ 0,7)

Tuw(t):=R(T ,w(r) = /T[cos(\/ﬁ(t —s))w'(s) — Vi sin(+/u(r - s))w(s)] ds.

Lemma 1 The operator T, : Hé 0, 7) — HIO(O, T) is well-defined, bounded and
satisfies for all u € Hé (0,7) and all g € L*(0,T)

r

Proof. By construction (T, u)(T) = 0 and we compute

T

T T
—(Tuu)' (1) + ,u/ (Tuu)(s) ds] q(t)dt = ./0 [u'(t) + u/ u(s) ds] q(t) dr.

T
(Tuu) (1) =—u'(r) - \/ﬁ/ [sin(vE(r — )’ (s) + Vi cos(Vu(t — s)u(s)] ds.
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For fixed y, all the terms on the right-hand side are bounded in L*(0,7) if u €

Hé’ (0,T), and thus T, maps into H }0(0, T). Using a triangle and Cauchy—Schwarz
inequalities, we also get the bound

H 1
[T, “HH}O(o,T) < (1 + T\/;) el gy, w € Hy (0,7). (6)

Furthermore, using that (T, u)'(T) = —u’(T), we compute that
(Tuw)” +uTyu=—u"+pu in [H(l)’(O, .
Hence, for all w € Hé’ (0,T) we have
—((Tpuw)' Wy +w(Tpu,w)y = W', w) + uu,w),
where we applied the integration by parts formula (3). Next, we use that each

w € H} (0,T) admits the representation w(z) = /Ot q(s) ds for some g € L*(0,T).
Thus, w” = ¢ and using the following integration by parts formula

T t T T
/0 (1) /O g(s) ds di = /0 / p(s)dsq(iydt. Vp.q e L20.T). ()

concludes the proof. O

Remark I We like to point out that T, is invertible. Moreover, note that for u = 0,
Tow(t) = w(T) — w(t) = Hrw(z), which was introduced in [8, Lemma 4.5] as a
purely temporal transformation for the stabilization of the wave equation. T, can
thus be seen as an extension of H to space-time.

4 Always Look on the Right Side of Life

Using the real transformation T, we are now considering the variational formulation:
Given f € [H',(0,T)]", find u € H} (0,T) such that

bu(u. Tuw) = (f. Tuw), VweH(0.7). 8)

We first prove that its application on the second argument of b,, does not introduce
complicated expressions or additional terms.

Lemma 2 Forallu,w € H(l) (0,T) it holds that
bu(u, Tuw) = ', w')y + uu, w).
In particular, b, is bounded and T ,-coercive, i.e.,

2
by, Tuw) < Nullpg Wiy, and  by(u, Ty u) = luelly,
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Proof. As u € Hé (0,7) there exists ¢ € L?(0,T) such that u(t) = fOt q(s)ds.
Using (7) and Lemma 1, we then compute for all w € Hé (0,7)

T
bu(u, Tyw) = /0 [—u’(t)(T,, w) (1) + pu(t) (T, w)(t)] dt

T T
=/ a(t) (—(TM w)'(t)+u/ (T, w)(s) ds) dr
0 t

T T
:/O q(1) (W (1) +,u/t w(s) ds) dt
T
= / u ()w' () + pu(t)w(r) dt.
0

O
The main result is now the following.

Theorem 2 The variational formulation (8) admits a unique solution u € Hé (0,T)
forall f € [HIO(O, T))'. In particular, for all

FeF ={fe[HH0.T)] : (f. Tuw) < Cllwllggy Yw € H; (0.7)}.
with some C > 0 independent of u, the solution u satisfies the u-independent bound

llull gy < C. 9)

Proof. By Lemma 2 the bilinear form b, is T,-coercive and bounded. Moreover,
for fixed p > 0, using (6) we get

1
(fiTuw) < ||f||[HV10(0,T)]f||T;1 W||H10(0,T) < (1 +T E) ”f”[H}O(O,T)]’“W”H,‘,'

Hence, by the Lemma of Lax-Milgram, there exists a unique solution u € Hé (0,T)
forall f € [H 10(0, T)]’. The bound (9) for f € F now follows from

el = b, Tyw) = (f, Tpw) < Cllullygy.
i
O
Remark 2 Forw € Hé, (0,T), using (7) and the Cauchy—Schwarz inequality, we get

T
FoTaw) = /O [ (1) C(t, £) + VEw (1) S(t. f)] di
12

T
< vl ( /0 [C(t. /)2 + (. )] dr

where C(t, f) = fot cos(y/i(t =) f(s)ds and S(¢, f) = fot sin(+/i(t = s)) f(s) ds.

For f € L2(0, T) we can now proceed as in [8, Lemma 4.5], to compute
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’ 2 2 T2 2
[ letr? o802 dr< TR,
0 ,

showing that L?(0,T) c F and (9) holds with C = %Ilflle(O,T).

5 Discretization

We consider the conforming trial space Xj, := S, (0,T) N H (0,T) of piecewise
linear finite elements defined on a uniform decomposition of the interval (0, T') into
N € N elements of mesh size 1 = T/N. The discrete variational formulation reads:
Given f € [H’IO(O, T)]’, find uj, € Xj, such that

bﬂ(uh,Tﬂ wp) = (u;l,w;l) + wlup, wp) = {f, Ty wny, Ywp, € Xp. (10)

Due to the T ,-coercivity, (10) admits a unique solution uj, € X;,. By Lemma 2 and
the linearity of T, we have Galerkin orthogonality and immediately derive Cea’s
Lemma and thus the best-approximation error estimate for u € H*(0,T)

lu—unllggy < inf flu—wallgy < c(h*™" + R |ula©.0) s € [1.2].
Ho wpeXy M
As an illustrative example, we consider T = 1, and the function
2 3/4 s 5
u(t) =t=(T -1)"’" e H*(0,T), s < 7

solving (1) for f € H~7(0,T), o > %. The solutions for u € {1, 10} are depicted
in Figure 1, and the convergence rates are listed in Table 1. We see, that the method
is stable w.r.t. i and gives optimal orders of convergence in H' right from the start.
Using analytic integration, the load vector can be computed with effort O(N? - p),
where p is the number of quadrature points, depending on the smoothness of f.

-
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Fig. 1 Exact solution u and reconstruction uy, for g = 1 (left) and u = 10° (right) on N = 32
elements.
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u=1 11 = 1000 1= 10°
N h |llu—upllpe eoc|lu—uplg eoc||lu—uplg eoc||lu—uplgm eoc

4 0.250| 2.13e-02 0.00| 3.19e-01 0.00| 3.29e-01 0.00| 3.30e-01 0.00
8 0.125| 7.70e-03 1.47| 2.23e-01 0.52| 2.26e-01 0.54| 2.29e-01 0.53
16 0.063| 2.89e-03 1.41| 1.62e-01 0.46{ 1.63e-01 0.47| 1.67e-01 0.46
32 0.031 1.13e-03 1.35| 1.23e-01 0.39| 1.24e-01 0.40| 1.27e-01 0.39
64 0.016| 4.57e-04 1.31| 9.80e-02 0.33| 9.80e-02 0.34| 1.00e-01 0.34
128 0.008| 1.88e-04 1.28| 7.99e-02 0.30| 7.98e-02 0.30| 8.08e-02 0.31
256 0.004| 7.81e-05 1.27| 6.60e-02 0.27| 6.60e-02 0.27| 6.62e-02 0.29
512 0.002| 3.26e-05 1.26| 5.51e-02 0.26| 5.51e-02 0.26| 5.51e-02 0.28

Table 1 Errors and orders of convergence for different u € {1, 1000, 10°}.

6 Conclusions

We proposed a novel transformation operator for an ODE that is related to a space-
time FEM formulation of the wave equation, resulting in a Galerkin-Bubnov formu-
lation that is unconditionally stable and coercive. We can theoretically prove stability
and best approximation error estimates independent of u. This opens the door for a
space-time transformation that leads to a coercive formulation. Related results will
be published elsewhere.
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