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1 Experimental design for heat source identification

This article concerns itself with optimal experimental design (OED) for reconstruc-
tion in the inverse heat source problem. The heat equation models heat dispersal
over time from a heat source through a spatial domain by solving a time-dependent
partial differential equation (PDE). Inverting the heat equation serves to reconstruct
and identify the unknown heat source, of great interest in controlling and optimizing
heating and cooling processes for various applications, e.g. in materials science.

A natural question arises: what is the optimal configuration of sensors, or optimal
design for data collection, yielding the best possible reconstruction of the unknown
heat source? We assume that in the spatial domain, a total of m different fixed can-
didate locations are proposed for sensor placement, while due to budget constraints,
one can place no more than mg < m of all potential sensors. One strategy would be to
repeat the experiment ( r’:o) times and choose the sensor configuration that yielded the
best reconstruction in practice. However, this quickly becomes unfeasible for even
modest values of m and mg, due to combinatorial scaling; moreover, it is desirable
to fix the design a priori, avoiding the need for a test-trial phase for data collection.

We assume that each sensor provides only a single scalar observation of the (local
approximation to the) heat at its placement location at a fixed final measurement time
T > 0. In what follows, we present an adaptation of the low-rank approximation-
based redundant-dominant p-continuation algorithm recently invented by one of the
authors in [1] to obtain A-optimal designs, that is, sensor placements that minimise
the trace of the posterior covariance, equivalently, that minimise average posterior
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Fig. 1 Left: Source domain, full domain and grid of all candidate sensor locations. Right: Spatially
dependent diffusion parameter a in (6).
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pointwise uncertainty in the reconstruction, see Section 2. For a deeper discussion
of this and related topics, we refer to [2].

In so doing, we demonstrate the applicability of the results in [1] to time-dependent
PDEs, showcasing its relevance to a broad class of problems. Several key elements
must be taken into account: well-posedness of the forward heat model, efficiency of
the backpropagator and the adaptation of the finite element method (FEM) framework
to the time-dependent PDE. These aspects, and their introduction to the A-optimal
computational framework, form the contribution of this article.

Notation. Finite-dimensional vectors are denoted by boldface lowercase letters
(i.e. g, w), scalars and function space variables are denoted by plainface lowercase
letters (e.g. p, s), matrices are denoted by plainface uppercase letters (e.g. F, '), while
operators with infinite-dimensional inputs or outputs employ calligraphic uppercase
letters (e.g. S, O). For any vector space X, the (topological) dual space is X*.

2 A-optimal sensor placement

Design-dependent forward map. The sensor placement problem is to find the
experimental design w € {0, 1}, m € N, allowing for the best reconstruction of a
source s in some Hilbert space X, given the design-dependent forward map

Fw : X > R™, Fw := Diag(w)F, F: X —>R", (1)

where Diag(w) : R™ — R™ is the multiplication operator, represented as a diagonal
matrix. As w € {0, 1}, the design w acts as a mask on the data, representing the
act of sensor placement. The quantity m thus represents the number of candidate
locations where the experimenter might elect to place a sensor.

A-optimality. For Bayesian linear inverse problems, an A-optimal design can
be expressed as the minimiser of the trace of the posterior covariance. Recall from
[3, 14] that if the unknown s has Gaussian prior N (sg, Cp), so € X,Cp : X* — X and
the measurement is corrupted by additive Gaussian noise € ~ N(0,T") in R, where
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I' € R™*™ is diagonal and positive definite, then for each design w, the posterior
distribution of s given observed noisy data g € R™ is s|g ~ N (Spost (W), Cpost (w)),

spost(w) =50+ Cpost(w)?::r_l (g — Fwso) » ()

-1
Coost(w) = (7;;;r*1/2 Diag(w)I™ /2%, + co”) . 3)

The A-optimal objective thus becomes
-1
J:weR" 5 tr (Coost(w)) = tr ((ﬁ,‘F_I/ZDiag(w)F_l/zﬂ, + c(;l) ) D4

which is well-defined for all non-negative w. A (p-relaxed) A-optimal design w*P-"*,
p € [0, 1] using no more than m( sensors then satisfies

w*P" e argminwelo,”m’”w”pSmoj(w). %)

[1, Thm. 8] guarantees that w**™0 € {0, 1}, i.e. it is binary, while the optimisation
is convex and solvable for p = 1, although w*!" is generally only partially binary.

3 Heat model and the forward map

Linear heat equation. Consider the room Q := (—1,1)? with boundary dQ =
Bint U Bex(, where both the surfaces Bjy, of the rods permeating the domain and the
exterior boundaries By are thermally insulated, which we model via homogeneous
Neumann boundary conditions. The heat distribution ¥ € U in the room from a
spatially dependent heat source s is governed by the linear parabolic equation

w—V-(@aVu)=s inQx(0,7),

Opu=0 ondQx[0,T], (6)
u(t=0)=0 on Q,

where the source s € X := L?(Qg) is implicitly extended by zero outside its source
domain Qg := (=1,-0.5)x (=1, 1). Here, & denotes the time derivative, the diffusion
parameter is a(x) = 1 + (5x] + x3) ¥x,>0 € C(Q), see Figure 1, and n indicates the
outward normal vectors at the boundaries. The PDE (6) is well-posed in the sense
that for any source s € X, there exists a unique weak solution to (6) with

ueU:=L*0,T:H (Q)NH' (0.T:H(Q)), |ulu <Cllslx ()
for some constant C (cf. [5, 8]). We thus define the linear source-to-final-state map

S:X - L*Q), s u(-T) (®)
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which is well defined due to the continuous embedding U «—» C(0,T; L*(Q)), as
well as injective [7].

Finite measurement. A central conceit of sensor placement is that the state can
only be measured as a possibly rather small vector of observables. This requires
composition with the finite measurement operator O : L*>() — R™, given as

m
Ou := ((ok,u)Lz(Q))kzl eR™

for all u € L?(Q). The functions (ox){., € L*() can be thought of as sensors [1].
This formulation finally leads us to the source-to-observable map ¥ : X — R,

Fs:=[00S8]s= ((Ok,Ss)Lz(Q))Z:l eR™ forall s € X.

4 FEM-based A-optimality via the RedDom- p algorithm

The redundant-dominant p-continuation algorithm introduced by one of the authors
in [1] stands as a robust, high-performing algorithm for sensor placement. Leveraging
global optimality theory [1, Thm. 3] to mark sensors as dominant and redundant,
i.e. always on or off, it enables significant dimensionality reduction of the OED.

Algorithm 1 Binary OED by p-continuation via redundant-dominant classification
0.

Input: Initialisation as globally optimal non-binary design @w® := w*!>™ from (5), power p = 1,
iteration i = 0, continuation parameter 6 € (0, 1)
1: while w' has entries significantly different from 0 and 1 do

2: p—(l-06)pandi «—i+1

3: Solve the non-convex constrained optimization problem (e.g. via the SLSQP algorithm)
JP(2) = J(&'P), ©
1
VIP(z) = =V (PP, (10)
p
n
0<zc<1 forallkeN.k<m,  » zx<mo, (11)
k=1
initialised at z := (w’~!)P and keeping dominant and redundant indices (w’;("m0 =1,
resp. wzl’m‘) = 0) fixed, returning z*
4: w' — (zi)l/”
5: end while

Output: Binary design w"™ := w’ as approximate binary optimal design.

This algorithm requires the adjoint of the source-to-observable map ¥:

Lemma 1 (Backpropagator) The adjoint ¥* : R™ — L*(Qg) is given by
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T —z-V-(aVz) =0 inQx(0,T),
Frg= / Rozdt where {0,z =00n0Qx[0,T], (12)
’ z2(t=T) =L, gxox on Q,

with Ry : L*(Q) — L?*(Qg) being the restriction operator.

Proof. The restriction Ry is clearly well-defined. With s € L?(Qg), g € R™, write
u(T) := Ss € L>(Q), implying i — V - (aVu) = s in Qg x (0,7T) and 0 elsewhere.
We write the inner product via partial integrations in Bochner spaces, that is

(Fs.gen = Y (o Sae = Y, [ uDgeords
k=1 k=17%

ZLM(T) (ggkok) dx+/0T[2u(—2—V-(aVz))dxdt
=‘/Qu(T) ((kzr:;gkok)—z(T)) dx+/gu(0)z(0)dx

T
+ ‘/0 /Q(u -V - (aVu))zdx dt

T
=O+0+(/ zdt,s)
0 L2(Qs)

where z solves the adjoint equation (12), as s is independent of time and is supported
on Qg. Above, we make use of homogeneous boundary conditions of u, z and the
Bochner integral identity [13, Lemma 7.3]: (u(T), z(T)) 12 (q) — (1(0),2(0))12(q) =

T,. .
Jo @@, 2D e @y w1 @) — (), 2(0) g1 (@) 11 (o) di foru,z € U.
O

5 Numerical results

To obtain our numerical results, we take a FEM discretisation of L?(Q) as a second-
order finite element space with n., := 17727 degrees of freedom, containing X =
L*(Qs) c L*(Q) as a subset with n := 5289 associated degrees of freedom. We
obtain FEM discretisations of the forward and adjoint maps ¥, ¥ via the NGSoLvE
software’s NGSXFEM integration and the associated time-space finite element spaces,
taking time-steps of A = 10~* over the time interval [0, 1].

While forward resp. adjoint evaluations # resp. ¥* solve time-dependent
PDEs, they can both be viewed as mappings between finite element coefficients
and vector observables. Thus, we replace them by their respective halves of the
prior-preconditioned misfit Hessian, writing F := '~V 27—'C01 Pyl e pmxn
FT =M~ ZC(; PgEr-1/2 The half-powers of the mass matrix M act as isometric
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isomorphisms between the finite element discretisation of X and standard Euclidean
space, see [1]. We obtained low-rank decompositions F T » QRand F = RTQT, with
Qe R R e REX™M ¢ =50 <« min{m, n} by repeated forward-adjoint evaluations
with the randomised subspace iteration algorithm [6]. £ was chosen automatically,
with a ratio of 107!? between largest and smallest approximate singular values of
F. As time-integration in the adjoint computation #* via (12) must be done via
numerical integration, and the randomised subspace iteration algorithm is sensitive
to numerical accuracy of the adjoint, the value Ar must be chosen low. However,
once the low-rank decomposition has been computed, this incurs no further cost, as
the low-rank form maps directly from source coeflicients to final-time measurements
without intermediate-time calculations.

Lemma 2 (Algorithm 1 — Low-rank) The low-rank approximations of the objective
(9) and gradient (10) in Algorithm 1 for A-optimal design (4) take the form

T ) = tr (Co) —tr (C) +tr ((R Diag(w)R” + 16)_1 c) , (13)
VJ (w) = —ColumnNorm (Cl/2 (R Diag(w)RT + Ig)_1 R) , (14)

where C = QTM'?CoM~'2Q e R’ and ColumnNorm maps a (finite-
dimensional) matrix to the vector containing the norms of each of its columns.

Proof. We refer to [1, Theorem 8§]. |

As prior for Bayesian inversion, we choose f ~ N (0, Cy), where Cy := (—aA +
172 is the densely defined bounded linear inverse bilaplacian operator on L?(Qs),

endowed with the Robin boundary condition %u = T‘@u, a = 1/4. This prior is
chosen as a moderately smoothing, trace class prior, whose boundary condition is
known to lead to spatially uniform prior variance [4]. Noise on the finite measurement
was realised as 1% of the average variance of one thousand data samples (Tsi);’zl,
with each s’ drawn from the prior distribution, echoing the strategy employed in [1].
Our low-rank Algorithm 1 with Lemma 2 delivers the sequence (Emo)fnéo:l c {0, 1}™
of binary approximate A-optimal designs. The left side of Figure 2 visualises the
optimal designs versus the posterior pointwise variance field ¢ : Q — R, c(x) :=
[C’pos[(w)éx] (x); this is an excellent visualisation of the uncertainty reduction by
the design due to the relationship tr(Cpost(w)) = /Q c(x) dx [9].

The right side of Figure 2 compares A-optimality of (w"™ )3160:1 torandom designs:

For each mg, 10 random designs were drawn, their A-optimalities plotted in red.
To study one of the designs in depth, fix my = 36. The artificial heat source s is
s(x) := exp(—1/r.(x)'/%) whenever r. (x) := (3%2)% = (x; +0.75)% = (x2£0.7) > 0
and O otherwise. Figure 3 shows the maximum a posteriori estimates of s with our
proposed approximate optimal design w := w"™ (left) and the best random design
w = whY . (right). Relative reconstruction errors are ||s — sg=o||2/||s]| =~ 0.6491

RNG
and [[s — s,m0 [l2/|ls|| ~ 0.6782. While both errors are large due to the limited
RNG
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Fig. 2 Left: Optimal experimental design for my = 36, with corresponding pointwise variance
field. Colourbar max matches max of prior pointwise variance field co(x) := [Cpdx ] (x). Right:
Theoretical lower bound for A-optimality . (w*!"") (blue) via (5) [1, Thm. 3], proposed binary
A-optimal designs W™ (green, overlapping blue) and 103 random designs (red).

measurement data, the reconstructions are qualitatively good; our proposed solution
attains 4.3% lower relative error than the random design.
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Fig. 3 Left: Maximum a posteriori estimate sgmo with proposed design. Center: True s. Right:
Maximum a posteriori estimate s,,m with random design.
RNG

6 Conclusions

In this work, we have demonstrated that the low-rank-based redundant-dominant
p-continuation algorithm can be applied to obtain binary A-optimal designs for
time-dependent PDE-based inverse problems, producing high-quality designs in
low time. This suggests the validity of the method proposed in [1] to a broad class
of physically relevant equations, significantly widening its scope. However, it is also
clear that more informative data is required to obtain good reconstructions with only
a small number of sensor placements; as such, the authors next intend to consider
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also scenarios where multiple measurements are made in each sensor over different
time points, in accordance to the setting of [1, Thm. 17], particularly in the context of
e.g. trace data. To further accelerate the process of identifying optimal designs, the
authors moreover plan on applying a bi-level [11, 12] or all-at-once [10] formulation
to obtain further gains in terms of computational speed and robustness.
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