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1 Introduction

Wave propagation in heterogeneous media plays a central role in many applications,
such as seismic imaging [31], the design of optical and electromagnetic devices [30],
and enhanced solar cell and thin-film absorption [2, 32, 27]. Assuming time-periodic
fields, the wave amplitude satisfies the heterogeneous Helmholtz equation,

−div(𝑎∇𝑢) − 𝜅2𝑢 = 𝑓 in Ω,

𝑎𝜕n𝑢 − 𝜄𝜔𝛽𝑢 = 𝑔 on 𝜕Ω,
(1)

where 𝜄 is the imaginary unit, n denotes the outward unit normal vector with respect
to the boundary of the domain Ω ⊂ R2, 𝜔 is the angular frequency, and 𝜅 = 𝜔/𝑐 is
the wavenumber. The coefficient functions 𝑎 and 𝑐 model material parameters, while
𝛽 is related to wave transmission through 𝜕Ω. The functions 𝑓 and 𝑔 model interior
sources and impedance boundary conditions, respectively.

Standard finite difference and low-order finite element methods for the numerical
approximation of the Helmholtz problem at high wavenumbers suffer from large
dispersion errors (pollution), necessitating much finer meshes than required for
accurate interpolation of the solution [1, 16]. The efficient solution of the resulting
large linear systems requires adapted methods, see, e.g., [6]. To reduce pollution,
several methods have been developed, such as high-order finite difference methods
[29], high-order finite element methods [4, 17], boundary element methods [3, 28],
discontinuous Galerkin methods [15, 19], and multiscale methods [5, 7, 10, 20].
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Here, we consider error estimates for the approximate component mode synthesis
(ACMS) method, which is a multiscale method that constructs approximations us-
ing a non-overlapping domain decomposition and local solutions of the Helmholtz
equation [10]; see also [13, 14] in the context of coercive elliptic problems. If the co-
efficients are smooth in a neighborhood of the interface of the domain decomposition,
the analyses in [10, 13] apply. In practice, however, it might be infeasible to choose
the domain decomposition in that way, e.g., in layered materials or for large objects
embedded in a background. As a result, the parameters may be discontinuous across
the interface of the domain decomposition. We quantify the reduced convergence
rates that are implied by the reduced regularity of the solution near the interface.
Using the implementation of the ACMS method described in [9], we numerically
verify these theoretical results. Moreover, we observe improved convergence for the
error on subdomains that exclude sufficiently large neighborhoods around the corner
points of the discontinuity lines of 𝑎.

The manuscript is organized as follows: Sec. 2 presents preliminaries, Sec. 3
describes the ACMS method, Sec. 4 contains error estimates and regularity results,
and Sec. 5 provides numerical examples.

2 Basic assumptions and well-posedness

We use standard notation for Lebesgue and Sobolev spaces; see, e.g., [12]. Through-
out the manuscript, we assume that Ω is a strictly convex polygonal domain,
𝑓 ∈ 𝐿2 (Ω) and 𝑔 ∈ 𝐻1/2 (𝜕Ω). Moreover, the coefficient functions 𝑎, 𝑐 ∈ 𝐿∞ (Ω)
are such that 𝑎 ≥ 𝑎0 > 0 and 𝑐 ≥ 𝑐0 > 0 for some constants 𝑎0, 𝑐0 ∈ R, and the
function 𝛽 ∈ 𝐿∞ (𝜕Ω) is such that either 𝛽 ≥ 𝛽0 > 0 or 𝛽 ≤ 𝛽0 < 0, for a given
𝛽0 ∈ R. Upon multiplication by test functions and integration by parts, we obtain the
standard variational formulation:

Find 𝑢 ∈ 𝐻1 (Ω) : C(𝑢, 𝑣) = 𝐺 (𝑣), for all 𝑣 ∈ 𝐻1 (Ω), (2)

where the sesquilinear form C : 𝐻1 (Ω) × 𝐻1 (Ω) → C and the antilinear functional
𝐺 : 𝐻1 (Ω) → C are defined by C(𝑢, 𝑣) = (𝑎∇𝑢,∇𝑣)Ω − (𝜅2𝑢, 𝑣)Ω − 𝜄(𝜔𝛽𝑢, 𝑣)𝜕Ω,
and 𝐺 (𝑣) = ( 𝑓 , 𝑣)Ω + (𝑔, 𝑣)𝜕Ω. The variational formulation admits a unique
solution 𝑢 ∈ 𝐻1 (Ω) [11, Thm. 2.4]. The sesquilinear form C is bounded,
|C(𝑢, 𝑣) | ≤ 𝐶C ∥𝑢∥B ∥𝑣∥B , with constant 𝐶C = 𝐶 (Ω, 𝑎, 𝑐, 𝛽) [10], where the
norm ∥𝑢∥2

B = B(𝑢, 𝑢) is induced by the auxiliary sesquilinear form B(𝑢, 𝑣) =
(𝑎∇𝑢,∇𝑣)Ω + (𝜅2𝑢, 𝑣)Ω. Under the given assumptions, the norm ∥ · ∥B is equivalent
to the standard 𝐻1–norm. The solution operator for the dual problem

Find 𝑧 ∈ 𝐻1 (Ω) : C(𝑣, 𝑧) = (𝑣, 𝜒) for all 𝑣 ∈ 𝐻1 (Ω) (3)
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is denoted by 𝑇∗ : 𝐿2 (Ω) → 𝐻1 (Ω) and maps 𝜒 ∈ 𝐿2 (Ω) to 𝑧 ∈ 𝐻1 (Ω). Both the
well-posedness of (3) and the bound ∥𝑧∥B ≤ 𝐶stab∥𝜒∥𝐿2 (Ω) are established in [11,
Thm. 2.4], where the constant 𝐶stab depends on 𝑎, 𝑐, Ω, and possibly on 𝜔.

3 The ACMS Method

The ACMS method is based on a decomposition D = {Ω 𝑗 , 𝑗 = 1, ..., 𝐽} of Ω
into 𝐽 non-overlapping subdomains with polygonal boundaries and interface Γ =⋃𝐽

𝑗=1 𝜕Ω 𝑗 . We denote by E and V the set of (relatively open) edges and vertices,
respectively, and consider the case of a homogeneous interior source, 𝑓 = 0, where
the solution 𝑢 to (2) is determined by its trace on Γ. For 𝑓 ≠ 0, independent local
Helmholtz problems have to be solved additionally [10].

To approximate 𝑢 |Γ the ACMS method employs local basis functions associated
to V and E. The vertex basis functions 𝜑𝑞 are linear on each edge 𝑒 ∈ E such that
𝜑𝑞 (𝑟) = 𝛿𝑞,𝑟 for 𝑞, 𝑟 ∈ V, where 𝛿 is the Kronecker delta, and the corresponding
vertex space is 𝑉V = span{𝜑𝑞 : 𝑞 ∈ V}. For the edge basis functions, we employ
the eigenfunctions of the edge-Dirichlet-Laplace operator, but other choices are
possible: for each 𝑒 ∈ E, find (𝜏𝑒𝑖 , 𝜆𝑒𝑖 ) ∈ 𝐻1

0 (𝑒) × R, 𝑖 ∈ N, such that

(𝜕𝑒𝜏𝑒𝑖 , 𝜕𝑒𝜂)𝑒 = 𝜆𝑒𝑖 (𝜏𝑒𝑖 , 𝜂)𝑒, for all 𝜂 ∈ 𝐻1
0 (𝑒). (4)

Although it is clear that 𝜆𝑒𝑖 = (𝑖𝜋/|𝑒 |)2 and 𝜏𝑒𝑖 (𝑥) =
√

2 sin(√︁𝜆𝑒𝑖 |𝑥−𝑝 |), 𝑝 ∈ 𝜕𝑒, for a
line segment 𝑒, we utilize the variational characterization (4) in the implementation,
because it generalizes easily to curved edges, as considered in [10]. To proceed, we
define 𝑉E = span{𝜏𝑒𝑖 : 𝑒 ∈ E, 𝑖 ∈ N} and 𝑉 𝐼E

E = span{𝜏𝑒𝑖 : 𝑒 ∈ E, 1 ≤ 𝑖 ≤ 𝐼𝑒E},
where 𝐼E ∈ N | E |

0 is a multi-index. By slight abuse of notation, when the number of
modes is the same on all edges, we may write 𝐼E instead of 𝐼𝑒E . The space 𝑉V + 𝑉E
is dense in [10]

𝐻1/2 (Γ) = {𝑣 : Γ → C : ∀ 𝑗 = 1, ..., 𝐽, ∃𝑢 𝑗 ∈ 𝐻1 (Ω 𝑗 ) s.t. 𝑢 𝑗 |𝜕Ω 𝑗
= 𝑣|𝜕Ω 𝑗

}.

Next, we extend functions defined on Γ to Ω. For 𝜏 ∈ 𝐻1/2 (𝜕Ω 𝑗 ), we let 𝐸 𝑗𝜏 ∈
𝐻1 (Ω 𝑗 ) be such that (𝐸 𝑗𝜏) |𝜕Ω 𝑗

= 𝜏 on 𝜕Ω 𝑗 and

(𝑎∇𝐸 𝑗𝜏,∇𝜂)Ω 𝑗
− (𝜅2𝐸 𝑗𝜏, 𝜂)Ω 𝑗

= 0 for all 𝜂 ∈ 𝐻1
0 (Ω 𝑗 ).

Here we assume that Ω 𝑗 and 𝜔 are such that 𝐸 𝑗 is well-defined and bounded,
∥𝐸 𝑗𝜏∥B ≤ 𝐶𝐸 𝑗 ∥𝜏∥𝐻1/2 (𝜕Ω 𝑗 ) , see [9, 10] for a more detailed discussion. We then
define 𝐸Γ : 𝐻1/2 (Γ) → 𝐻1 (Ω) by (𝐸Γ𝜏) |Ω 𝑗

= 𝐸 𝑗 (𝜏 |𝜕Ω 𝑗
), for 𝜏 ∈ 𝐻1/2 (Γ), and

𝑗 = 1, . . . , 𝐽, and denote its norm by 𝐶𝐸 . The ACMS space is given by 𝑉𝐴(D) =
𝐸Γ𝑉V + 𝐸Γ𝑉 𝐼E

E , and the corresponding approximation reads

Find 𝑢𝐴 ∈ 𝑉𝐴(D) : C(𝑢𝐴, 𝑣𝐴) = 𝐺 (𝑣𝐴), for all 𝑣𝐴 ∈ 𝑉𝐴(D). (5)
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Fig. 1 Domain Ω = (0, 7) ×
(0, 7) with material parameter
𝑎 = 2 in the white and 𝑎 = 1
in the blue regions. The
domain decomposition is
shown with dashed black
lines. Vertices in Vsing (𝑎) are
shown as read diamonds. In
orange shading, the auxiliary
domain Ω𝐿𝑜𝑐 , used in the
error computations below,
which excludes the critical
regions of lower regularity.

Well-posedness of (5) relies on the smallness of the adjoint approximability constant

𝜎∗ = sup
𝜑∈𝐿2 (Ω)\{0}

{
inf

𝑣𝐴∈𝑉𝐴 (D)
∥𝑧 − 𝑣𝐴∥B/∥𝜅𝜑∥𝐿2 (Ω)

}
, (6)

where 𝑧 = 𝐸Γ (𝑇∗ (𝜅2𝜑) |Γ), with 𝑇∗ defined after (3); see [10, 11] and below.

4 Error estimates

Quantifying the approximation error of 𝑢 in 𝑉𝐴(D) depends on the regularity of
𝑢 |𝑒. To state the corresponding regularity results, we introduce some notation and
assumptions. Let Vbnd = V∩ 𝜕Ω denote boundary vertices. For 𝜖 > 0 we define the
tubular neighborhood of Γ by Γ𝜖 = {𝑥 ∈ Ω : dist(𝑥, Γ) < 𝜖}. We assume that there
is 𝜖 > 0 such that the coefficient functions 𝑎 and 𝑐 are locally piecewise constant
near Γ, i.e., 𝑎 = 𝑎 𝑗 and 𝑐 = 𝑐 𝑗 on Ω 𝑗 ∩ Γ𝜖 . Hence, possible discontinuities in 𝑎 or
𝑐 do not intersect Γ. We denote by Γ(𝑎), resp. Γ(𝑐), the corresponding polygonal
discontinuity curves of 𝑎, resp. 𝑐, that are contained in Γ𝜖 . We denote by Vsing (𝑎)
resp. Vsing (𝑐) the corner points of Γ(𝑎) resp. Γ(𝑐), cf. Fig. 1. For simplicity, we
assume that Vsing (𝑐) ⊂ Vsing (𝑎) = Vsing, that Vsing ∩ Vbnd = ∅, and that an edge
𝑒 ∈ E does not connect a 𝑝 ∈ Vbnd with a 𝑞 ∈ Vsing.

In view of [22, Lem. 1], the solution 𝑢 can be decomposed into an 𝐻2-regular
component and a singular component in a neighborhood of 𝑝 ∈ Vsing; see also
[24, 25]. The regularity of the singular component depends on the values of 𝑎 near 𝑝
and the angles between edges 𝑒 ∈ E for which 𝑝 ∈ 𝜕𝑒. We denote by 𝛼sing ∈ (0, 1)
the corresponding critical exponent. If 𝑎 assumes at most two different values close
to 𝑝, then 𝛼sing > 1/2. We have the following statement.

Lemma 1 Let 𝑒 ∈ E and letΩ 𝑗 ∈ D be such that 𝑒 ⊂ 𝜕Ω 𝑗 . The following statements
hold for the solution 𝑢 to (2) with 𝑓 = 0 and smooth 𝑔.

(i) If 𝜕𝑒 ∩ (Vsing ∪Vbnd) = ∅, then 𝑢 ∈ 𝐻5/2 (𝑒).
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(ii) If 𝜕𝑒 ∩Vsing ≠ ∅, then for all 𝑠 < 𝛼sing + 1/2, 𝑢 ∈ 𝐻𝑠 (𝑒).
(iii) If 𝜕𝑒 ∩Vbnd ≠ ∅, then 𝑢 ∈ 𝐻𝑠 (𝑒) for all 3/2 ≤ 𝑠 < 5/2.

Proof. (i) follows from [21, Thm. 4.20]. (ii) follows from [24, Thm. 4.2]; see also [22,
Cor. 2]. (iii) follows from [12, Cor. 4.4.3.8], [23, Thm. 5.1] and [12, Lem. 5.1.3.3]. ⊓⊔

Corresponding regularity results for the solution of the dual problem are stated
next. The main difference lies in the fact that the boundary data vanish, while the
interior source term generally belongs to 𝐿2 (Ω). Consequently, the dual solution is,
at best, 𝐻2 (Ω 𝑗 ∩ Γ𝜖 ).
Lemma 2 Let 𝑒 ∈ E and let Ω 𝑗 ∈ D such that 𝑒 ⊂ 𝜕Ω 𝑗 . The following statements
hold for the solution 𝑧 = 𝑇∗𝜒 to the adjoint problem (3) with 𝜒 ∈ 𝐿2 (Ω).
(i) If 𝜕𝑒 ∩Vsing = ∅, then 𝑧 ∈ 𝐻3/2 (𝑒) and there exists 𝐶 > 0 such that ∥𝑧∥𝐻3/2 (𝑒) ≤

𝐶∥𝜒∥𝐿2 (Ω) .
(ii) If 𝜕𝑒 ∩Vsing ≠ ∅, then for all 𝑠 < 𝛼sing + 1/2, 𝑧 ∈ 𝐻𝑠 (𝑒) and there exists 𝐶 > 0

such that ∥𝑧∥𝐻𝑠 (𝑒) ≤ 𝐶∥𝜒∥𝐿2 (Ω) .

Given the regularity of 𝑢 |𝑒, 𝑒 ∈ E, estimates for ∥𝑢−𝑢𝐴∥𝐻1 (Ω) can be obtained by
bounding inf𝑣∈𝑉V+𝑉E ∥𝑢− 𝑣∥𝐻1/2 (𝑒) for each 𝑒 ∈ E in terms of powers of 𝜆𝑒

𝐼𝑒E
[8, 10].

Also 𝐿2 (Ω)–norm error bounds follow using a duality argument [8, 10]. Below, we
state a global version of such bounds, for which we introduce 𝜆Γ = min𝑒∈E 𝜆𝑒𝐼𝑒E . In
view of Lem. 1, there are 𝑠𝑒 ∈ (1/2, 5/2), 𝑒 ∈ E, such that 𝑢 |𝑒 ∈ 𝐻𝑠𝑒 (𝑒). We denote
𝑠∗ = min𝑒∈E 𝑠𝑒 the smallest regularity index for the edges. Similarly, using Lem. 2,
we denote 𝛿𝑒 = min(𝑠𝑒, 3/2), for which the solution of the dual problem satisfies
𝑧 |𝑒 ∈ 𝐻 𝛿𝑒 (𝑒), and 𝛿∗ = min(𝑠∗, 3/2).
Theorem 1 Let 𝑔 be smooth. There is a constant 𝐶 = 𝐶 (𝑠∗, 𝐶stab, ∥𝜅∥2∞,D, 𝐶𝐸)
such that 𝜎∗ ≤ 𝐶 (𝜆Γ) (1−2𝛿∗ )/4. Moreover, if𝐶C𝜎∗ ≤ 1/2, then there exists a unique
𝑢𝐴 ∈ 𝑉𝐴(D) such that (5) holds and such that

∥𝑢 − 𝑢𝐴∥𝐻1 (Ω) + (𝜆Γ) 2𝛿∗−1
4 ∥𝑢 − 𝑢𝐴∥𝐿2 (Ω) ≤ 𝐶 (𝜆Γ)− 2𝑠∗−1

4
∑︁
𝑒∈E

∥𝑢∥𝐻𝑠𝑒 (𝑒) .

5 Numerical results

We verify numerically the error estimates of Thm. 1. Since the exact solution 𝑢
is unknown, we replace it by a reference solution, 𝑢ℎ,10, computed with the open-
source software package NGSolve [26] on a quasi-uniform triangulation of the
domain Ω = (0, 7) × (0, 7) with mesh size ℎ ≈ 0.005 and piecewise polynomials
of degree 10. Here, we set the parameter 𝛽 = −1, the wavenumber 𝜅 = 1, and the
source terms 𝑓 = 0 and 𝑔(x) = 𝑒− 𝜄𝜅x𝑒−100 |x−x𝐿 |2 with x𝐿 = (0, 3.5). Moreover,
we let 𝑎 = 2 in (1, 6) × (1, 6) and 𝑎 = 1 elsewhere; see Fig. 1. We choose a
domain decomposition made of unit squares, illustrated with the black dashed lines
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Fig. 2 Left: Relative 𝐻1–
errors 𝑒1

ℎ,𝐼E
(Ω) (blue, solid)

and 𝑒1
ℎ,𝐼E

(Ω𝐿𝑜𝑐 ) (orange,
solid) together with the theo-
retical rates (dashed) for differ-
ent 𝐼E = 2𝑙 , for 𝑙 = 0 . . . , 7.
Right: The same as left but for
the 𝐿2–error.

1 2 4 8 16 32 64128

10−1

10−2

10−3

10−4

10−5

𝐼E

𝑒1
ℎ,𝐼E

(Ω) 𝐼−0.89
E

𝑒1
ℎ,𝐼E

(Ω𝐿𝑜𝑐) 𝐼−2
E

1 2 4 8 16 32 64128

10−2

10−3

10−4

10−5

10−6

10−7

10−8

𝐼E

𝑒0
ℎ,𝐼E

(Ω) 𝐼−1.78
E

𝑒0
ℎ,𝐼E

(Ω𝐿𝑜𝑐) 𝐼−2.89
E

in Fig. 1, with 𝐽 = 49 subdomains, |E | = 112 edges, and |V| = 64 vertices. The
numerical ACMS approximation, denoted by 𝑢ℎ,6𝐴 , is computed with the NGSolve-
based implementation described in [18], using the same triangulation as used in the
computation of 𝑢ℎ,10 but with local polynomial degree 6 and an equal number of
modes 𝐼E on each edge. We consider the relative errors

𝑒1
ℎ,𝐼E (Ω) = ∥𝑢ℎ,10 − 𝑢ℎ,6𝐴 ∥𝐻1 (Ω)/∥𝑢ℎ,10∥𝐻1 (Ω) , (7)

𝑒0
ℎ,𝐼E (Ω) = ∥𝑢ℎ,10 − 𝑢ℎ,6𝐴 ∥𝐿2 (Ω)/∥𝑢ℎ,10∥𝐿2 (Ω) , (8)

with corresponding notation for domains other thanΩ. We can compute the regularity
index 𝛼sing for the four critical vertices Vsing = {(1, 1), (6, 1), (6, 6), (1, 6)}, see
Fig. 1, by solving a small eigenvalue problem [22], which gives 𝛼∗

sing ≈ 0.893 for
the considered test case. Since 𝜆Γ ∼ 𝐼2

E , we thus expect a convergence rate in the

𝐻1–norm slightly worse than O(𝐼−𝛼∗
sing

E ) by Thm. 1, i.e., an approximate rate of
O(𝐼−0.89

E ). Similarly, we expect that the adjoint approximability constant decays like
O(𝐼−0.89

E ), and that the 𝐿2–norm of the error behaves like O(𝐼−1.78
E ). In Fig. 2, we

plot 𝑒1
ℎ,𝐼E

(Ω) (left) and 𝑒0
ℎ,𝐼E

(Ω) (right) for different values of 𝐼E , together with
the expected rates O(𝐼−0.89

E ) and O(𝐼−1.78
E ), respectively. We may conclude that the

errors asymptotically achieve the theoretical rates.
If the solution was smooth on Γ𝜖 for some 𝜖 > 0, we would expect the rates

O(𝐼−2
E ) and O(𝐼−3

E ) in the 𝐻1–norm and in the 𝐿2–norm, respectively, cf. [10].
Since the solution is sufficiently regular on edges that do not connect to critical
vertices, we also investigate the error on subdomains that do not include the critical
points and the corresponding edges. To do so, we consider the domain Ω𝐿𝑜𝑐 that is
defined by removing (the closure of) all subdomains around the points in Vsing; see
also Fig. 1. The corresponding errors 𝑒1

ℎ,𝐼E
(Ω𝐿𝑜𝑐) and 𝑒0

ℎ,𝐼E
(Ω𝐿𝑜𝑐) are shown in

Fig. 2, and we observe that we recover the full rate of convergence for the 𝐻1–error
on Ω𝐿𝑜𝑐. The observed rate of approximately 2.89 for the 𝐿2–error can be explained
by the fact that the 𝐿2–error is upper bounded by the product of the (global) adjoint
approximability constant and the (localized) 𝐻1–error.
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6 Conclusions

We extended the ACMS error analysis to cases with discontinuous parameters across
interfaces and derived quantitative error bounds, verified by numerical examples.
Since the solution’s normal derivative is generally discontinuous across interfaces,
its trace on non-aligned edges is non-smooth, causing slow convergence of the
current edge modes. A possible remedy is to use piecewise-defined functions that
resolve the intersection of the interface and edge. Further work includes extending the
formulation and analysis to three-dimensional problems, where suitable regularity
results may be exploited (cf. [24, 25]). The constant in Theorem 1 depends on the
wavenumber 𝜅. A numerical study, [9], suggests that 𝐶 scales linearly with 𝜅 for the
problems considered. Hence, the number of modes should (locally) increase with 𝜅,
depending on 𝛿∗, or alternatively, the domain decomposition should be refined near
critical vertices in Vsing.
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