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1 Introduction

Sparse iterative solvers for large-scale partial differential equations encounter a
fundamental exascale bottleneck due to the latency of global synchronizations. In
Krylov methods such as Conjugate Gradient (CG), each iteration requires at least two
global reductions to compute inner products; at processor counts reaching hundreds
of thousands, synchronization costs can dominate the overall runtime, particularly
under weak scaling. The 𝑠-step, or communication-avoiding, formulation of CG mit-
igates this limitation by generating 𝑠 Krylov basis vectors per outer iteration, thereby
reducing synchronization frequency by a factor of 𝑠. This reduction is especially crit-
ical for domain decomposition preconditioners, where the boundary-to-interior ratio
deteriorates with increasing processor counts, amplifying synchronization overhead.

The 𝑠-step methodology originates with Chronopoulos and Gear [2, 1], who
observed that several matrix–vector products could be performed prior to syn-
chronization. Subsequent works [7, 3] developed this idea within the broader
framework of communication-avoiding algorithms. A central challenge of the
approach is that each outer iteration requires solving the dense Gram system:
𝐺𝛼 = 𝑃𝑇𝑟, 𝐺 = 𝑃𝑇 𝐴𝑃 ∈ R𝑠×𝑠 , for which standard methods, such as direct
Cholesky factorization (𝑂 (𝑠3)) or iterative schemes such as LSQR, become increas-
ingly burdensome as 𝑠 grows.

The principal contribution of this work is to demonstrate that Gram matrices
arising from Chebyshev polynomial bases admit highly efficient solution via FGS.
A moderate number of sweeps, typically 𝜈 = 20–30, suffices for convergence of
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the outer iteration, reducing complexity from 𝑂 (𝑠3) to 𝑂 (𝜈𝑠2) while improving
numerical stability and enabling efficient hybrid CPU/GPU implementations.

Our analysis distinguishes conditioning from decay. Although the bound 𝜅(𝐺) =
𝑂 (𝑠2) [8] governs worst-case behavior, the structural estimate ∥𝐿∥𝐹 = 𝑂 (

√
𝑠) ex-

plains the effectiveness of FGS: because 𝑟 (1) = −𝐿𝑇𝛼 (1) , convergence depends on
∥𝐿∥ rather than 𝜅(𝐺), clarifying why 𝜈 = 20–30 sweeps suffice despite the con-
ditioning barrier. We further establish the algebraic equivalence between FGS and
MGS orthogonalization and extend the framework to AMG coarse-grid streaming.

The chapter is organized as follows. Section 2 introduces notations and prelim-
inaries. Sections 3–5 analyze the FGS iteration, its stability, conditioning, and its
equivalence with MGS. Section 6 extends the approach to AMG coarse-grid solves,
and Section 7 studies inexact Gram solves. Numerical results and conclusions are
given in Sections 8 and 9.

2 Preliminaries

We consider solving the SPD linear system 𝐴𝑥 = 𝑏, where 𝐴 ∈ R𝑛×𝑛 is sparse. The
𝑠-step CG method operates on K𝑠 (𝑀−1𝐴, 𝑟 (𝑘 ) ) with preconditioner 𝑀 and residual
𝑟 (𝑘 ) , forming a basis 𝑃 ∈ R𝑛×𝑠 , solving the Gram system 𝐺𝛼 = 𝑃𝑇𝑟 (𝑘 ) , 𝐺 = 𝑃𝑇 𝐴𝑃,
and updating 𝑥 (𝑘+1) = 𝑥 (𝑘 )+𝑃𝛼. For monomial bases, 𝜅(𝐺) = 𝑂 (𝜅(𝑀−1𝐴) 𝑠−1) [5],
which typically limits 𝑠 to 𝑠 ≤ 4.

Definition 1 (Chebyshev Polynomial Basis) Let [𝜆min, 𝜆max] contain the spectrum
of 𝑀−1𝐴. The basis is generated by the three-term recurrence

𝑝0 = 𝑟 (𝑘 ) , 𝑝1 = 𝜃 (𝑀−1𝐴 − 𝜎𝐼)𝑝0, 𝑝 𝑗+1 = 2𝜃 (𝑀−1𝐴 − 𝜎𝐼)𝑝 𝑗 − 𝑝 𝑗−1,

for 𝑗 ≥ 1, with 𝜃 = 2/(𝜆max − 𝜆min) and 𝜎 = (𝜆max + 𝜆min)/2 [7].

The spectral map sends [𝜆min, 𝜆max] to [−1, 1], where Chebyshev polynomials
minimize the maximum deviation from zero, yielding near 𝐴-orthogonality.

Column scaling. Following Ruhe [10], set 𝑑𝑖 = (𝑝𝑇
𝑖
𝐴𝑝𝑖)−1/2, and let 𝑆 =

diag(𝑑𝑖) so that 𝑃̃ = 𝑃𝑆 satisfies 𝑝𝑇
𝑖
𝐴𝑝𝑖 = 1. Redefining the Gram matrix as

𝐺 = 𝑃̃𝑇 𝐴𝑃̃, we then have diag(𝐺) = 𝐼. Writing 𝐺 = 𝐼 + 𝐿 + 𝐿𝑇 , where 𝐿 is strictly
lower triangular, the FGS iteration (𝐼 + 𝐿) 𝛼 (ℓ+1) = 𝑃̃𝑇𝑟 (𝑘 ) − 𝐿𝑇𝛼 (ℓ ) , 𝛼 (0) = 0,
requires 𝑂 (𝑠2) work per sweep.

3 FGS Iteration Analysis

The following results characterize a single FGS sweep. Although some statements
are given for the first iteration with 𝛼 (0) = 0, they extend to later sweeps by replacing
𝑃𝑇𝑟 with the current right-hand side.
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Proposition 1 (FGS Residual Structure) Let 𝛼 (𝜈+1) satisfy (𝐷+𝐿)𝛼 (𝜈+1) = 𝑃𝑇𝑟−
𝐿𝑇𝛼 (𝜈) . Then 𝑟 (𝜈+1) = 𝑃𝑇𝑟 − 𝐺𝛼 (𝜈+1) = −𝐿𝑇𝛼 (𝜈+1) + 𝐿𝑇𝛼 (𝜈) , and for 𝛼 (0) = 0,
𝑟 (1) = −𝐿𝑇𝛼 (1) .

Proof. Because 𝐺 = 𝐷 + 𝐿 + 𝐿𝑇 ,

𝐺𝛼 (𝜈+1) = (𝐷 + 𝐿)𝛼 (𝜈+1) + 𝐿𝑇𝛼 (𝜈+1) = (𝑃𝑇𝑟 − 𝐿𝑇𝛼 (𝜈) ) + 𝐿𝑇𝛼 (𝜈+1) ,

and subtracting from 𝑃𝑇𝑟 gives the claim. ⊓⊔

This structure shows that FGS convergence depends primarily on the strictly
upper-triangular part 𝐿𝑇 , and by Theorem 2, ∥𝐿∥𝐹 = 𝑂 (

√
𝑠) for Chebyshev bases.

Theorem 1 (Backward Stability) For any FGS sweep, the computed 𝛼̃ (𝜈+1) satisfies

(𝐷 + 𝐿)𝛼̃ (𝜈+1) = 𝑃𝑇𝑟 − 𝐿𝑇𝛼 (𝜈) + 𝛿𝑟,

with

∥𝛿𝑟 ∥ ≤ 𝜖mach 𝐶 (𝑠)
(
∥𝑃𝑇𝑟 ∥ + ∥𝐷 + 𝐿∥∥𝛼̃ (𝜈+1) ∥

)
, 𝐶 (𝑠) = 𝑂 (𝑠) [6] .

Proof. Forward substitution for (𝐷 + 𝐿)𝛼 = 𝑏 computes

𝛼 𝑗 = 𝑏 𝑗 −
∑︁
𝑖< 𝑗

𝐿 𝑗𝑖𝛼𝑖 .

Floating-point evaluation yields 𝛼̃ 𝑗 = 𝑏 𝑗 −
∑

𝑖< 𝑗 𝐿 𝑗𝑖𝛼̃𝑖 + 𝜖 𝑗 with |𝜖 𝑗 | ≤ ( 𝑗 −
1)𝜖mach ( |𝑏 𝑗 | +

∑
𝑖< 𝑗 |𝐿 𝑗𝑖 | |𝛼̃𝑖 |); summing over 𝑗 and using norm inequalities gives

the stated bound. ⊓⊔

For 𝑠 ≤ 20 in double precision, 𝐶 (𝑠)𝜖mach ≲ 10−14, negligible relative to algo-
rithmic error.

Corollary 1 (Error Bound) Let 𝛿1 = ∥𝑟 (1) ∥/∥𝑃𝑇𝑟 ∥. Then 𝛿1 ≲ ∥𝐿∥ 𝜅(𝐺), where
𝜅(𝐺) = ∥𝐺∥ ∥𝐺−1∥ and the hidden constant reflects the closeness of 𝐺 and 𝐷 + 𝐿.

Lemma 1 (Multi-Sweep Analysis) Let 𝑇 = −(𝐷 + 𝐿)−1𝐿𝑇 be the iteration matrix
and set 𝜌 = ∥𝑇 ∥2. After 𝜈 sweeps, ∥𝑟 (𝜈) ∥ ≤ 𝜌𝜈 ∥𝑃𝑇𝑟 ∥, and geometric convergence
holds when 𝜌 < 1.

Proof. The iteration𝛼 (𝑘+1) = (𝐷+𝐿)−1 (𝑃𝑇𝑟−𝐿𝑇𝛼 (𝑘 ) ) gives 𝑒 (𝑘+1) = 𝛼∗−𝛼 (𝑘+1) =
𝑇𝑒 (𝑘 ) , where𝛼∗ is the exact solution. Thus ∥𝑒 (𝜈) ∥ ≤ ∥𝑇 ∥𝜈2 ∥𝑒

(0) ∥ = 𝜌𝜈 ∥𝛼∗∥. Because
𝑟 (𝜈) = 𝐺 (𝛼∗ − 𝛼 (𝜈) ) and ∥𝐺∥ ≤ 1 + 2∥𝐿∥, geometric convergence follows for well-
conditioned 𝐺 with ∥𝐿∥ = 𝑂 (

√
𝑠). ⊓⊔
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4 Chebyshev Gram Matrix Conditioning

The effectiveness of FGS as an inner solver depends on the spectral properties of
the Gram matrix 𝐺. Classical analysis for monomial bases [5] predicts rapid growth
of 𝜅(𝐺) with degree, but Chebyshev bases behave differently due to their near
𝐴-orthogonality [8]. This section shows how Chebyshev polynomials, combined
with column scaling, induce off-diagonal decay in 𝐺, yielding ∥𝐿∥𝐹 = O(

√
𝑠) and

polynomial rather than exponential growth of 𝜅(𝐺).

Theorem 2 (Polynomial Growth) For the Chebyshev basis with column scaling,
𝜅(𝐺) ≤ 𝐶𝑠2 with 𝐶 weakly dependent on 𝜅(𝑀−1𝐴), and ∥𝐿∥𝐹 = 𝑂 (

√
𝑠).

Proof. Chebyshev orthogonality on [−1, 1],∫ 1

−1
𝑇𝑖 (𝑡)𝑇𝑗 (𝑡)

𝑑𝑡
√

1 − 𝑡2
=

{
0 𝑖 ≠ 𝑗 ,

𝜋/2 𝑖 = 𝑗 > 0,

transfers to the 𝐴-norm via the spectral decomposition of 𝑀−1𝐴. Let 𝑀−1𝐴 =∑
𝑘 𝜆𝑘𝑣𝑘𝑣

𝑇
𝑘

and 𝑟0 =
∑

𝑘 𝛽𝑘𝑣𝑘 . Then

𝐺̂𝑖 𝑗 =
∑︁
𝑘

𝛽2
𝑘𝜆𝑘𝑇𝑖 (𝜆̂𝑘)𝑇𝑗 (𝜆̂𝑘), 𝜆̂𝑘 = 𝜃 (𝜆𝑘 − 𝜎),

and the approximate orthogonality of Chebyshev polynomials implies an off-diagonal
decay |𝐺̂𝑖 𝑗 | ≲ 1/|𝑖− 𝑗 | for 𝑖 ≠ 𝑗 . Column scaling by a diagonal matrix with bounded
condition number preserves this decay up to constants, so 𝐺𝑖 𝑗 = O(1/|𝑖− 𝑗 |). Hence

∥𝐿∥2
𝐹 ≲

𝑠∑︁
𝑖=2

𝑖−1∑︁
𝑘=1

𝑘−2 ≤ 𝑠 𝜋2/6 = O(𝑠),

giving ∥𝐿∥𝐹 = O(
√
𝑠). Gershgorin bounds with |𝐺𝑖 𝑗 | ∼ 1/|𝑖 − 𝑗 | imply 𝜆max (𝐺) ≲

1+ log 𝑠, so that 𝜅(𝐺) grows at most polynomially in 𝑠, and under mild assumptions
on 𝜆min (𝐺) this yields 𝜅(𝐺) = O(𝑠2). ⊓⊔

Monomial comparison. Monomial bases yield exponential growth 𝜅(𝐺mono) =
𝑂 (𝜅(𝑀−1𝐴)𝑠−1), exceeding machine precision by 𝑠 = 8 for 𝜅(𝑀−1𝐴) = 100. By
contrast, Chebyshev gives 𝜅(𝐺) ∼ 100 at 𝑠 = 10, making FGS practical.

5 MGS–FGS Equivalence

A single FGS sweep corresponds algebraically to one step of MGS applied in the
𝐴-norm. This interpretation provides a compact view of FGS and helps explain its
numerical behavior within the 𝑠-step framework.
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Theorem 3 (Algebraic Equivalence) One FGS sweep on 𝐺𝛼 = 𝑃̃𝑇 𝐴𝑟, with 𝐺 =

𝑃̃𝑇 𝐴𝑃̃ and𝛼 (0) = 0, is algebraically equivalent to one step of MGS orthogonalization
of 𝑟 against the columns of 𝑃̃ in the 𝐴-norm.

Proof. Consider MGS in the 𝐴-inner product with respect to the columns
{𝑝1, . . . , 𝑝𝑠} of 𝑃̃. Initialize𝑤0 = 𝑟 and, for 𝑗 = 1, . . . , 𝑠, define 𝛾 𝑗 = 𝑤𝑇

𝑗−1𝐴𝑝 𝑗 , 𝑤 𝑗 =

𝑤 𝑗−1 − 𝛾 𝑗 𝑝 𝑗 . FGS applied to 𝐺𝛼 = 𝑃̃𝑇 𝐴𝑟 with 𝐺 = 𝑃̃𝑇 𝐴𝑃̃ and 𝛼 (0) = 0 produces,
componentwise,

𝛼
(1)
𝑗

= 𝑝𝑇𝑗 𝐴𝑟 −
𝑗−1∑︁
𝑖=1

(𝑝𝑇𝑗 𝐴𝑝𝑖) 𝛼
(1)
𝑖

, 𝑗 = 1, . . . , 𝑠.

We prove by induction on 𝑗 that 𝛼 (1)
𝑗

= 𝛾 𝑗 and 𝑤 𝑗−1 = 𝑟 −∑ 𝑗−1
𝑖=1 𝛼

(1)
𝑖

𝑝𝑖 .

For 𝑗 = 1, we have 𝛼
(1)
1 = 𝑝𝑇1 𝐴𝑟, 𝛾1 = 𝑤𝑇

0 𝐴𝑝1 = 𝑟𝑇 𝐴𝑝1 = 𝑝𝑇1 𝐴𝑟, so 𝛼
(1)
1 = 𝛾1

and 𝑤1 = 𝑟 − 𝛾1𝑝1. Assume the claim holds for all 𝑖 < 𝑗 , so that 𝑤 𝑗−1 = 𝑟 −∑ 𝑗−1
𝑖=1 𝛼

(1)
𝑖

𝑝𝑖 . Then

𝛾 𝑗 = 𝑤𝑇
𝑗−1𝐴𝑝 𝑗 =

(
𝑟 −

𝑗−1∑︁
𝑖=1

𝛼
(1)
𝑖

𝑝𝑖

)𝑇
𝐴𝑝 𝑗

= 𝑝𝑇𝑗 𝐴𝑟 −
𝑗−1∑︁
𝑖=1

𝛼
(1)
𝑖

(𝑝𝑇𝑖 𝐴𝑝 𝑗 ) = 𝛼
(1)
𝑗

,

where we used the symmetry of 𝐴 and the definition of the FGS update. Thus
𝛾 𝑗 = 𝛼

(1)
𝑗

for all 𝑗 , and MGS and FGS compute the same projection coefficients.
Hence one FGS sweep is algebraically equivalent to one MGS step in the 𝐴-norm. ⊓⊔

6 AMG Coarse-Grid Extension

In AMG, the coarse-grid operator 𝐴𝑐 = 𝑃𝑇 𝐴 𝑓 𝑃 often becomes dense at the bottom
levels of the hierarchy.

Proposition 2 (AMG Convergence)
Assume that the AMG prolongation operator 𝑃 satisfies the weak approximation

property [9]. Then the coarse-grid operator 𝐴𝑐 = 𝑃𝑇 𝐴 𝑓 𝑃 is spectrally equivalent
to the restriction of 𝐴 𝑓 to the coarse space, and its conditioning does not deteriorate
with the number of fine-grid unknowns 𝑛 𝑓 . In particular, 𝜅(𝐴𝑐) remains bounded
with respect to 𝑛 𝑓 for a fixed coarse level. Thus FGS converges uniformly with
𝜌FGS < 1, requiring 𝜈 = 10-30 iterations.

Proposition 2 makes FGS an attractive alternative to direct solvers in the lower
levels of AMG, where computational and memory costs are otherwise dominant.
When needed, the method can also be implemented in a streaming (matrix-free)
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fashion to avoid forming 𝐴𝑐 explicitly, further reducing memory requirements on
modern GPU architectures.

7 Inexact s-Step CG Convergence

In the 𝑠-step CG method, the accuracy with which the small Gram systems 𝐺𝑘𝛼𝑘 =

𝑃𝑇
𝑘
𝑟𝑘 are solved at each iteration 𝑘 plays a crucial role in determining the overall

convergence. Because FGS performs only a fixed number of sweeps, each Gram
solve is inherently inexact, and the resulting perturbations may accumulate across
outer iterations. Here we provide conditions under which the method remains stable
and convergent. The analysis follows the framework of inexact Krylov methods and
yields practical bounds on the admissible Gram solve error.

Theorem 4 (Inexact Convergence) Consider 𝑠-step CG with Gram solves satisfying

∥𝑃𝑇
𝑘 𝑟𝑘 − 𝐺𝑘𝛼𝑘 ∥ ≤ 𝛿𝑘 ∥𝑃𝑇

𝑘 𝑟𝑘 ∥

at each outer iteration 𝑘 . Convergence is ensured if
∑𝑁outer

𝑘=1 𝛿𝑘 ∥𝐴∥ ∥𝑃𝑘 ∥ ≲ 𝜖tol.

Proof sketch. Following [4], the inexact Gram solve induces a perturbation 𝑒Gram
𝑘

satisfying
∥𝑒Gram

𝑘 ∥ ≲ 𝜅(𝐺𝑘) 𝜆min (𝐺𝑘)−1 𝛿𝑘 ∥𝑃𝑇
𝑘 𝑟𝑘 ∥.

The resulting error in the update obeys ∥𝑃𝑘𝑒
Gram
𝑘

∥𝐴 ≲ 𝛿𝑘 ∥𝐴∥ ∥𝑃𝑘 ∥ ∥𝑟𝑘 ∥. Accu-
mulating these contributions across iterations and using the geometric decay of ∥𝑟𝑘 ∥
in exact CG yields the stated condition. ⊓⊔

CG’s self-correcting property typically allows much larger inexactness in practice
(e.g., 𝛿 ∼ 10−4) than predicted by conservative theory (e.g., 𝛿 ∼ 10−8).

Proposition 3 (FGS Rate) For SPD 𝐺𝑘 , the FGS iteration for 𝐺𝑘𝛼𝑘 = 𝑃𝑇
𝑘
𝑟𝑘 con-

verges linearly. Let 𝑇FGS denote the corresponding iteration matrix. Then 𝜌FGS =

𝜌(𝑇FGS) < 1, and standard condition-number bounds give 𝜌FGS ≲ 1 − 𝑐/𝜅(𝐺𝑘) for
some constant 𝑐 > 0.

For Chebyshev bases with 𝜅(𝐺𝑘) = O(𝑠2), such bounds may suggest large 𝜈.
However, experiments indicate that 𝜈 = 20–30 sweeps are sufficient in practice,
owing to the conservativeness of the bounds and the self-correcting behavior of CG.

8 Numerical Experiments

This section presents a set of very preliminar numerical experiments designed to
assess the practical performance of the proposed FGS-based Gram solvers within
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the s-step CG and AMG frameworks. We consider 3D Poisson problems −Δ𝑢 = 𝑓 on
the unit cube Ω = [0, 1]3 with homogeneous Dirichlet BCs, discretized using a 27-
point finite difference stencil yielding ∼12.2M degrees of freedom (DOFs) per GPU,
on AMD MI250X GPUs (64 GB High-Bandwidth-Memory 2e, 1.6 TB/s bandwidth
per die) using MPI and HIP. We evaluate both algorithmic behavior, such as the
impact of the number of FGS sweeps 𝜈 and the block size 𝑠, and the resulting weak
scaling of the outer iterations. Chebyshev basis with adaptive parameters estimated
via Lanczos (10 iterations compute extreme eigenvalues 𝜆min, 𝜆max with 10% safety
margin) are used. The outer CG iteration is stopped when the relative residual
satisfies ∥𝑟𝑘 ∥/∥𝑟0∥ < 10−6. The Gram systems are solved using 𝜈 ∈ {6, 15, 30} FGS
sweeps, allowing us to assess how different levels of inner accuracy affect overall
convergence.

Table 1 Weak scaling: outer iterations vs GPUs and 𝜈 for two values of 𝑠.

𝑠 = 10

GPUs 1 2 4 8 16 32 64
DOFs (M) 12.2 24.3 48.7 97.3 194.7 389.3 778.7

𝜈 = 6 – – 32 34 36 62 136
𝜈 = 15 10 15 14 16 16 32 54
𝜈 = 30 8 13 12 15 17 19 33

𝑠 = 20

𝜈 = 6 – – 21 29 34 51 96
𝜈 = 15 9 12 15 16 16 22 24
𝜈 = 30 8 9 9 12 13 17 17

Key observations. With 𝜈 = 6, iterations explode (136 at 64 GPUs for 𝑠 = 10).
With 𝜈 = 30, weak scaling is restored: 𝑠 = 20 yields 2.1× growth (8 to 17 iterations)
across 64× processor increase. The 32-to-64 GPU jump reflects reduced AMG
preconditioner effectiveness at small subdomain sizes. Measured 𝜅(𝐺) confirms
O(𝑠2) scaling: 78 for 𝑠 = 10, 310 for 𝑠 = 20.

AMG and performance. We also evaluated a streaming variant of the coarse-
grid solve, where 𝐴𝑐 is never formed explicitly and FGS is applied using on-the-fly
products 𝐴 𝑓 𝑝 𝑗 . With 𝜈coarse = 20 at the coarsest level (𝑛𝑐 ≈ 5000), the streaming
approach closely matches the direct solve, requiring 18 versus 17 V-cycle iterations
(< 6% difference). It also provides substantial memory savings: only 200 MB are
needed instead of 500 MB for storing the 𝐴𝑐. Eliminating CPU–GPU transfers and
host-side factorization reduces V-cycle time by roughly 12%.
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9 Conclusions and Future Work

We have shown that FGS is an effective inner solver for Gram systems in
communication-avoiding Krylov methods. Its equivalence to MGS in the 𝐴-norm
ensures accurate projection coefficients, and our inexact 𝑠-step CG analysis shows
that convergence is maintained with only 20–30 sweeps. The same ideas extend to
AMG, where avoiding coarse-matrix formation reduces memory and runtime with-
out sacrificing accuracy. Replacing the 𝑂 (𝑠3) Gram factorization with an 𝑂 (𝜈𝑠2)
FGS iteration enables larger block sizes, improves scalability, and lowers inner-
solve cost, as demonstrated on 64 GPUs with modest memory usage. Ongoing work
evaluates this approach at large scale and on leadership-class systems.
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